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Abstract. Diagnostic and operational tasks in dental radiology often require three
dimensional information that is di cult or impossibleto seein a projection image. A
CT-scan provides the dertist with comprehensie three dimensional data. However,
often CT-scan is impractical and, instead, only a few projection radiographs with
sparselydistributed projection directions are available. Statistical (Bayesian)inversion
is well-suited approac for reconstruction from such incomplete data. In statistical
inversion, a priori information is usedto compensatefor the incomplete information
of the data. The inverse problem is recastin form of statistical inference from the
posterior probability distribution that is basedon statistical models of the projection
data and the a priori information of the tissue. In this paper, a statistical model for
three dimensional imaging of dentomaxillofacial structures is proposed. Optimization
and MCMC-algorithms are implemented for the computation of posterior statistics.
Results are given with in vitro projection data that was taken with a commercial
intraoral X-ray sensor. Examples include limited angle tomography and full-angle
tomography with sparseprojection data. Reconstructionswith traditional tomographic
reconstruction methods are given as referencefor the assessmenof the estimatesthat
are basedon the statistical model.

Submitted to: Phys. Med. Biol.

1. Intro duction

The main tool in dertal radiology is the X-ray projection image that reveals inner
structure of bone and teeth. Howewer, the obvious drawbadk of a projection (or a
panoramic) image is irreversible overlapping of structures. Certain diagnostic and
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operative tasks often require more preciseknowledgeof the three dimensionalstructure
of tissuethan is available in single projection image. Sud tasksinclude [3, 8, 25

Deciding whether two roots have grown together with commonroot canal or not.
Detection of alveolar deceaseor bonelossbetweenteeth.
Implant planning.

Finding out whether certain roots have intimate relationship with the inferior dental
canal. This is related to the risk of damagingnerveswhen removing a tooth.

Analysis of the form of the condylar processin the temporomandibular joint.

We considertaking a small number of projection imagesof the tissue from sparsely
distributed directions using the dentist's regular X-ray equipmen and reconstructing
the 3-D structure of tissuefrom the projections. More precisely we considerthe following
two typesof sparseprojection data:

(A) Sparselimited angledata. In intraoral imaging a few projection radiographsare
taken with a small digital sensorin xed position inside the patient's mouth. Due
to geometricalrestrictions, the X-ray sourcepositions are limited to a conewith
opening anglesigni cantly lessthan 180 .

(B) Sparsefull angledata. In extraoral imaging the regionof interestis imagedthrough
the headfrom a small number of sparselydistributed projection directions.

For both data types, the projection imagesare often truncated due to small detector
sizeor in orderto minimize doseto vital organs. In thesecaseghe imagereconstruction
hasthe additional complication of local tomography problem. Both data types,(A) and
(B), lead to ill-p osedimage reconstruction problems (i.e., the solution is sensitive to
measuremen errors and/or the problem doesnot have unique solution).

It is well-known that traditional CT algorithms, sud as Itered badkprojection, are
not well-suited for projection data of type (A) or (B) sincethese data types violate
the assumptionsof those algorithms. Despite this conict betweenthe data and the
assumptions,traditional methods have beenwidely usedfor both data types. For data
type (A) a traditional reconstruction method is tuned aperture computed tomography
(TACT) method [32, 15, 36|, which is basically equivalert to un ltered badkprojection.
For data type (B) a popular traditional method is Itered badkprojection (FBP) in case
of global tomograply (i.e., projections are not truncated). For the local tomography
data of type (B), a usual method is -tomography which has beendeweloped for local
tomography problemswith non-sparsefull-angle projection data [29, 20, 9, 10].

Statistical inversion (SI) is well-suited approad for 3-D reconstruction with both
data types (A) and (B). In statistical inversion, a priori knowledge of the tissue is
usedin the image reconstruction problem in order to compensatefor the incomplete
information in the sparseprojection data. Separate statistical models (probability
distributions) are formulated for (a) the acquisition of the projection data and (b) the a
priori information. Basedon thesemodelsand the Bayesformula, completesolution of
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the inverseproblem is obtained as the posterior probability distribution. Final images
of the target are then obtained as point estimatesfrom the posterior distribution. In
cortrast to traditional reconstruction methods, the statistical approad gives natural
meansfor the computation of con dencelimits for the estimates.

We proposea statistical model for three dimensionaldertal imaging. In the proposed
model, we appraximate the three dimensional problem by a stadk of two-dimensional
problems. In the Bayesianmodel for eat two dimensionalproblem we usethe following
prior models:

(i) For eat 2D-slicewe usea total variation (TV) prior model. Total variation is a
feasibleprior model for dertal structures sincethey are expectedto consistof a few
appraximately homogeneousegionswith sharp, well de ned boundaries.

(i) To take the 3D nature of the problem into accoun, a L!-prior is usedin the
model for the distance of the current slice from the previous one. This is based
on the assumptionthat the cross-sectiorof dental structures doesnot changemuch
betweentwo consecutie slices.

(i) Positivity prior, which in short meansthat X-rays can only attenuate and not
intensify inside tissue.

To illustrate the performanceof the model, results with in vitro sparseprojection
data are given. For data type (A) we considertwo examples. The rst exampleis
a model problem with sparseprojection data from a tooth phantom. For this test
case,the ground truth is given by a full-angle reconstruction. The secondexample
for (A) is reconstruction using truncated intraoral measuremets from a realistic head
phantom. For both casesthe maximum a posteriori (MAP) estimatesare preserted as
reconstructionsof the target. For both casedraditional tomosyrthetic (badkprojected)
reconstructionsare shavn asreferencamagesfor the assessmerof the statistical model.
For the rst test case,we will also give an illustrative example of more complete
statistical inferencefrom the posterior distribution using Markov chain Monte Carlo
(MCMC) methods.

For data type (B) we consideralso two examples. The rst exampleis a model
problemusingfull-angle sparseprojection data from the tooth phantom. MAP estimates
are represeted as images of the target and reconstructions with the widely used
ltered badkprojection (FBP) method are showvn as referenceimages. The secondtest
casefor (B) is full-angle reconstruction from sparseprojection data with truncated
projectionsfrom ajaw phantom. MAP estimatesarerepreseted asimagesof the target.
Badkprojection and -tomograph y reconstructionsare shovn asreferenceimages.

Application of Bayesianinversionto dertal radiology appearsto be new. Statistical
methods has beenusedfor data type (B) in [30], howewer, only likelihood distribution
is usedfor the reconstruction. With the model introducedin this paper it is possibleto
further improve [30] with simultaneousreduction in radiation dose.

This paperis organizedasfollows. In section2 we discusshe transformation of digital
radiographsto tomographicdata. We alsodiscussthe experimertal imaging geometries
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usedin the examples.In section3.1 we discussthe statistical model that is usedin this
paper. The discussionis mainly basedon the theory and modelsthat were preserted in
part | of this paper. We alsodiscussthe computation of the point estimates. A gradiert
basedoptimization approad is givenfor the computation of the MAP estimate,andthen
computation of other usual statistics that necessitateintegration is discussed.Results
with the experimertal data are givenin section4 and in section5 we give conclusions.

2. From digital radiographs to tomographic data

The projection radiographsof the targets were acquired using a commercialintraoral
X-ray detector Sigmaand a dertal X-ray sourceFocusz. As explainedin section 3.2,
part | of this article, the input data of tomographic algorithms is a collection of line
integrals of the unknown attenuation coe cient function. For ead pixel value in eadh
projection imagewe needto (a) determinethe path of the detected X-ray through the
pixel/v oxel grid and (b) the amourt of attenuation of the X-ray through that path. We
discussthe transformation of the projection data in section 2.1 and the measuremen
geometriesfor the experimerts in sections2.2{2.4.

2.1. From detected pixel valuesto attenuation measurements

The Sigmadetectoris basedon chargecoupleddevice(CCD) technologyandit is capable
of sensingroughly 2000gray levels. Sizeof the active imaging areais 34 26mm and
the resolutionis 872 664 pixels. After exposure,eat pixel cortains a positive integer
which is directly proportional to the number of X-ray quana that hit the pixel's area.

A detectedpixel value p is transformedto tomographic attenuation measuremen P
asfollows. Let M be the logarithm of the maximum pixel value over all detector pixels.
We de ne the tomographic data as

P=M log(p): @)
What kind of error is introducedby this transformation? The ideal tomographic data

should be the integral of the attenuation coe cien t x(s) alongthe X-ray path L:
z

P°=  x(s)ds= log(lo) log(l1):

L

The pixel value p is directly proportional to the nal intensity: p= al;. If the detector
is partly illuminated by direct radiation, wehave M  log(al) = log(a)+ log(l). Then

P=M log(p) log(a)+ log(ly) log(a) log(l.) = P%

Thus, the above transformation is a feasiblechoice for problemsin which the distance
and angleof the X-ray sourceare xed with respectto the detectorand every projection
contains some\air only" obsenations. Without sud obsenations, log(l,) needsto be
calibrated from imaging parameters.

z Sigmaand Focus are registeredtrademarks of Instrumentarium Corp. Imaging Division
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2.2. Experimental setupfor the tooth phantom model problem

In order to get full-angle reconstructions as a reference for the limited angle
reconstructionsin the model problemwith the tooth phantom, we usedthe corvertional
conebeam CT-geometry, which is shovn sdhematically in Figure 1, for our laboratory
experimerts.

CCD detector array

X-ray source

Figure 1. Conebeamimaging geometryfor full angletomography. This geometrywas
usedin the experiments with the tooth phantom. Circles denote the sourcelocations
for the full-angle data (23 projections from total view-angleof 187 ). The projections
that were usedin limited angle computations (9 projections from view-angle of 68 )
are denoted by black dots within the circles. For clarity, the location and alignmert
of the detector with respect to the sourceis depicted only for one sourcelocation.

The experimerts werecarried out asfollows. The SigmaCCD-detectorand the Focus
X-ray sourcewere attachedinto xed positionssud that the sourcedirection is normal
to the detectorarray. The distancefrom the focal spot to the detectorarray was840mm.
The tooth phantom, which wasa third mandibular molar removed from a femalepatient
of age 25, was placed on a rotating platform, sothat projections from di erent angles
can be obtained. The distance from the certer of rotation to the detector was 56mm.
Left imagein Figure 2 shavs oneraw 872 664 projection imagefrom the experimerts,
the middle image showns onerow (i.e., raw data for onetwo-dimensionalslice) from the
projection imageand the right image shows the samerow in form of tomographic data.
We note that the white trianglesin the lower cornersof the projection imagein Figure
2 do not correspnd to detectedradiation. They result from the rounded cornersof the
intraoral detector.

The purposeof the wires that are seenin the lower part of the left imagein Figure
2 is to give information about the location and alignmert of the rotation axis in the
projection images.In the sumimage of all projections, the wires appear as a sandglass
shaped object. The node of this sandglassgives rotation axis for one slice and the
inclination angleof the rotation axis canbe obtained by computing the normal direction
to the path in sum image that is drawn by the upper end of the longer wire. The
projection angleswereread from a millimeter scalepaper that was attached around the
rotating platform of the tooth phantom.
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Figure 2. Left: 872 664 projection radiograph from the tooth phantom. Note
that the imageis showvn with inverted colormap (i.e., black correspond to high photon
courts). Middle: Pixel values of the 200" row from the raw projection radiograph.
Right: Samerow in form of tomographic attenuation data.

We note that this experimertal geometrycorrespndsto the casein which the source
and detector array move on a horizortal circle. Thus, the projection directions are
restricted onto a circular arc. Also, the sourceto detector distanceis relatively long
with respect to the physical sizeof the Sigmadetector. Theseallow us to approximate
the 3D reconstruction problem by a stack of two-dimensionalproblemswith reasonably
good accuracy The dewelopmer of purely 3D methods is left to future studies.

Finally, the transposeof eat of the transformedprojection imagescorrespnd to one
block of the tomographic data for the 3D experimert. As an example,the left image
in Figure 3 shaws one column (i.e., line integral data from all projections for one two-
dimensionalslice)of this block matrix for the data from the tooth in traditional sinogram
form. The data was collected by taking 23 projections with total 187 angle of view.
Referring forward to the rst model problem, which is the limited anglereconstruction
from sparseprojection data, the right imagein Figure 3 shavsthe part of sinogram(nine
projections with 68 angle of view) that was usedin the limited anglereconstructions.

Figure 3. Sinogramfor the 200" slice of the projection data from the tooth phantom.
Left: Projections usedin this sinogram were collected from 187 angle of view (23
projections with 8:5 projection interval). Right: The 68 part of the sinogram that
was usedfor the limited angle reconstructions.
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2.3. Measurement geometry for intraoral imaging

In intraoral dertal X-ray imaging, the measuremen geometryis sud that the detector
is in xed position inside the patient's mouth and the dertist can move the X-ray
source,which is mounted on a foldable arm, with respectto the intraoral detector. This
geometryis illustrated schematically in Figure 4.

X-ray source positions

Intraoral sensor

Dental arc

Figure 4. Imaging geometry for intraoral measuremets. The detector is in xed
position inside the patient's mouth. This geometry was usedin the test casewith the
head phantom.

In this study, this geometry was used for the limited angle experimerts with the
realistic head phantom. In the experimerts, the Sigmadetector was placedin a xed
position inside the mouth of the head phantom sud that it wasright behind the teeth
to be imaged. The X-ray sourcewas mounted on a foldable arm which was usedto
move the sourceon an approximately circular arc with distanceof 590mmfrom the
detector.

2.4. Measurement geometry for extraoral imaging

In extraoral imaging, the region of interest (ROI) is imaged from di erent directions
through the head. Typical geometryfor extraoral imagingis illustrated in Figure 5. The
patient is kept in xed position. The sourceand the detector array are mounted onto
arotating platform that canbe usedto move the sourceand detector array to di erent
projection angles. There are somededicated devicesfor sudr measuremets [21, 30].
We note that extraoral imaging (as depicted in Figure 5) leadsto local tomography
problem.

Our last test caseis extraoral imaging with sparse projection data from a jaw
bone phantom. There the experimerntal setup was implemerted similarly to the setup
explainedin section 2.2: The phantom was placed on the rotating platform and the
Sigmadetector and X-ray sourceweremourted into xed positions. With the exception
of di erent sourceto detector distance (1292mn) and certer of rotation to detector
distance (88mm), the geometricaldetails of the experimental setup werethe sameasin
section2.2.
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Figure 5. Cone beam imaging geometry for local tomography. This geometry was
usedin the last test casewith the jaw bone phantom. The source positions for the
experimerts (23 projections from view-angleof 187 ) are denotedby circles. The region
of interest (ROI) is denotedby thin line. For clarity, the location and alignment of the
detector with respect to the sourceis depicted only for one sourcelocation.

3. Statistical inversion in 3D dental imaging

3.1. Statistical model for dental imaging

In this sectionwe discussthe application of the statistical inversionapproad to three
dimensionalderntal imaging. As it was discussedpreviously, we appraximate the 3D

Let

. J
xO =" X (2)
i=1
where ; is the characteristic function of pixel ; in the two-dimensionalpixel lattice,
denote the discrete represetation of the j™ slice in the stadk of two-dimensional
slices. In the sequel, we will identify the function (2) by the coe cient vector

mi) = ax@ + O 3)

denote the obsenation model for the j 2D-problem. In equation (3), mi) =
(m{;mY; 1 m{”)T 2 RN is the vector of tomographic data for j ™ two dimensional
sliceand () 2 RN denotesthe obsenation noise. It should be noted that with our
experimertal setup, the model matrix is not the samefor ead 2D slice due to the
possibledisplacemen of the rotation axis betweendi erent slicesm{) of the projection
data. Also, the sizeof the data vector m0) may vary due to the rounded cornersof the
Sigmadetector, seeFigure 2. Howewer, dueto notational simplicity, we usethe notation
A = A0 for the model matrix and N = N; for the dimensionof the projection data
vector in the sequel.

The statistical model we usefor dental imaging was introducedin sections3.1{3.2,

part | of this paper. As the prior model for the two-dimensionalslicesx() of the dertal
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structures we usethe total variation (TV) prior. Within the discretization (2) of the
2D-attenuation coe cien t function, the total variation can be written as
. Xe .
V)= o gxBj; 4)
k=1
wherely is the length of the edgebetweenthe adjacen pixels ik and ik k2 RM is
the vector
(if (i3
k=00 L 000 L Gz 0);

and Ng is the number of edges(s.t. Ix = j@ ik T @ igj > (0) connectingtwo adjacert
pixelsin the 2D lattice.

The total variation prior density for the 2D attenuation coe cient xU) is de ned as

prv (x) /e TV (5)

wherethe total variation is calculated using equation (4). The total variation prior can
be consideredas a feasible model for derntal structures, sinceit has high probability
density for level set type imageswhich consistof a few (almost) constart attenuation
levels which are bounded by short, well de ned boundary lines. The useof TV prior
for the regularization of inverseproblemshas beendiscussedor examplein [31, 17, 24]
and the useof TV constrairts for image enhancemenin [4, 5, 6].

To take the three dimensional structure of the target into accourt in the stadk of
two-dimensionalreconstructions,we usea (conditional) L *-prior betweenthe slicesx)
andx0 V. Let 20 Y denotean estimatefor the slicexU Y (with initialisation 2© = 0).
Within the discreteframework, this coupling prior density can be written in the form

pLi(xDjR0- Dy exp kx@) g0 Dy,
= exp s xR Y (6)
k=1
The L*-prior is concertrated aroundimagesx) which arecloseto 20 Y but may have a
few large deviationswith small support. For an extensiwe discussionon this feature, see
the article [7]. We chosethe model (6) basedon the assumptionthat the cross-section
of dertal structures doesnot changemuch betweentwo consecutie slices.

Taking into accoun the positivity prior p.(x4)) for the attenuation coe cient,
equation (19) in part | of this paper, and using equations (5) and (6), the overall
(conditional) prior density for slicex() assumesghe form

For the obsenation errors () we make the assumptionthat they are Gaussianwith
zero-mean( ) N (0; .eise)) and are independert of the attenuation parametersx),
Using the theory and the likelihood model that were given in sections3.1-3.2,part | of
this paper, the posterior density for the j " two-dimensionalproblem assumeshe form
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where
F(x(): 0 Dy = %km(j) AxDIZ .+ TV(XWDY+ kx@ g0 Dk (9)

As it was explained in section 3.1, part | of this paper, the posterior density
constitutes the complete solution of the inverse problem in the statistical sense. To
summarize and visualise the statistical solution of the inverse problem one needsto
compute di erent statistics from the posterior distribution. Most common choices
include the maximum a posteriori (MAP) and conditional mean (CM) estimates,
covariance/correlation matrices and marginal densities together with con dence
intervals[12 14, 17]. In the following, we explain the computation of the MAP estimate
and then the computation of other, integration basedposterior statistics using MCMC
methodsis brie y discussed.

3.2. Computation of the MAP-estimate

The mostusualestimatefrom the posterioris the maximum a posteriori (MAP) estimate
which is de ned through the relation

As discussedn section 3.5, part | of this paper, the computation of the MAP-estimate

from the posterior density in equation (8) amourts to nding the parametervector that
satisfy

xUho = arg min F(x(); 20 2y

x(0) 0

where F(x0); 20 1) is asin equation (9). We intend to nd the estimate x), by
applying gradiert basedoptimization methods. Howewer, here we facetwo di culties.
First, the total variation and L!-prior functionals are non{di erentiable, due to the
presenceof the absolutevalue function. To overcomethis problem, we usethe smooth
approximation

it h(t)= log(cosh( t)); (10)

where > 0 is a parameter adjusting the accuracy of the approximation. The
appraximation h (t) with the value = 200(that is usedin this study) and the absolute
value function jtj are shavn betweenthe interval t 2 [ 0:1 0:1] in Figure 6.

Using the appraximation (10), the approximate total variation is obtained as

TV x0) = Ikh ( [x0)) (11)
k=1
and the appraximate L*-norm, which we denoteby L(), is obtained as

Ll(x(j) k(j 1)) — X J ih (X(j) k(j 1)). (12)
k) K K :
k=1
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0.1

Figure 6. Absolute value function jtj (solid line) and the approximation h (t) (dashed
line), equation (10), of the absolute value function in the interval t 2 [ 0:1; 0:1]. In
the approximation h (t), value = 200was used.

Using these appraximations for TV and L-functionals, the objective functional (9) is

approximated by a di erentiable functional of the form

F (X(j);k(j 1)): %km(i) AxDk2 . + TV (X(j))+ |_1(X(J) 2 1)): (13)

noise

Referring to the results about singularities that are reconstructablefrom limited angle
data [26] (seealsothe reviewin section2, part | of this paper), we showv in Appendix B
that the MAP-estimate with the TV -prior doesnot destroy any of thesesingularities.
In other words, one can expect to seein the MAP-estimate with the TV -prior at least
the samesingularities that are seenin badprojection reconstruction.

The second problem in the computation of the MAP-estimate comesfrom the
positivity constrairt which is dueto the positivity prior p. (x1)). To take the positivity
prior into accour, we use use an exterior point seard [11]. In the exterior point
seard, the original constrainedproblemis approximated by a sequencef unconstrained
problems

x00 = argmin F (x0);20 D)+ Ox0) (14)
where M (x0)) is a penalty functional that is usedto penalizethe negative componerts
of the solution x1) and the superindex x() refersto the t"" problem in the sequence

of ft = 1;:::; Pg unconstrainedproblems. Using a suitably chosensequencef penalty
functionals f  (x®);t = 1;:::;Pg, the exterior point method forcesthe sequenceof
solutions fx') -t = 1;:::; Pg (asymptotically) to the feasibleregionxi) 0. Then,

the solution of the constrainedproblem is appraximated by x,(\ﬂ,LP x&jfp).

In this paper we usea penalty functional ® of the form

O (x0)y = X (t)(x(i))- (15)
k 1
k=1

where
&(x()? x{’ <0
0 ;x(kj) 0
andf &t = 1;2;:::;Pgis a sequencef increasingpositive numbers.

In this study the MAP-estimates(14) arecomputedusingthe gradiert-basedBarzilai-
Borwein method [1].

0 (x1) = ; (16)



Statistical inversion for medical X-ray tomagraphy with few radiographsli 12

3.3. The gradient desent methal of Barzilai and Borwein

We briey descrite here the gradiert-based method for unconstrained large-scale
optimization introduced by Barzilai and Borwein [1]. We chosethis method based
on the facts that i) the inversion of Hessianmatrix is excessiely heavy task due to
the large dimension (M) of the problem and ii) the computation of the gradiert for
the objective functional (14) is relatively cheap, enabling relatively fast computation
of multiple iterations. Further, gradiert basedmethods are advantageousalsoin the
sensehat a more accurateapproximation (larger ) for absolutevalue function canbe
used. This is dueto the fact that we do not needto invert matricesthat cortain second
derivativesof h (t).

In the sequel,we usethe notation x0:%) to denotethe " iterate for the t™ problem
in the sequenceof unconstrainedproblemsfor the j ™ slice.

For the problem (14), the Barzilai-Borwein iteration can be written as

XU+ = () g 1giit’). (17)
wherethe sear@ direction is of the form
dit) = ¢ F (X(j;t:‘)) +r (t)(x(j;t;‘)) (18)
and the step-lengthparametera- is computed as
_(xtU ) xE YT (Uit gt by

&7 XGE) X0t D) (xGE)  xGt Dy’ (19)
The vectorr F (x4)) in equation (18) is of the form

r E (X(J':t:‘)) = AT nolise(m(j) Ax(j;t;‘))

+ r TV (X(j;t;‘)).,. r|_1(X(J';t;‘) R0y (20)
wherethe elemerts of the vectorr TV 2 RM are obtained as
- Xe .
r TV (X(J;t; )) = |kh0( kX(J i )) m (21)
k=1

and the elemetts of the vectorr L* 2 RM are obtained as

rLrx®) =G RG D) i (22)

In equations (21)-(22) h’ () denotesthe rst derivative of h (). The ertries of the
vectorr (O (x0%)) are of the form
r O = 2g(x$ )1 (kG < 0) (23)

wherel (x4 ) < 0) denotesthe indicator function for the evert x* ) < 0.
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3.4. Markov chain Monte Carlo methals

Whereas the computation of the MAP-estimate is an optimization problem, the
computation of other usual posterior statistics are problemsof integration over a high
dimensionalparameterspace.As discussedn part | of this paper, thesetasksnecessitate
the use of Monte Carlo integration techniquesin the caseof non-Gaussianposterior
density, sud asthe density function givenin equations(8-9).

The basic idea in Monte Carlo integration is to generatea large, represemative
ensenble fx0:):° = 1;2;:::;Sg RM of random "sample images" from the posterior
density p(x4)jm@); 20 D) and then approximate the integral of function f (x()) with

respect the posterior distribution by the samplemean, that is,
z

f (xW)p(xG)jmU); o0 Dygx () lxs f(X(j;‘)): (24)
RM S “=1
Often the posteriormodelsfor inverseproblems,sud asthe model givenby equations(8-
9), are sud that direct drawing of independert sampleimagesis impossible.In Markov
chain Monte Carlo (MCMC) methodsthe represemativ e ensenble of (dependert) sample
images are obtained by generating a realisation of a Markov chain which has its
stationary distribution de ned by the given posterior density [14, 12]. A more detailed
discussionon MCMC methods is given in section 3.6, part | of this paper.

In caseof X-ray tomography the large dimension(M > 10* for a 2D slice) of the
parameter spaceR™ makes the MCMC-sampling computationally a very demanding
task. Howewer, in order to give an illustrativ e example of more "complete" statistical
inferencefrom the posterior distribution, we carry out MCMC analysisfor the posterior
distribution of onetwo-dimensionalproblem (i.e., for oneslicex!)) in the rst test case,
which is the limited angleproblemwith data from the tooth phantom. The dewelopmert
of e cien t MCMC schemesthat canbe usedto carry out inferencefor 3D reconstruction
problems,are left to future studies.

4. Results

4.1. Limited angletomography from sparse projection data of a tooth

As the rst exampleof data type (A), seesectionl, we considerthe model problem of
limited angletomography with sparseprojection data (9 projections from view-angleof
68 ) from a tooth phantom. As it was discussedn section 2.2, the projection images
from the tooth phantom were collected using the corvertional CT geometry instead
of usingthe xed detector geometry which is more typical geometryin clinical dertal
studies. Howewer, the results for limited angletomography in thesetwo geometriesare
qualitativ ely very similar. We choseto usethe corvertional CT geometryin order to
get full anglereconstructionsasthe \ground truth” for the limited anglereconstructions
in this test problem. The experimertal setupis explainedin detail in section2.2.
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Results are shavn in Figures 7 and 8. The left colum in Figure 7 shonvs MAP-
estimatesx(hﬂlLP for four sliceswith full-angle data that was collected from view angle
of 187 with projection intervals of 85 (23 projections). With this set of projection
imagesthe sizeof the data vector m4) for ead two dimensionalproblemis N = 15272.
Figure 3 shavs one slice m0) of this data in traditional sinogramform. It should be
noted that if the vector m{) cortain valuesthat correspnd to the rounded cornersof
the detector, thesevaluesare neglectedsimply by removing respective rows from md)
and A.

The domain in the computation of the two dimensionalimagesshavn in Figure
7wasa26 26mn? squarewhich was divided into aregularM = 166 166= 27556
pixel lattice, leadingto pixel sizeof 0:16 0:16mn¥.

The left column of Figure 8 shaws four vertical slices of the (approximate)
three dimensional reconstruction with the full-angle data. The three dimensional
reconstruction was obtained as a stadk of Ng; = 600 two-dimensionalreconstructions.
Ead of the two-dimensionaklicesrepresem 0:045mmthick sliceof the three dimensional
data, leadingto vertical sizeof 26:1mm for the imagesin Figure 8. The horizorntal size
of the imagesin Figure 8 is the sameasin Figure 7, that is, 26mm Note that the rst
and fourth slicein Figure 8 are chosenappraximately from the front and badk surfaces
of the tooth.

The MAP-estimates with the full-angle data, left columnsof Figures 7-8, are based
on the statistical model descriked in section 3.1. For the covariance matrix poise Of
the obsenation errors we usedthe trivial choice nsse = 21, i.€., we assumedthat the
noiseis statistically independert Gaussiannoisewith equal variancein ead direction.
The noisevariance 2 was estimated from the projection data. This was achieved by
taking oneapproximately homogeneousair-only” sample(100 50detectorpixels) from
one transformed projection image, and then computing estimate for 2 basedon this
sample. As the result, we had value 2 = 0:0004. In practice, a better estimate for the
noise statistics can be obtained from a repeated set of phantom measuremets and/or
careful analysis of the measuremen system. The determination of the accurate noise
statistics for the Sigmasensorand the assessménto which extert the reconstruction
results improve using a better noisemodel, are left to future study. The analysisgiven
in section3.2, part | of this paper suggestshowewer, that the Gaussianapproximation
is acceptable.

The prior parameterswere chosenby visual inspection from a set of reconstructions
with di erent parameters. With the full-angle data we used = 1250, = 1250and
f&t = 1,2;:::;59 was a linearly increasingsequencefrom 12500to 3:75 10°. The
parameter in the approximation (10) for the absolute value function was = 200.
The MAP-estimates were computed using the Barzilai-Borwein method. We computed
6 iteration stepsfor ead problem in the sequenceof 5 unconstrained problems and
then result from the 5" unconstrainedproblem was usedas an approximation for the
MAP-estimate X&LP :

The secondcolumn in Figures 7-8 shaov respective slices of an approximate 3D



Statistical inversion for medical X-ray tomography with few radiographsli 15

Figure 7. Left column shavs MAP-estimates x,(\jlgp from full angle data with the
TV -prior as the \ground truth". The full-angle data consisted of 23 projections
from total view-angle of 187 (projection interval 8:5 ). The other two columns shaw
MAP-estimates with the TV -prior (center column) and tomosynthetic reconstructions
(right column) from limited-angle data. In the limited anglecase,nine projections from
view-angle of 68 were used.

reconstruction with limited angle data that was collected from view angle of 68 with

projection intervals of 8:5 (9 projections). The sizeof the data vector m{) for ead slice
wasN = 5976. The right imagein Figure 3 shaws this 68 part of the data, that was
usedin limited anglecomputations,for oneslicein sinogramform. The prior parameters
in the limited angle casewere the sameas in the full-angle reconstruction. The right

columnsin Figures 7-8 shav the respective slicesfor a tomosyrthetic (badkprojection)

reconstruction from the samelimited angle data with view angle of 68 . For details of
the tomosynhesis, see[32 15, 36].

As canbe seenfrom Figures7-8,the limited angleMAP-estimateswith our statistical
model are good in this test problem. Further, the statistical reconstructionsare sharper
and clearerthan the traditional tomosyrthetic reconstructions. This is especially evidert
in the depth direction wherethe information cortent of the limited angleprojection data
is poor. This clear di erence in the imagesgives an illustration for the e ect of well
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Figure 8. Left column shaws vertical slicesof the (approximate) 3D reconstruction
from full angledata (23 projections from view-angleof 187 ) with the TV -prior asthe
\ground truth". The other two columns shav 3D reconstruction with the TV -prior
(center column) and tomosynthetic reconstruction (right column) from limited angle
data. In the limited angle case,nine projections from view-angle of 68 were used.

chosenprior model in limited angle tomograply. Also, note that the tomosyrthetic
reconstructions give an experimertal illustration for the analysis about features that
are reconstructablebasedon limited angleprojection data in [26]. A brief review of this
analysisis givenin section2, part | of this paper. Given Figure 7, seealsoFigure 3 in
part | of this paper.

We note that the test casein Figures 7-8 is unrealistic (from the clinical point
of view) in the sensethat the tooth phantom had no surrounding tissue whereasin
practical situations this is always the case. Howewer, the purpose of this example
wasto test the performanceof our statistical model for limited-angle tomography with
sparseprojections without the added complicationscoming from the local tomography
geometry We considera more realistic and complicatedcasein section4.3, in which we
considerreconstructionfrom limited angledata that wascollectedfrom a headphantom.
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4.2. Exampleof MCMC-analysis for the tooth data

To give an illustrativ e example of more complete Bayesian inference, we conducted
MCMC-analysis for oneslicex{) of the limited angledata that wasusedin section4.1.
Sincethe MCMC-analysis was conductedfor only one slice, the coupling prior density
p, (x0jr0- Dy was not included in the posterior model.

The MAP-estimate XS&P for the chosenslice with the approximate TV -prior is
shavn in the left image in Figure 9. The MAP estimate was computed using the
Barzilai-Borwein method. The parameters , 2 of the posterior density, the smoothing
parameter for the approximation of absolute value function and the extrior point
seard parametersequencd &g were the samethat were usedin the previoussection.

Using the (approximate) MAP-estimate as the initial state in the simulation, we
generatedan ensenble of 15000sampleimagesusing the Gibbs sampler[13]. For more
detailed discussionon Gibbs sampling, seesection3.6, part | of this paper. It shouldbe
noted that the Gibbs sampleralgorithm samplesthe original posterior model without
any approximations to the TV and positivity priors. Detailed description of a similar
algorithm that was applied to electrical impedancetomography problem can be found
in [17, 19.

The image on the right in Figure 9 shows the conditional mean estimate x(c‘,z,l
computed as ergadic averagebasedon the simulated Markov chain, seeequation (24).
The left imagein the top row of Figure 10 shows the estimated variancesfor ead pixel,
that is, the diagonal ertries of the posterior covariance matrix. Notice that the largest
uncertainty in the posterior is in the directions correspnding to the pixels located at
the boundariesof the tooth. The other plots in Figure 10 shav the marginal posterior
densitiesof single pixels marked in the varianceimage.

Figure 9. Statistical inference from the posterior distribution for one slice of the
tooth data. Nine projections from view angle of 68 was used as the data. Left:
MAP-estimate with the (smooth) TV -prior. Right: CM-estimate with the original
TV -prior.

The proper interpretation of the results in Figures 9-10require care. For example,
given a set of 100 realisationsof the projection data from the samemodel, one would
be tempted to say that (roughly) in 90 casesthe 90% con dence limits would include
the true value of the X-ray attenuation coe cien t.
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Figure 10. Statistical inferencefrom the posterior distribution for one slice of the
tooth data. Nine projections from view angle of 68 was used asthe data. Top left:
Estimated posterior variance for ead pixel (i.e., the diagonal ertries of the posterior
covariance matrix). Top right and bottom : Marginal densities of single pixels, which
are marked in the variance image. Solid line denotes the conditional expectation,
dashedlinesthe 90%con dence limits and the dotted line the initial value (approximate
MAP-v alue found by the Barzilai-Borwein method with TV -prior).

Howewer, this interpretation would be incorrect. The key point here is that the
posterior distribution re ects our uncertainty basedon the i) projection data and ii)
the prior information. The pitfall hereis that the true attenuation coe cien t may have
small probability with respect to the postulated prior model. The il{p osednes®f the
problemwith sparsetomographic data necessitateghat the priors are informative with
respect to certain subspaced$rom which the likelihood (i.e. the projection data) carries
only little information. This problemis re ected in the fact that the results are usually
sensitive to the selectionof the prior. Summarizing, the con dence limits are reliable
only in relation to our con dence in the chosenprior. Thus, the choice and careful
construction of the prior model is a crucial step in statistical inversion. Seealso the
discussionabout visualization of priors in section3.4, part | of this paper.

4.3. Limited anglereconstruction of the head phantom

As the secondtest problem for limited angletomograply for data type (A), we consider
reconstruction basedon sparsetruncated projection data from a head phantom. Using
the measuremen setup that is explainedin section 2.3, seven projection imageswere
takenwith approximately equalprojection intervals from total view angleof 59.7 . This
represems roughly the maximum view anglethat canbe usedin practice. Left imagein
Figure 11 shavs oneraw projection image from this data set, the middle image shaws
onerow of detectedpixel valuesfrom the projection image and the right image shows
one slice m() of the transformed data in sinogramform. The size of the vector m()
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is N = 6104. The projection imageswere transformed to line integral data with the
appraximation explainedin section2.1. With the xed detector geometryusedin this
examplethis meansthat the possibleangular dependencyof the e ciency of the Sigma
detector is neglected.

Projection angleswere computed basedon the imagesof the referenceball that was
attached in front of teeth with distance of 14mm from the detector array. This metal
ball is seenabove the middle tooth in left imagein Figure 11. The shift of the ball in the
projection imageswas measured,and using this information and known ball-detector
distancethe angleswere obtained by simple trigonometric relations.

Note that in this more realistic example,all the teeth that are imagedare not visible
in all projection images. This is alsoevidert from the sinogramwhich is truncated from
the lower side (i.e, it doesnot goto zeroin the lower side). Thus, in addition of being
a limited angle case,the problem contains featuresof local tomography problem.

- 1
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1

JII ‘

'

872

Figure 11. Left: Raw 664 872 projection image from the head phantom (black
correspond to high courts). Middle: Detected pixel values for the 300" row of the
projection image. Right: Sinogram for the 300" horizontal slice. The data consisted
of 7 projections that were collected from 59:7 angle of view. Note that the sinogram
doesnot go to zero from the lower side. This re ects the fact that the problem has
features of local tomography.

The results for the head phantom caseare shavn in Figure 12. The left column
shows four vertical slicesof a tomosyrthetic reconstructionand the right column shows
respective slicesof an appraximate 3D reconstruction that was obtained as stadk of
Ngi = 664 two-dimensionalMAP estimateswith the TV -prior. In the computation
of the 2D slices, the width of the two dimensional rectangular domain R? was
61:25mm and the depth was 25mm, respectively. The domain  was divided into
aM = 400 160 = 64000 pixel grid, leading to pixel size of 0:153 0:156mn?
(width depth). The MAP-estimates were computed using the methods descriked in
section3. The posterior parameterswere the sameasin section4.1.

As can be seen, the statistical approacy with the TV -prior vyields good
reconstructions in this more realistic and dicult test case. The eect of well
chosen prior is also seenclearly in Figure 12: Statistical inversion can capture
relatively accurately the three dimensional structure of the teeth despite the poor
depth information content of the limited angle projection data. Further, slicesfrom
the statistical reconstruction are sharper than tomosyrthetic slices.
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Figure 12. The left column shaws four vertical slices of a tomosynthetic, or
badkprojected, reconstruction from limited angle data (seven projections from 59:7
view-angle). The right column shows respective slices of an approximate 3D
reconstruction with the TV -prior from the samedata.

4.4. Full-angle tomography with sparse projection data

As the rst test problem for data type (B) we considerfull-angle global tomography
problem with sparse projection data. The data was collected with same imaging
geometrythat is explainedin section 2.2 and from the sametooth phantom that was
usedin section4.1.

The results for this exampleare shovn in Figure 13. Each imageis a reconstruction
of the sametwo-dimensionalslice. The domain andthe number of pixelsin the images
arethe sameasin Figure 7, that is, the domainis 26 26mn¥ and the number of pixels
iSM = 166 166= 27556with pixel size0:16 0:16mn?. The data that was used
for the reconstructionsin the rst column of Figure 13 was collectedfrom a view-angle
of 204 with regularly spacedprojection intervals of 8:5 (total 25 projections, size of
data vector m0) is N = 16600). In the secondcolumn, the total view-anglewas the
samebut only 13regularly spacedprojectionswereused,leadingto a projection interval
of 17 (N = 8632). In the third column number of projections was 7 with projection
interval of 34 (N = 4648)and in the fourth column the number of projections was 5
with projection interval of 51 (N = 3320).

The top row showsreconstructionswith the Itered bad projection (FBP) algorithm
and the bottom row MAP estimateswith the samestatistical model that was explained
in section3 and usedin Figures 7-8. The noisecovarianceand prior parametersfor the
statistical method werethe samethat were usedin Figures7-8.

For the FBP-reconstructions,the 664 elemen projection data vectorsfor ead slice
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were averagedinto bins of four data points, leading to data vector of 166 elemerts in
ead projection. With this operation, the pixel sizefor the FBP reconstructionbecomes
the samethat wasusedin the statistical approad. Further, this operation improvesthe
signalto noiseratio in the data for FBP, leadingto lessnoisy reconstructionswith the
cost of reducedresolution. To de-emphasizehe e ects of (high-frequency)obsenation
noise,Hanning-windon was applied to the Itering of the projectionsin the frequency
domain. Nearestneighbour interpolation was usedin the badprojection process. For
details on theory and implementations of FBP-methods, seee.g. [18, 23] and references
therein.

Figure 13. Full-angle (204 ) reconstructions using di erent number of projections.
Columns from left to right: 25 projections (projection interval 85 ), 13 projections
(17 ), 7 projections (34 ) and 5 projections (51 ). Top row: Filtered badk projection.
Bottom row: MAP-estimates with the TV -prior.

As canbe seenfrom Figure 13, the statistical approad providesgood reconstructions
of the tooth. The MAP-estimate in the secondcolumn with projection interval 17 is
almost as good as the rst one with projection interval of 8:5 . Whereasthe MAP-
estimatein the third column (projection interval 34 ) provide usefulinformation about
the shape and size of the tooth, the fourth one (angular projection interval 51 ) gives
only a crude appraximation for the sizeand shape of the target. Also, it canbe seenthat
the MAP-estimates with the statistical model are lessnoisy than the reconstructions
with the FBP-method. It is evidert from Figure 13that the statistical approad is more
robust againstlarge projection interval than the FBP method.

4.5. Local tomagraphy from sparse projection data

As the last test casewe considera realistic example of extra-oral imaging using full-
angle sparseprojection data from a jaw bone phantom. This is an example of data
type (B) with truncated projections. The conebeam measuremeh geometryfor these
experimerts is illustrated in Figure 5. Usingthe experimertal setupexplainedin section
2.4,wetook 23 equally spacedorojection imageswith total view angleof 187 (projection
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interval 85 ) from the jaw bone phantom. Three of theseprojection imagesare shovn
in Figure 14. Referring forward to the resultsin Figurel5,the projection imageon left
in Figure 14 wastaken from the direction of positive x-axis (i.e, from right to left) with
respect the reconstructedslice. The other two projectionsimagesin Figure 14 are from
anglesof 765 and 153 to courterclockwise direction with respect the positive x-axis
in the reconstructedslice, respectively.

The left imageon bottom row in Figure 14 shows one slice of this projection data in
sinogramform. In the sinogramthat is shown in the right image on the bottom row,
only 12 projectionswith projection interval of 17 wereused. As canbe seenfrom Figure
14, this test caseleadsto local tomography problem with full-angle sparseprojection
data.

Figure 14. Top row: Three 872 664 projection images from the jaw phantom.
The imagesare (approximately) from orthogonal directions. Bottom Row: Sinograms
for one slice of the jaw phantom data with projection intervals of 8:5 (left) and 17

(right). The projection imagesand the sinogramsreveal clearly the local tomography
nature of the reconstruction problem.

The results for this exampleare shovn in Figures 15-16.

In Figure 15 eat imageis a reconstruction of the sametwo-dimensionalslice. The
domain R? in the imagesis 78 78mn?Y squarewhich was divided into a regular
M = 498 498= 248004pixel lattice with pixel size0:156 0:156mn¥. The data that
was usedfor the reconstructionsin the top row of Figure 15 was collectedfrom a view-
angle of 187 with regularly spacedprojection intervals of 8:5 (total 23 projections,
number of data N = 15272).In the bottom row, the total view-anglewasthe samebut
only 12 regularly spacedprojections were used, leadingto a projection interval of 17
(N = 7968).

The left column shaws reconstruction with the -tomography, middle column the
tomosyrthetic (backprojection) reconstructionsand the right column MAP estimates
with the statistical model that was explainedin section3 and usedin earlier test cases.
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The parametersfor the statistical method werethe samethat were usedin Figures7-8.
The ideaof -tomography is discussedoriey in Appendix A.

Figure 16 shownsthe certral part (166 166pixels)that includesthe regionof interest
(ROI) for the respective reconstructionsin Figure 15.

Figure 15. Reconstructions from local sparse projection data (total view-angle of
187 ) from the jaw bone phantom. Top row: 23 projections with projection interval of
8:5 . Bottom row: 12 projections with projection interval of 17 . Columns from left
to right: -tomograph y, tomosynthesis (backprojection) and MAP-estimates with the

TV -prior.

Figure 16. Regionsof interest (ROI) from the local tomography reconstructions in
Figure 15. Rows and columns are asin Figure 15.

As can be seenfrom Figures 15-16, the MAP-estimates with the TV -prior are
relatively good alsoin this dicult test problem of extraoral imaging. When using all
the 23 projections, the structure of the teeth that arelocatedin the regionof interestwas
recovered with good accuracy In the caseof using only 12 projections with projection
interval of 17, the structure of the sameteeth was recorered with almost as good
accuracy A notable and typical local tomography featurein the reconstructionsare the
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\back projection artifact" type details outsidethe regionof interest. Theseare evidertly
due to tissuesthat are visible possibly only in one or two projection images. Also, as
can be seenfrom Figures 15-16the imagesthat are basedon the statistical approadh
are better than the traditional badprojection reconstructions or the -tomography
reconstructions. Basedon Figures 15-16,it seemsthat the statistical model would be
usefulin clinical studiesof extraoral imaging.

5. Conclusions

Considerthe following example of three-dimensionalX-ray imaging. A dertist wants
to know whether the roots of a certain tooth are closeto the inferior dental canal.
He takes, say, v e digital intraoral projection radiographsusing a X-ray sourceand a
digital intraoral X-ray sensorchoosingthe directions of the imagesso that the images
of the roots and the nerve canal are clearly separatein some of the images. The
projection imagestogether with knowledge of imaging geometry are given as input to
a reconstruction algorithm. Resulting three-dimensionalreconstructionis examinedon
computer screenand the diagnostic questionanswered.

The above type of three-dimensionalimaging is not standard practice today. One
reasonfor this is the lack of a exible, fast, high-quality reconstructionalgorithm for suc
imaging. It is evidert from part | of this paper that sud an algorithm should be able
to usea priori information of the tissueto compensatefor the incomplete information
provided by few radiographs.

In this paper, we proposeda novel statistical model to three dimensional dertal
X-ray imaging with sparse projection data. In the model, the three dimensional
reconstruction problem is appraximated with a stadk of two dimensional problems.
Our model for a priori information includes total variation and positivity priors for
eat two dimensionalslice, and the three dimensionalnature of the problem is taken
into accour through a coupling L *-prior betweenconsecutie slices. A gradiert-based
optimization method wasimplemerted for the computation of the MAP-estimates and
a MCMC-algorithm for the computation of point estimatesthat necessitatantegration.
The performanceof the model was evaluated basedon in vitro projection data that
was collectedusing a X-ray sourceand intraoral CCD-detector from a dertist's regular
equipmen. Reconstructionswith traditional reconstruction methods were given as
referencefor the estimateswith the statistical model. Four dierent test caseswith
sparseprojection data were considered. It was seenthat the statistical approad gave
good resultsin all test cases.Furthermore, the statistical model gave improvemen over
traditional methods in all cases.Thus, the proposedstatistical model seemspromising
for 3D imaging of dentomaxillofacial structures with sparseprojection data.

In this study, the appraximation of the three dimensional problem by a stak of
two dimensional problems was made due to heary computational demandsof purely
three dimensionalcase. The computation of the approximate 3D reconstruction with
the statistical method in Figures 7-8 took appraoximately six hours using MatLab
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(version 6) on a PC computer with a 1GHz Pertium processor(number of unknowns
for eah 2D slice M = 27556). The computation time for the respective 3D TACT
reconstruction with the same equipment was four minutes. For the reconstructions
in Figure 12 the respective computation times were approximately eight hours for
the statistical method and six minutes for TACT (number of unknowns for eat 2D
slice M = 64000). Although the computation times are long with the MatlLab-
implemertation, we beliewe that the computation times can be reducedto clinically
acceptablelevel with a sophisticatedimplemertation on a morebasiclevel programming
platform. Preliminary tests with an optimized code give computation times lessthan
10 minutes for the reconstruction of 3D volume with clinically acceptableresolution.

The computation of the purely three dimensional reconstructions (number of
unknownsM 1CP) with our current implemertation and devicesis not possibledueto
the excessie memory requiremen of matrix A. Howeer, the extensionof the methods
to purely 3D reconstructionis one of the main topics in the future work. This work is
under way.

The dewelopmern of more e ective MCMC-codesis alsoa topic of future work. These
are more likely to be realizablein casesin which the prior model and structure of the
tissuecanbewell descrikedin alower dimensionalparametric basis. The appraximations
of di erent tissuesby low dimensionalparametric modelsis one topic of future work.

We also wish to start in vivo tests with the proposedapproad in near future. In
addition to dertal imaging, we beliewve that the proposedstatistical model canalsoprove
to be usefulin other applications with \level set” type targets.
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App endix A. -tomograph y

A traditional reconstructionmethod that hasbeendewelopedfor localtomograpty is the
so-called -tomograph y. As in the main body of this paper, let s 2 R? denotethe
position vectorand x : 7! [0;1 ) denotethe X-ray attenuation coe cient function.
The ideaof -tomography is basedon the result that it is possibleto recover X, where
is a Calderon operator, instead of the attenuation coe cien t x itself from cortinuous
local full-angle data [29, 20, 9, 1Q.
The Calderon operator is de ned using the Fourier transform as

Cx() = JR();

R
whereR( ) = L.exp( is )x(s)ds forany 2 R2. This is satisfactory since acts
very much like a di erential operator and enhancegumps (edges)of x. Further, it does
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not introduce sharp artifacts, only blurred ones. Howewer, values of the attenuation
coe cient x cannot be readfrom x, only the jumps are faithfully recovered.
The following reconstruction formula is due to Smith and Keinert [29], seealso[9].
We follow the noztatiozn of [2, Formula (3.33)] and write the reconstructionformula as
2 2

e (x)=C PeE (s a)(Dax( )+ Dax( ))ja 7jd d ; (A1)
0 0

wherea = a( ) = R(cos; sin ) is the location of the X-ray source,C is a constan, e
is a smooth point spreadfunction that approximates the Dirac delta function, is the
Laplaceoperator, P is the parallel beamtomographicdata (i.e., transformed projection
radiograph), angle de nesa unit vector ~= (coq );sin( )) which in turn speci es the
propagation direction of the X-rays (travelling from point a to direction "), D, is the
divergen beam(or fan-beam)tomographicdata, ~is a unit vector parametrizedby angle
, E is orthogonal projection onto ~? and denotestwo-dimensionalcorvolution.

The useof the point spreadfunction e eliminatesin nite valuesof f. Lete:R?! R

be the radial functiorz de ned by

s(r+1)*%r 1)* for0 r I

er) = 0 forl<r:

(A.2)
R : .
Note that e= 1. The function P e canbe computedexplicitly.
In the -tomograph y reconstructionshown in Figure 15, the sizeof the squaredomain
is 78 78mn? and the radius of the point spreadfunction in (A.2) is 1mm. The number
of x-rays in ead projection was 664.

App endix B. Reconstruction of singularities with the TV -prior

In this appendix we consider singularities appearing in the MAP-estimate with the
TV -prior. The purposeis to shav that the TV -prior does not destroy any of the
singularities that are reconstructablebasedon the limited angledata alone.

We considerthe cortinuousmodel, wherex = x(s) is the attenuation function de ned
in domain R3 and the measureddata corresg)ndsto the line integrals

m(L) = Ax(L)+ (L); Ax(L)= x(s)ds:
L

Herethe variable L is a line connectinga sourceto detector D, whereD is assumedo

be a subsetof a plane. The line L is assumedo hit the detector D non-tangeriially. We
denoteby G the opensetof linesL alongwhich we cando measuremets and introduce
coordinateson G by using the point ( 1; 2) 2 D wherelL intersectD and two angles
( 1; »2) related to the direction of the line L. Then A de nes a cortinuous operator
A :L%) ! L?%G) whereG hasa measure = d ;d ,d id ,. This operator has
adjoint A :L?(G)! L?(). The composition of theseoperators de nes the un Itered

badkprojection operator A A: Indeed, using un ltered badprojection algorithm with

limited angledata m = Ax corresppndsto computation of A Ax [23].
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It is well known that certain singularitiesof x canbe seenin badkprojection algorithm
[26], seealsothe review in section 2, part | of this paper. For instance, assumethat
function x hasa jump acrosssurfaceS. If someline L 2 G is tangert to the surfaceS
at point s, then the badprojection reconstruction A Ax is alsosingular at point s (in
fact, the singularity is not so strong as the original singularity).

Mathematically speaking, we say that the pair of a point s and a direction is in
the wave-frort set of function x if the function x is singular at point s in direction
This is denotedby (s; ) 2 WF(x) (for precisede nition, see[16]). For instance,if x
is a piecewisesmaoth function that jumps acrossa surfaceS, then wave front set of x
consistof pairs (s; ) wheres2 S and is normal vector of S at s. The points s which
do not have a neighborhood wherex is in nitely di erentiable are called singular points
and their setis called singular support of x and denotedby singsupgx).

Let now H be set of those points s for which thereis (s; ) 2 WF (x) sud that

is orthogonal to someline L 2 G. In other words, H  singsupgx) is set of those
points where somemeasuremen line is tangert to a \jump" of function x. We call H
the set of the obsenable singularities.

It is known that the badprojection algorithm canreconstructobsenablesingularities,

H singsupgA AX);

seee.g. [26]. Next we show that the sameproperty is true for MAP-reconstruction with
TV -prior. Assumethat we have obtained (virtually errorless)measuremets from an
attenuation function xo 2 L?(). This meansthat we are given m = AXo.

We recall that the MAP estimateis obtained from the minimization problem

min F (X)
X
wherex is compactly supported function in R® and
Z A
F(x)=  (Ax(L) m(L)? (dL)+ h (@x(s)) ds
G le

where @x = @% are partial derivatives of x(s) and h is de ned by equation (10).
Let x be the function which minimizes F (x). Then the rst variation of F, which we
next compute, must vanish at x. Let v be a function which vanishin @. Then using
integration by parts,

im F(x+tv) F(x)

t! 0 t
Z N IRA
= 2(Ax m)(L) Av(L) (dL)+ h°(@x(s)) @v(s) ds

G

i=1

z 5@ !
= 2A (Ax  m)(s) @(h°(@x(s))) V(s)ds

j=1
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where h° is the derivative of the function h : R! R. Sincex minimizes F (x), the
above integral hasto vanish for any function v. Thus we seethat minimizer x satis es

x3
2A AX(S) @ h°(@x(s)) = 2A m(s) = 2A AXo(S):
j=1
Assumethat s 2 H. Then the right hand side A AXp is not smaooth. Thus, if the
minimizer x would be smaoth at s, we seethat the left hand side should be smooth
which would be a contradiction. This showvs that s 2 H implies also s 2 singsupp),
that is,

H  singsupgXx):

In other words, at least all the discortinuities that are seen with the standard
badprojection method can be seenwith approximative TV priors. Note that above
computation doesnot say anything about possibleartifact singularitiesthat may appear.
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