Sparsity-promoting Bayesian inversion
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Abstract. A computational Bayesian inversion model is demonstrated. It is
discretization-invariant, describes prior information using function spaces with a
wavelet basis, and promotes reconstructions that are sparse in the wavelet transform
domain. The method makes use of the Besov space prior with p = 1 and ¢ = 1 and
s = 1, which is related to the total variation prior. Numerical evidence is presented in
the context of a one-dimensional deconvolution task, suggesting that edge-preserving
and noise-robust reconstructions can be achieved consistently at various resolutions.
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1. Introduction

We demonstrate a new computational Bayesian inversion model that combines the
following three properties. First, discretization-invariance ensures that refining the
computational grid leads to more accurate approximation of a well-defined limit
estimate. Second, prior information about the quantity of interest can be described
using an infinite-dimensional function space that allows a wavelet basis. Third, it is
possible to promote estimates with an a priori known level of sparsity in the wavelet
domain.

Consider an ill-posed inverse problem where a physical quantity f needs to be
recovered from an indirect measurement m modelled by

m=Af +e, (1.1)

where m € R* is the measurement data vector, A is a linear operator modelling the
measurement and e is white noise taking values in R¥. The unknown quantity f is
defined on the 1-dimensional interval [0, 1] with periodic boundary conditions: we write
f: T — R with T denoting the 1-dimensional torusi.

There are several reasons for considering the unknown f as a function as opposed
to a discrete quantity. Many measurements of practical interest can be modelled very
accurately by (1.1) where A is a partial differential operator or integral operator arising
from mathematical physics in a continuous setting. Also, analytic and geometric theory

1 Theoretical treatment of the multidimensional case is analogous
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of inverse problems typically assumes a priori knowledge in the form f € X, where X
is an infinite-dimensional function space defined on a subset of R% or on a manifold.

Computational solution of the inverse problem is based on a discrete model for
approximating the function f € X. Let 7, : X — X be a linear projection operator
with n-dimensional range: dim(7,,(X)) = n < co. We denote f,,) = T,,f € X and study
the finite computational model

m, = Af(n) + €. (1.2)

Note that n can be chosen independently of the number k& of measurements.

In Bayesian inversion, the quantities m, and f(,) and € are considered as random
variables. Here m,, and e take values in R¥ and fn) takes values in T,,(X). The
complete solution to the discrete inverse problem is the posterior distribution defined
using conditional probabilities and the Bayes formula:

_ 71-(f(n))Tr(mJn|f(n))’ (1.3)

m(my,)

Tpost (f(n) ‘ mn)

where 7(f(n)) is the prior model representing a priori information about the unknown
and 7m(m,) is a normalizing constant. The conditional probability m(m,|fw)) is the
likelthood model describing the measurement. In the case of independent white noise

€ ~ N(0,0%) we have

1
(M | fin)) = Te(mn — Afny) = Cexp (— @HAf(n) —ma|3), (1.4)

where C' is a normalization constant and || - ||» stands for Euclidean norm on RF.
In practice we are given a realization m € RF of the measurement modelled by
(1.1), which is substituted into (1.3):

roosfo | 71) = 7 “);gg ) (L5)

and a representative estimate is computed from the distribution (1.5). In this work we
study two such estimates: the conditional mean (CM) estimate

Ty = / Jin) Tpost (i | 1) dpa(f ) (1.6)
T (X)
and the maximum a posteriori (MAP) estimate f(l\rf)AP defined by
Tpost (finy | 172) = max{Tpost (fim)| 72) = finy € Tu(X)}. (1.7)

For general references on Bayesian inversion, see [30, 42, 34, 50, 51].

The concept of sparsity is an active research topic in the fields of signal processing
and deterministic inversion. If f can be finitely represented in some transform domain,
then effective computational algorithms often become available for recovering f from m.
The use of || - ||; norms instead of || - ||2 norms in regularization is known to promote
sparsity [58, 19, 18]; in particular the total variation norm | f||py is widely used in
computational inversion. Sparse wavelet representations and Besov spaces are useful for
denoising [20, 12], for linear ill-posed inverse problems [21, 16], and for nonlinear inverse

problems [6, 17, 22, 7, 10, 32, 8, 3, 4, 36, 24, 55, 27, 56, 25].
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Bayesian inversion generalizes deterministic regularization and yields information
about the structure of ill-posedness of the inverse problem. Therefore, it is of practical
and conceptual interest to develop sparsity-promoting Bayesian inversion methods.

Total variation prior of the form“exp(—«||f||sv)” has been studied in the Bayesian
framework. With fixed discretizations, edge-preserving MAP and CM estimates are
achieved in various applications [61, 37, 38, 33]. However, it was shown in [39] that the
Bayesian total variation prior is not discretization-invariant. This so-called discretization
dilemma will be discussed in more detail below in Sections 3 and 6.2.

Two classes of priors are known to be discretization-invariant: Gaussian priors
[41, 54, 43, 31] and Besov space priors [40]. In the latter case, a priori knowledge can be
expressed in the infinite-dimensional continuum setting as a probability distribution on
the coefficients of a wavelet basis for a Besov space, and the same prior information is
approximately represented at any finite discretization level by the projection operator 7,
that truncates the wavelet expansion to n coarsest terms. (Actually, the wavelet-based
approach works also for the Gaussian case since the Besov space B3, equals the Sobolev
space H®, but more efficient computational methods are typically used in practice.)

Bayesian inversion based on Besov space priors has been applied successfully to
practical tomographic problems in [2, 57, 35, 52, 66]. However, the spaces used there
were Bj, with p > 1, leading to continuously differentiable objective functionals in the
computation of MAP estimates. From the point of view of sparse reconstruction, the
most promising Besov prior space is B, whose norm involves L! integrals of band-
limited first derivatives. This is closely related to the total variation norm and leads to
a nonsmooth posterior.

We report new theoretical and numerical results concerning the Bj, prior. We
prove the existence of lim,, f(l\rf)AP, ensuring that MAP estimates behave consistently
at different resolutions (existence of the limit lim,, . f(%l;/[ is shown in [40]). Further,
we present the first numerical computations of both MAP and CM estimates from the
same data using the the B}, prior, including convergence studies of estimates as the
computational grid is refined. Total variation prior is used as a reference.

The computation of MAP estimates is equivalent to minimizing

JAf = ml2+a > Wil(f, )l (1.8)
j=1

where 1); is a wavelet basis, a > 0 is a constant and W, are positive weights. The seminal
article [16] and most of its extensions rely on iterative thresholding schemes that are
simple to implement and computationally efficient. In contrast, we minimize (1.8) using
quadratic programming (QP), see [53, 67, 5]. Implementation of physically relevant
constraints (such as nonnegativity of f) is easier to implement in the QP framework
than in the thresholding methods. Therefore, our results provide a preferred approach

for inverse problems with a priori known constraints.
Another novelty here is a sparsity-based choice rule for the prior parameter o > 0
in (1.8). Many methods have been suggested for the choice of optimal value for «
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which also can be used in sparse recovery applications, see the review [1]. See also
[46] for a parameter choice method designed for sparse reconstruction. According to
the Bayesian paradigm, the parameter « is considered as an auxiliary unknown of the
inverse problem. See [11, 29, 47] as general references to Bayesian parameter choice
principles. We propose a new method for choosing the parameter « in (1.8), based on
a priori knowledge of the number of nonzero wavelet coefficients in f. The numerical
experiments suggest that the method is robust, simple, and yields useful choices of a.
We remark that the method does not use the magnitude of the noise €.

This paper is organized as follows. In Section 2 we give the details of the wavelet-
based construction of the B}, (T) prior. Section 3 discusses the discretization dilemma
related to the total variation prior. In Sections 4 and 5 we describe computational
methods for the direct and inverse problems, respectively. Numerical results concerning
the one-dimensional test problem are presented in Section 6. We discuss and conclude
our findings in Sections 7 and 8, respectively.

In the sequel, C' and C,, denote generic constants whose values may change from
line to line.

2. Wavelets and Besov space priors in dimension one

2.1. The continuum case

Following Daubechies [15, section 9.3] we construct a wavelet representation for 1-
periodic functions on R; in other words, for functions on the one-dimensional torus
T constructed by identifying the two boundary points of the interval [0, 1].

Let ¢ and ¢ be compactly supported mother wavelet and scaling function,
respectively, suitable for orthonormal multiresolution analysis in R. Set

Gin(x) = Y 2220 (x + £) — h), (2.1)
LET

Yin(r) = Y 2P0 (x+€) — h), (2.2)
LET

and define spaces V; := span{¢;,|h € Z} and W, := span{t;,|h € Z}. It turns
out that V; are spaces of constant functions for ;7 < 0. Thus we have a ladder
Vo C V4 C Vy C -+ of multiresolution spaces satisfying U;>oV; = L*(T).

The spaces W; are the successive orthogonal complements of V; in V., for j > 0.

Each space W, has the orthonormal basis {¢; | h =0, ...,27 —1}, and we can represent
functions as follows:
0o 21-1
SL’) =+ Z Z Wj w]’,h<l’), (23)
j=0 h=0

where the coefficients are defined by

Cop = = f’]f (24)
f w]h f’]l‘ w]h 2.5
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Besov spaces are function spaces denoted by By (T), where s € R is a smoothness
index and 1 < p < oo and 1 < g < oo are integrability exponents. Roughly speaking,
the greater s, the more derivatives a function f € By (T) has with finite LP(T) norm.
According to Meyer [49, Section 6.10] and Triebel [62], we can characterize periodic
Besov space functions using wavelets. Assuming enough smoothness in the mother
wavelet 10 and scaling function ¢gp, a function f belongs to B, (T) if and only if f
can be represented as in (2.3) and

00 271 q
(st 1 »
1l = | leol? + 3 2700+373 (Z|wj,h|p)” < 0. (2.6)
7=0 h=0

There is another (but equivalent) formulation of the Besov norm, showing the
connection to total variation norm more explicitly. Let F denote the operator which
maps a function f to its Fourier coefficients, F f = (f(n))nez. Also, let k € C5°(R) be
a non-negative function supported in [1,2] which satisfies > k(js) = 1 for s > 2,
and define ;(t) = k(277[t]) for j > 1 and ro(t) = 1 — 372, k;(t) for t € R. Then
supp (ko) C [=2,2], supp (k;) C [; = [=27F1, =277 U [2771, 274 and 3 °7° k(L) = 1.
Let K be the band-pass filters K; f = F'(k; - F f) defined by point-wise multiplication
in the frequency domain by functions supported near specific annuli. The Besov norm

| f[Bs,(r) is equivalent to the following expression [60, 65]:

o 1/q
13y ey = (Z Q”qHKijqu(m) - (2.7)
j=0

In this paper p = 1 and ¢ = 1 and s = 1; then the Besov norm (2.6) takes the form
0o 29-1
1 B1ymy = leol + Y >~ 27 wjl, (2.8)
j=0 h=0
provided that 1y and ¢ are once continuously differentiable [62, Thm 1.20]. Further,
the expression (2.7) takes the form

~

Az = S 2K Al = S IF @y - Dl (2.9)
j=0 j=0

Let us give an intuitive reason why (2.9) is related to the total variation norm. Note
that F _1(|n|f(n)) is a pseudodifferential operator of order 1, and » 7% F~1(2/k; - ]?) is
a similar operation due to the definition of ;. The total variation norm deals with the
LY(T) norm of the first derivatives of f, and so does (2.9) in a generalized sense.

We say that the distribution of a random generalized function f is the continuum
Besov-Bj, prior if f is of the form (2.3) where acy and a27/2w,, are independent real-
valued random variables having the Laplace distribution with the scale 1. Recall when
a real valued random variable W has the Laplace distribution with the scale b > 0 then
its probability density function is 7y (w) = (2b)"te !/t

The continuum Besov-Bj; prior can be written formally as

m(f) =Y exp(—all fll sy, (x))- (2.10)
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2.2. Discretization

We start by truncating the wavelet expansion (2.3) to a finite number of the coarsest
scales. Take n = 2"V with some N > 0 and define T}, by

N—1 29-1

(Tuf) (@) =co+ > > winhn(x). (2.11)

j=0 h=0
The right hand side of (2.11) spans the n-dimensional subspace T),(B{,(T)), which is
parameterized by the wavelet coefficient vector
w = [CQ Wo,0 W10 Wi cee w(N_1)7(2(N—1)_1)]T e R". (212)

Now we can use (2.11) to construct a prior model for fu,) = T, f as the following
truncated version of formula (2.10):

7(fn)) = Cnexp(—all fm ll 81, (1)) (2.13)
where C,, = Cy,(a) > 0 is a normalization constant. The Besov norm || f)l 51, (1) in
(2.13) takes the simple form

N—-1 29-1

1l ry = leol + Y > 272 wsal: (2.14)

j=0 h=0
Note that the definition (2.10) is formal but (2.13) is well-defined.

Next we connect point values and wavelet coefficients of the function f,) using the
fast wavelet transform. Define a grid of n points in the interval [0, 1):

xn(j):% for j=0,1,....,n— 1. (2.15)

The 1-periodic real-valued function f(,) : T — R is represented by a vector f, containing
its values at the grid points:

o= [foy(@a(0))  foy(@a(1)) -+ fay(zaln = 1))]". (2.16)
Note that f(,) € Bi;(T) is a function and f,, € R™ is a vector.

Given the vector f,, it is quite easy and computationally effective to evaluate
approximately the wavelet coefficients ¢y and w;;. Namely, two finite filters g =
[90---gr] and h = [ho---hyr], are related to any fixed pair of mother wavelet ¢ and
scaling function ¢ . Denote the discrete periodic convolutions between the two filters
and the data vector by

Gf,=gx*f,eR" and Hf,=hxf, € R".

Furthermore, define a downsampling operator S : R® — R™? by

Sv = S[vy vy V3 Vp_y V)" 1= [0y V3 U]

The wavelet coefficients corresponding to the finest scale basis functions are then given
by

27n/25H fn= [w(Nfl),O W(N-1)1"" 'w(Nfl),(2N—171)]T'
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The next coarser level is given by
2 "2SHSG Jn= [w(N—Q),O WN=-2)1"" 'w(N—Q),(QN*Q—l)]Ta

and finally the process stops by the computation of the scalars
co =2""SG)Nf,,
woo = 2""2SH(SG)N 1 f,.
We denote the discrete direct and inverse wavelet transform by
w=B"'f, and fn = Bw, (2.17)

respectively. Both direct and inverse transforms can be implemented efficiently using
convolutions.

The Besov prior defined by (2.13) and (2.14) can now be written as a probability
density on R™ in terms of the point values (2.16):

m(fa) = Coexp(—a Y _[(WB™' fa)u]), (2.18)

v=1
where the parameter a > 0 controls the width of the distribution and W is a diagonal
matrix containing the power-of-two weights that appear in formula (2.14).

Let us mention explicitly the Haar wavelet case as it will be used below. The
periodic Haar mother wavelet 1y : T — R is the discontinuous function defined by

1 for0<z<1/2,
Yoolz) = { 1 for1/2<z<l,

and the corresponding periodic scaling function is ¢ (x) = 1. The filters for the Haar

wavelet basis are 1 1 1 1

=5 B TS5 %

!

3. Total variation prior and the discretization dilemma

3.1. The continuum case

A real-valued function f € L'(T) is said to be of bounded variation (BV), f € BV(T), if
its distributional derivative D f is a signed Radon measure on T and the total variation
of the measure Df, denoted by |Df|, is a finite measure on T. The variation of the
function, || f|| v, is equal to |Df|(T), that is, the measure of T in |Df|. If the function
f is absolutely continuous, it is differentiable almost everywhere and its derivative f’
is in LY(T), implying that f is in the Sobolev space f € WhI(T). For an absolutely
continuous function f, Df = f'(x)dx where dx is the Lebesgue measure on T and

d
Il = [ | & ao
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By (2.7), the Besov norm || f]|

B, (T) is equivalent to the norm

= d
1N 51, 0my = 1Ko f lprery + Z H@(Kjf)!\um- (3.1)
j=0

This means that if we decompose f € B} (T) to the components corresponding to
dyadic frequency bands, f = Z;io K;f, and compute the sum of the BV-norms of
all components K;f, j > 1 and the L' norm of K, f, we obtain a norm equivalent to
1151, o

Analogously to the formula (2.10) one could try to define a (formal) continuum
total variation prior for f € WHH(T) or f € BV(T) by using the probability density
functions

n(f) =Y exp(—allflm) or w(f) "= exp(—al fllav)- (3.2)

However, one has to be careful with question if such formal expressions correspond to a
well defined probability distribution. Below we will define rigorously discrete versions of
these priors but depending on the choice of the parameter «, these discrete priors do not
converge or they converge to a gaussian distribution when the discretization becomes
finer.

3.2. Discretization

Fix any n > 2. Consider piecewise linear roof-top functions 67 : T — R uniquely
determined by the requirement 07 (x,(v)) = d;, for j =0,...,n—land v =0,...,n—1,
where the grid points z,(v) are defined by (2.15). Set

(Tu)a) = 3 5(ea() ). 33)

Define the finite-dimensional (improper) total variation prior for f,y = T, f:

(i) = exp <—an /T df(;;(x) dx), (3.4)

where the parameter o, > 0 is determined later. Note that (3.4) gives the same value for

any constant function fu,)(z) = ¢ € R, so the prior does not have a finite integral; thus
the word “improper” above. However, when combined later with a likelihood model, it
will lead to an integrable posterior distribution.

We set A, := x,(2) — x,(1) and proceed to discretize the integrals in (3.4) as
Riemann sums. Use the form (3.3) to get

n—1

[ Fe g >, feoae 1) fi (220
= S e+ 1) — o) 35)

where z,(n) = x,(0) in accordance with the periodic boundary condition.
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We wish to work with the vector f,, € R"™ of point values defined by (2.16). Use
(3.5) to write (3.4) as

m(fm) = exp (—an > |(Dfn)u\> : (3.6)

where the periodic difference matrix D of size n x n is defined by

-1 1 0 0 0 0
0o -1 1 0 O 0
0O 0 -1 1 O 0

D= | (3.7)
0 0 -1 1
0 0 0 -1 1
|1 0 0 0 —1]
Compare formula (3.6) to (2.18).

3.3. The discretization dilemma

It was shown in [39] that the MAP and CM estimates based on the prior density (3.6)
are incompatible in the high-resolution limit (as n — 00):

o If o, is chosen in (3.6) as function of n so that the CM estimates converge, then the
MAP estimates converge to zero. Also, the CM estimates converge to a Gaussian
limit case that favors smoothness and does not preserve edges.

o If o, is chosen in (3.6) as function of n so that the MAP estimates converge, then
the cM estimates diverge. In this case the limit of MAP estimates is edge-preserving
and sparse.

We will illustrate the discretization dilemma numerically below in Section 6.2.

4. Computational measurement models

4.1. Sitmulation of data

In the measurement model (1.2) we take A to be the periodic convolution operator

/K z — y)f(y)do(y) (4.1)

with the kernel K defined in the interval x € [—1/2,1/2] by
Co(z + a)?(x — a)?, for |z| < a,
K(z) = 4.2
(@) {Oforag\x|g1/z, (42)

and the shape (4.2) copied around each integer to make K a 1-periodic function. In (4.2)
the parameter 0 < a < 1/2 is the kernel width and C, > 0 is a normalizing constant
ensuring that the non-negative function K has integral 1 over T.
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Measurement data m € R* can then be simulated by choosing a suitable noise level
o > 0 and computing

my, = (Af)(zx(v)) + 0 - randn(k, 1), 0<v<k-1,

where (Af)(zx(v)) is evaluated numerically by using a high-resolution discretization of
(4.1). Thus we can avoid inverse crime: the data vector m is simulated using a higher
density computation grid than the ones that will be used in the likelihood model.

4.2. The likelihood model

For any given n we sample the convolution kernel appropriately and construct a k x n
convolution matrix A, in the standard way such that

Apfo ~ [Afy(@1(0)  Afoy(ze(1)) oo Afmy(zr(k — 1)

Then we can implement the likelihood model (1.4) approximately by

r(mn | f) = Ce~malAnfummald o Co gl ASw "l — o | £

5. Computing Bayesian estimates

5.1. Computing the MAP estimate by optimization

In view of (3.6) and (2.18), the problem of finding the MAP estimate for either the
B1,(T) prior or the total variation prior becomes an optimization problem with mixed
% and ¢' norms:

FMAP _ pMAP (4 ) — are min {%]\Anfn — |5+ anz \(Ufn)u\} ,(5.1)

fn€ER™ v—=1

where U = D for total variation prior and U = W B~ for Besov space prior. The vector
fMAP ¢ R™ then contains the values of the function f(l\rf)AP(x), defined in (1.7), at the
grid points.

We use quadratic programming (QP) methods to solve problems of the form (5.1);
for general reference on such methods see [5, 53, 67]. A gradient projection method was
used in [24] to solve a problem like (5.1); we use a different method here.

The minimization of (5.1) can be reformulated into a QP form as follows. Denote
Uf,=u"—u", where u™,u~ > 0. Now the problem (5.1) can be written as

arg min {L TATA, f, — ifTATfFL +a,1Tut + o, 170 + Lme} ,
o 20270 " g2’ 202

where 1 € R" is vector of all ones. Further, we denote

fn SATA, 0 0 —5ATm
z=|ut |, Q= 0 001, ¢c= apl ;
u- 0 0 0 oyl
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and § = ;zm” m. Now the minimization of (5.1) becomes

1
min §zTQz +cl246
-M
such that Az=0 and 2z>A=| 0 |, (5.2)
0

where A is a lower bound for the primal variable z related to the following three
inequalities: u™ > 0and v~ > 0 and f,, > —M (with some M > 0 so that the constraint
on f, is practically ineffective). The matrix A is an equality constraint matrix related
to Uf, =u" —u~. By (3.6), the total variation prior corresponds to

U=D, A=|D -1 I].
By (2.18), the Besov space Bj;(T) prior corresponds to
U=WBT,  A=|wWB - 1]

Now the estimate fMAF can be computed using QP optimization methods. In this
work we use a primal-dual path-following interior-point method [67, 48, 64, 23, 53].

5.2. Computing the CM estimate by Monte Carlo integration

We generate a set of (dependent) random samples { fr(f),t = 1,2,...,ns} from the
posterior density 7pest( fn|7) using the Metropolis-Hastings Markov chain Monte Carlo
(McMC) algorithm. As general reference to MCMC methods, see [44]. The basic idea of
using MCMC here is the approximation property

Ns

I = [ o | )~ — 3 £,
R s 3
The vector f;™ € R™ then contains the values of the function f}'(x), defined in (1.6),
at the grid points.

For the generation of the candidate state in the MCMC algorithm, we employ a
random one element update scheme, where we first select the index ¢ with (uniform)
probability 1/n, and then sample new value for the element ¢ from normal distribution
(F)e ~ N((F),, n?), where £ € R™ is the current state of the Markov chain and 7 is
the variance of the 1D Gaussian. Thus, we have the proposal density

(6.7 = e~ (= (100 (5:3)

for random drawing of the candidate state. Using the proposal density (5.3), the
implementation of the Metropolis-Hastings algorithm can be described by the following
simple procedure: Given current state f,(f) of the Markov chain, set ¢t = 1 and

(i) Draw a candidate state f/ from the proposal distribution ¢( £, 1.
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Figure 1. Left: piecewise linear target function f. Right: the simulated measurement
vector m € RY3 corrupted by white noise with relative amplitude 1%. The coordinate
axis limits are the same in both plots.

(ii) Compute the Metropolis Hastings acceptance factor

a(f®, £1) = min {1 Tyt (Fol)al 17, 1) } ~ min {1 Tport(Jul ) }

Tpost (f1 [M)a(f1, f1) Tpost (f1 |7)

since g(fu, ;) = a(f3. 1),

(iii) Draw ¢ € [0 1] from uniform probability density.

(iv) If of ,(f),f,’b) > ¢, set fITY = 11, else F) = £0 When t = n,, the desired
sample size, stop, else increase ¢ — t + 1 and repeat from step 1.

For the selection of the variance n? of the proposal distribution, we perform trial
runs for each model and discretization level, and monitor the acceptance rates, length
of the burn-in sequence (the set of initial samples that is discarded) and the integrated
autocorrelation time 7 of the chain [44]. Once suitable value for n has been found, we
set the final simulation length such that we sample dr (with d = 15000) states after
the burn-in sequence. Roughly speaking, this corresponds to having 15000 independent
samples from the posterior distribution for the Monte Carlo integration.

6. Numerical results

6.1. Simulation of measurement data

The data used in the numerical evaluations was simulated using a = 0.04 and a piecewise
linear function f in (4.1). See the left image in Figure 1 for a plot of f.

Gaussian white noise € ~ N(0, 0%) with a standard deviation of 1% of the maximum
of the measurements was added to the simulated data. The resulting measurement
vector m consists of k = 25 — 1 = 63 elements. See the right image in Figure 1 for a
plot of the realization of the measurement.
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In the computations below, we use a more dense grid for the generation of data
than is used in any of the MAP and CM estimates, thus avoiding the inverse crime
(unrealistically good reconstructions).

6.2. Bayesian deconvolution using total variation prior

Consider the following posterior distribution for the vector f,, € R™:

R (Ful) = Coxp (= glAuf = Al — 0 YD), (6)

where C' > 0 is a normalization constant, «, > 0 is a parameter, m is a realization of
the measurement (1.1), the matrix A, as explained in Section 4.2, and o > 0 is the
standard deviation of the additive Gaussian white noise. The matrix D implements
consecutive differences and is defined in (3.7).

A suitable parameter value for «, for the MAP estimates with total variation
prior was determined using numerical experiments and visual inspection at the fixed
discretization level n = 512. We took a1 = 89.

We want to illustrate the discretization dilemma discussed in Section 3. To that
end, we consider two ways of choosing the parameter «,, as a function of n:

(i) Constant «,, = 89, (ii) o, = 3.93/n.

Both (i) and (ii) satisfy as12 = 89. See Figure 2 for plots of the resulting estimates.

6.3. Bayesian deconvolution using Besov space prior

The posterior distribution for f,, is now
. 1 " - -
T (ful1) = Cexp(= 5 [ Anfa = 3 — an S IWBT L)), (6:2)
v=1

where C' > 0 is a normalization constant, o, > 0 is a parameter, m is a realization of
the measurement (1.1), the matrix A, as explained in Section 4.2, and o > 0 is the
standard deviation of the additive Gaussian white noise. The matrix B~! denotes the
wavelet transform and W is a diagonal weighting matrix defined by (2.14) and (2.18).
We consider two different wavelet bases: the Haar basis with discontinuous mother
wavelet and filter length 2, and the Daubechies 7 basis with continuously differentiable
mother wavelet and scaling function and filter length 14. The Daubechies 7 wavelets
provide a theoretically rigorous basis for the space Bj;(T) according to [62, Thm 1.20].
We start with a numerical experiment at fixed resolution n = 128. We compare the
Bayesian estimates using the Haar and Daubechies 7 bases and parameters a8 with
different orders of magnitude. The result is shown in Figure 3. It seems that estimates
using the Daubechies 7 basis do not preserve edges, so we concentrate below only to
estimates using the Haar basis. Notice from Figure 3 that the ¢cM and MAP estimates
are very similar when « is large but when « is small, the CM estimate becomes less
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n =128
n =512
n = 2048
n = 8192

MAP estimates CM estimates
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Figure 2. Bayesian deconvolutions related to the total variation prior. We computed
MAP estimates (left column) and ¢M estimates (right column) using two choices of ay,
parameters as function of n. Both MAP and CM estimates computed using the constant
value a,, = 89 are drawn with thin black line. Both MAP and CM estimates computed
using the choice o, = 3.93/n are drawn with gray thick line. The discretization levels
are the same for any two plots in the same row, and the corresponding value of n is
indicated on the left. The coordinate axes limits are the same in all eight plots.

=L



Bayesian inversion with Besov space priors 15

Haar wavelets Daubechies 7 wavelets
\
il i' L Mmul llm‘"hu
a=2>5
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Figure 3. Computational MAP estimates (thin black line) and cM estimates (thick
solid gray line) with Besov space B{,(T) prior at fixed discretization level n = 128 and
varying value of the parameter ajss. Left column: estimates computed using Haar
wavelets. Right column: estimates computed using Daubechies 7 wavelets. The axis
limits and scales in all the 10 plots are the same.

sparse and less edge-preserving that the MAP estimate. Furthermore, in the following
we propose a novel sparsity-based method for the selection of the parameter « in (6.2).
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6.4. Sparsity-based selection of the prior parameter

If the parameter «, in (6.2) is very large, then the prior part dominates when computing
MAP estimates, leading asymptotically to a zero estimate as a,, — oo. For a proof of
this fact, see the remark at the end of Appendix Appendix A. Hence there will be no
wavelet coefficients that differ from zero. This can be seen in Figure 5: the sparsity
levels of the estimates approach zero as a5 grows.

On the other hand, taking «,, close to zero removes all regularising properties of
the inversion, and the resulting MAP estimates will be typically quite oscillatory, and
also very unstable with respect to changes in the noise or computational parameters.
Presumably almost all wavelet coefficients need to be nonzero to represent such erratic
functions. This is also evident from Figure 5: the number of nonzero coefficients becomes
maximal when assg tends to zero.

For finite 0 < «,, < oo ranging between the extremes we expect some kind of
transition from very sparse to not sparse. Figure 5 suggests that as a5 decreases from
very large values towards zero, there is a region of almost monotonic growth followed
by a regime featuring erratic behaviour as the sparsity levels vary wildly as function of
(256-

Motivated by the above observations, we propose to choose «,, in (6.2) as follows.

Assume that we have a priori knowledge about the sparsity of our unknown i.e. we
know the number S of nonzero wavelet coefficients (f,¢;n). We denote

Slam) =# ({7 : 1< 7 <N, {2 (o), jn)| > K}, (6.3)

where #(F) denotes the number of elements in the set E and (for theoretical purposes)
t = 0. In practical computations it is advisable to take a small but positive x > 0.
Now compute the estimates

P (), I (@@), o T (al) (6.4)

n n

corresponding to a finely spaced collection of parameters

oo

0<all <a® <. . <o < .

Here it is important to take o’ so small that the wavelet coefficients of fMAP (Ozs)) are

(almost) all nonzero, and oM s0 large that the estimate f}:/IAP(agM)) has less than S
nonzero wavelet coefficients.
The idea now is to choose a,, := Oz,(f ) for such an index i that

S(an) = S(aP) ~ S.

However, such a choice is not unique in general as we see from Figure 5: the sparsity
levels of the estimates (6.4) take values above and below S in an oscillatory fashion. We
decide to find the largest index j for which S (oz,(f)) > S and set o, := oy 7", There are
surely other strategies available that may do a better job in some sense; finding them
is left to future studies.
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Figure 4. Discrete datas with the standard deviation of the noise 0.1%, 1% and 5%
(left to right), plotted using dots and connecting lines.

Figure 5 shows the results of applying the choice rule to three data sets with different
standard deviation of the noise, i.e. 0 = 5%, 0 = 1% and o = 0.1%. Figure 4 shows the
realizations of these measurements. Here n = 256, S = 82, k = 1072 and ag) ranges
in the interval [107°,10%] with M = 500. Here the selection S = 82 comes from the
number of non-zero wavelet coefficients in the representation of the true unknown in the
Haar wavelet basis at level n = 256, representing an optimal case where the number of
non-zero coefficients is exactly known.

According to the proposed method for selecting o only based on the a priori
knowledge of the sparsity of the target function we have a = 5.39 for the test case
with 1% noise level as figure 5 illustrates. With this choice, we get S(5.39) = 44 non-
zero coefficients in the MAP estimate. In the following, the selected value a = 5.39 is
used to compute the MAP and CM estimates with Besov space prior in all discretization
levels.

Figure 6 shows Bayesian estimates with Besov space prior using Haar wavelets and
various discretization levels. Superposition of the same estimates in the same plot is
shown in Figure 7.

In order to study the convergence of the computational estimates quantitatively,
we computed relative errors

fe = fllee

5=
I fellze
with respect to the highest-resolution computed estimate with n = 8192. See Table 1

(6.5)

for the results.

We wish to measure the sparsity of the estimates quantitatively. To that end we
count the percentage of scaled wavelet coefficients a2//%w,, that have |a2//%w; | < t
with prior probability of 107%. By this criteria, we get t = 107% as tolerance for the
numerical zero in the scaled wavelet coefficients when measuring sparsity. The results
are shown in Table 2.
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Figure 5. Sparsity-based choice of regularization parameter. Left column: plots of
numbers of nonzero wavelet coefficients in MAP estimates computed with various values
of parameter a. Results with three different levels of noise € are presented. Right
column: original function (thin line) and MAP estimate (thick line) using parameters
« determined by a priori knowledge of the numbers of non zero wavelet coefficients in

the unknown.
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n = 64 ] n = 1024

n =128

n = 256

n = 8192

0 0.5 1

Figure 6. Computational MAP estimates (thin black line) and cM estimates (thick
solid gray line) with Besov space Bi,(T) prior using Haar wavelets and various levels
of discretization. The coordinate axes limits are the same in all eight plots. See Figure
7 for a superposition of all the estimates in this figure.
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Figure 7. Superposition of the estimates shown in Figure 6. Note the quite close
agreement of the estimates over a significant range of discretization levels (64 < n <
8192). This is due to the convergence properties of the discretization-invariant Besov
space prior.

Table 1. Relative errors of MAP and CM estimates with Besov space Bi, (T) prior using
the Haar wavelet basis. Relative errors are computed with respect to the estimates at
resolution n = 8192.

n 64 128 256 512 1024 2048 4096 8192

omap 028 031 0.23 0.16 0.10 0.07 0.03 0

dcm  0.25 0.25 0.20 0.15 0.11 0.09 0.07 0

Table 2. Sparsity of MAP and CM estimates with Besov space Bj;(T) prior using
the Haar wavelet basis. The numbers present the numbers of non zero scaled wavelet
coefficients a27/2w;j in the estimates computed using (1075) as a tolerance value.
Note that the number of nonzero coefficients in the MAP estimates is roughly equal at
all discretizations.

n= 64 128 256 512 1024 2048 4096 8192

# of nonzero coefficients in cM 64 128 256 512 1024 2048 4095 8191
# of nonzero coefficients in MAP 47 41 44 40 42 41 41 42

7. Discussion

We investigate computational Bayesian inversion and look for noise-robust estimates
that are edge-preserving and behave consistently at different resolutions.
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As a reference method to the presented Besov space based method we computed
MAP and CM estimates using total variation prior. In addition we provide new numerical
examples illustrating the discretization dilemma explained in [39] and Section 3 above.
In Figure 2 we see how using a constant parameter a,, = o € R leads to convergent
MAP estimates and divergent CM estimates. On the other hand, a choice of the form
o, = agy/n is the only possibility to achieve convergent CM estimates. However, such a
choice leads to MAP estimates converging to zero and to CM estimates that are smooth
in the high resolution limit, thus failing to preserve edges. Our conclusion from the
results shown in Figure 2 is the same as in [39]: total variation prior cannot be used for
discretization-invariant Bayesian inversion.

The Besov space Bi;(T?) prior was introduced and studied theoretically in [40]. The
space is interesting because it allows a norm based on ¢! sums of wavelet coefficients
and therefore promotes sparsity analogously to a total variation penalty. However,
unlike the total variation prior, the B}, (T?) prior is discretization-invariant: convergence
of B},(T9%)-based CM estimates in the high-resolution limit is proved in [40], and the
corresponding convergence result for MAP estimates is given in Appendix A below.

This paper reports the first numerical study of B}, priors involving the computation
of both ¢M and MAP estimates. The test problem is one-dimensional periodic
convolution with Bj;(T) prior. Our initial approach was to choose smooth enough
mother wavelet and scaling function (Daubechies 7) to provide a theoretically valid
wavelet basis for the Bi,(T) space. However, while producing convergent estimates and
sparsity in the wavelet transform domain, the Daubechies 7 approach failed to preserve
edges. This is a consequence of the smoothness of the basis functions combined with the
truncation of the wavelet expansion. See the right column of Figure 3 for plots of the
estimates using the Daubechies 7 basis. We remark that the lack of staircasing in the
reconstruction of the linear ramp part of the signal may be an advantage for applications
where edge-preservation is not the top priority.

Next we replaced the smooth Daubechies 7 basis by the discontinuous Haar basis,
but still used the weighted sum formula corresponding to the Bj;(T) norm. In other
words, we used formula (6.2) with B~! denoting wavelet transform with the Haar basis.

We propose a new, sparsity-based method for choosing «, for (6.2) in Section 6.4.
Assume that there is available a prior: information about the number of nonzero wavelet
coefficients in the unknown function. (Such information may be available from technical
properties of the measurement, as in the recovery of corrupted dual-tone multi-frequency
signals used for telecommunications over analog telephone lines; there one knows that
the clean signal consists of exactly two pure frequencies. Another source is the use of
image atlases: for example in medical imaging one can use a set of CT slice images for
measuring typical sparsity values and then use this knowledge as a prior in limited-angle
tomography.) We compute MAP estimates with a large set of parameters as shown in
figure 5 and select the value that leads to an estimate with approximately the a priori
known level of sparsity. This choice rule seems to work robustly over a range of noise
levels, as illustrated in Figure 5. We compared our new choice rule to the L-curve method
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with the following result: the L-curve method did not always work as the curve did not
have a recognizable L-shape; when it did work, it gave almost the same parameter values
than the new rule.

However, there are a couple of obvious concerns with the suggested choice rule.
First, the behaviour of the sparsity levels of the estimates as function of «,, is very
erratic when «,, is small. Second, the computational cost is quite high as one needs
to solve a large number of optimization problems. Both of these problems may be
overcome for example by computing less estimates and fitting a parametric curve such
as a polynomial to the data points. According to our preliminary tests, this method
works nicely. Such improvements are outside the scope of this paper, however, as we
want to illustrate the new choice rule in the “raw” form in this first report about it.

We illustrate Bayesian estimates with the Besov prior at different discretization
levels by computing MAP and CM estimates using a,, = as56, where assg is chosen with
the new choice rule at resolution n = 256. The estimates are shown in Figures 6 and 7;
the MAP estimates are clearly sparse and edge-preserving, while the CM estimates with
the selected o preserve edges only approximately and are not sparse. However, figure
3 indicates that the cM estimates become sparse and very similar to the MAP estimate
when the width of the prior decreases (« increases). Table 1 shows that both MAP and
CM estimates converge as the discretization is refined. This convergence is in accordance
with the theory of discretization-invariance and can be intuitively understood as follows:
when n is taken larger in the expression

1 R - _
T‘QHAnfn —mll5 + aZ |(WB™ fu)ul,

v=1

then both terms approximate their well-defined continuum counterparts, namely
5 |Af —m||3 and ol f]l g1, (r), respectively. If these continuum quantities are in balance,
then that balance is approximated by finite computations better and better as n grows.

Let us stress that the new choice rule is used only at resolution n = 256, and the
chosen parameter is then fixed and used at all resolutions. The resulting MAP estimates
are nevertheless quite sparse for all n; according to Table 2, they even have roughly
the same number of nonzero wavelet coefficients. Why is this? The answer is given in
Appendix A, where we show that the number of nonzero coefficients “freezes” at some
Ny and remains constant for n > Ny. Table 2 seems to indicate that such freezing
happens in our example problem for quite a small value of Ny. This is good from the
computational point of view as there is no need to compute with very high values of n
because the same coefficients can be recovered with less effort using smaller n.

It is surprising how close the MAP and CM estimates are to each other in Figure
6 when « is large and how they differ for smaller a. In the case of purely Gaussian
posterior density, the MAP and CM estimates are known to coincide, but there is no
obvious reason why this should be the case in this non-Gaussian Besov prior framework.
Actually, it is easy to construct low-dimensional examples where the Bi,-based MAP
and CM estimates are very different, see Appendix C. Thus there seems to be some
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(as of now unknown) reason for the estimates to be almost the same when « is large
and different when « is small (but not zero), at least in the deconvolution example
considered here. Let us stress that the MAP and CM estimates were computed with
different algorithms and different initial guesses, so the observed closeness is not due to
numerical inaccuracy or computational convergence failure.

8. Conclusion

We have shown by numerical evidence and mathematical proofs that the combination of
Haar basis functions and By, (T) norm formula leads to discretization-invariant Bayesian
estimates. Furthermore, the MAP estimates are sparsity-promoting and edge-preserving,
and the CM estimates appear to be very close to the MAP estimates for large values of
the prior parameter . In addition we proposed and demonstrated a completely new
Bayesian method for choosing the prior parameter. The new method seems to perform
robustly under noisy conditions.
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Appendix A. Convergence of sparse MAP estimates

We start with the convergence result for MAP estimates when A is a linear finite rank
operator and the Besov norm on the d-dimensional torus T? is given in terms of the
wavelet coefficients. In Appendix B we will consider the convergence results for more
general operators and for other (but equivalent) Besov norms.

To formulate Besov norm in terms of wavelets we use the standard tensor product
wavelet basis construction in dimensions d > 1 and number the wavelet coefficients by
just one integer index. Regardless of the dimension d, this is done starting from the
coarsest ones and moving on to the finer scale wavelets as explained in detail in [40].
Then the coefficients are collected into the following infinite-dimensional vector:

w= [wy,wy,ws,...]"
= [C0,0,- -+ Co,K(0), W0,05 - - - » W0, K(0)> W1,05 - - - » W1, K (1), - - J%,

where K (j) denotes the finite number of wavelet basis functions at scale j.
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According to [49, 40], the Besov space can endowed with the norm || f|| g1, (1¢) written
in the form

£l pr, ray = Y 207200 | =3 B, |w, | = [wlley, (A.1)
v=1 v=1

where j(v) denotes the scale corresponding to the v’th wavelet coefficient listed in the
vector w. The essential point of formula (A.1) is the sequence 8 = (8,)52, of strictly
positive weights.
Then the computation of the MAP estimate
1

argmin {—||Afm) — m||2x + | fon |l 51 (e
f(n)eTn(X){202|| ) — Mlgr + all fall 81, () }

with a > 0 is equivalent to the following optimization problem:

. 1 N
argmm{ﬁHABw—mH%{k +04Hw|]%}. (A.2)
wETnZé g

where

w; it j <n,

T8 =0 (Tow); = { (A.3)

0 otherwise.

Denoting v, = S,w, and A = ABdiag(8,!), we come to the minimization problem

o1 .
argmm{ﬁHAv—mH%k + al|lv]|a} (A.4)
veﬁlfé g

Let us consider the function F : /! — R,
1
Plv) = 5 A = @ll3 + aloll.

Below, we will assume that A : ## — R* is a bounded linear operator for p = 2. Note
that then A : /! — R¥ is bounded, too.

By [27] there exists a (possibly non-unique) point v° = (v9)2, € (' where F
obtains its minimal value, that is, F(v°) = min,en F(v). Tt is also well known that v°
is sparse, that is, only finite number of elements v? of the sequence v° are non-zero, see
e.g. [27, 28, 26, 16]. Below we give explicit estimates for the parameter Ny = Ny(«)
associated below to the sparsity. For the convenience of the reader, we next recall the
proof of the sparsity property of the solution using the convex analysis techniques used
e.g. in [26, 27].

Observe that the minimum of F is less or equal than Cy = F(0) = 107 2||im[/2,. Let
us consider the subgradient OF (v) C (£')* = (> of the function F' at v € ¢!, see e.g.

[59, Def. 10.14]. We see that

b= (bl,bg,bg, .. ) S 8F(U)
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if and only if

bj = (A*(.Av —m));+a ifv; >0,

b, = E(A*(Av @) —a ifv <0,

- %(A*(Av — W), € [~a,a], ifv; = 0.

As F obtains its minimal value at v°, we have that 0 € 9F (v°), see e.g. [59, Lemma
10.15].

Let us write A as (Av); = > 02 jajv, for j = 1,2,... k. As A*: R¥ - 2 is a
bounded linear operator we see that (a;,)>>; € ¢%. Thus there is No(«) € Z, such that
if n > Ny(a) then

2

(oaned _ ~ —
> lajal <eo, 0= (14 Cro7 [ Al + [17llr:) !

Note that Ny(«a) is determined by the elements a;, of the infinite matrix corresponding
to A and the norm ||m||gs. Moreover, as [[0°)2 < |[0°n < a7'C), we see that if
Jj > No(a) then

\(A*(Av —m));| <

MIQ

As 0 € OF(v°) we see thus that if j > No(a) then v) = 0. This means that the

0

minimizing point v° € ¢! of F is sparse, that is, only ﬁnltely many elements of the

sequence v° are non-zero. Moreover, for n > Ny(«) the solution of the minimization

problem

1
arg min{ o [l Av — M [z + affv]la}, (A.5)

vell

is v* € T,,/'. Hence, when n > Ny(«), the solution of the minimization problem

argmm{—HAv [z + ellvlle}, (A.6)

VETRl
coincides with the solution of (A.5). Roughly speaking, this means that if we increase
the parameter n, the solutions of the minimization problems (A.6) "freeze” at some
point, i.e., they do not change after n exceeds the value Ny(a).
We note that there exists an aq such that if & > «q then

0'204

701+ Cra~ [ Allyain + [le) ™ > sup 3 lal.
nely j=1
Then, N(a) = 0 for @ > ap. This implies that for a > ¢ the minimizer v has to be

v=0.
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Appendix B. Equivalent Besov norms and convergence

Let us consider the issue that in B}, (T¢) there are many equivalent norms. For instance,
one of the standard norms used in the Besov spaces is the one based on the Paley-
Littlewood decomposition of a function, see [62, Definition 1.1]. We note that if the
previous norm based on the wavelet coefficients is replaced with an equivalent norm,
then the sparsity analysis presented in Appendix A does not hold. However, using I'-
convergence techniques, we will show that the solutions of the discretized minimization
problems converge to the solution of the infinite dimensional problem, at least up to a
subsequence. Below, as Bi,(T?) is isomorphic to ¢}, instead of considering minimization
problem in B}, (T?%) we consider the corresponding problem in the space ¢! which is
endowed with a non-standard norm.
The minimization problem (A.2) is a particular case of the more general problem
arg min{[|G(w) — m||z + [[w]| g}, (B.1)
wETn !
where G : (' — (? is a possibly non-linear operator and ||w||g is a norm in ¢! being
equivalent to its usual norm, that is, ¢1||w||p < ||w||g < cof|w]| with some ¢;, ¢ > 0.
In the following we will consider I'-convergence in the weak-* topology of ¢!. The
analysis below is closely related to techniques used in [26].
Next, let 7* denote the weak-* topology in a the dual X* of a separable Banach
space X, that is, z} — z* in 7* topology of X* if for all z € X
nh_)rgo(:cn,x} = (2", z).
We note that in a bounded set B C X* the relative topology of B inherited from (X*, 7%)
is metrizable, that is, equivalent to a topology induced by some metric.
Also, let 7° be the strong topology (i.e. the norm topology) of Banach space X.
Our goal is to prove the following proposition

Proposition 1 Let w — G(w) be a continuous, possibly non-linear operator from
(01, 7*) to (¢2,7%), || - |lg be a norm in €' which is equivalent to the usual norm of ¢*,
and Tp, : 01 — 1, n € Z, be the projectors given in (A.3). Moreover, let w?,, be some
minimizers of

Fi(w) = { |G(w) = mlf + wlls, i we Tt B2)

o0 otherwise,

i.e. the MAP estimates for the discrete problems. Then w?,, converge up to a
subsequence, that is, for any strictly increasing sequence (n;)32, C 7Z there is a
subsequence nj, such that there exists a limit

lim wiih = wyyy  an (0, 7). (B.3)
k—r00

Moreover, any limit w,,y i (B.3) is a minimizer of function F : (' — R, F(w) =
G (w) = mllf + Jwlle-
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If in addition to the above assumptions, the map w — ||G(w) — m||% is strictly
convex, the minimizer of F' is unique and thus we have the convergence of MAP estimates,

nll_)l’glo w” = wygy  in (0, 7).

We use the I'-convergence in a separable Banach space X with a topology 7. Let
us recall some basic definitions. In the following, let B C X be a set which, when being
endowed with the topology inherited from (X, 7), is metrizable.

Definition 1 We say that F; : B — (—00, 00| I'-converges to F' : B — (—o0, 00| for the
topology T and denote F' = I'lim;_,o F} if

(i) For every x € B and for every sequence x; T-converging to x in B we have
F(z) < liminf; . Fj(z;).

(i) For every x € B there exists a sequence x; T-converging to x in B such that
F(x) > limsup,_, ., Fj(z;).

We need also the concept of equicoercivity.

Definition 2 A functional F : B — (—00, 00| is said to be coercive if for any t € R
the set {x € B | F(x) < t} is precompact. Also, we call a sequence of functionals
F; : B — [—00,00], j € Z, equicoercive in topology T if for every t € R there exists a
compact set Ky C B such that {x € B | F;(z) <t} C K, for all j € Z,.

Let F,F; : B — (—00,00], j € Z; be non-linear maps. The following results are
proven in [14].

Theorem 1 Let F, F; : B — (—00, 0], j € Z, be a sequence of equicoercive functionals
in topology 7 and I = I-lim;_, F;. Then the following three properties hold:

(1) If the T'-limit of F; exists, it is unique and lower semi-continuous.
(i1) For any continuous H : B — R we have F + H = I"lim;_,(F; + H).
(117) Let x; € B be such that |Fj(x;) —inf,ep Fj(x)| < 6; where 6; — 0. Then any
accumulation point y € B of (z;)52, C B is a minimizer of F' and moreover
lim; o0 Fj(;) = F(y).

If follows from (iii) that if the assumptions in Theorem 1 hold and z; is a minimizer
of Fj for j € Zy, then any converging subsequence of (r;)?2; C B converges to a
minimizer of F'.

Let us endow Z, with its co-finite topology 7. so the Cy(Z. ) coincide with the set
of sequences ¢y = {(w;)52, € R : lim,_ow; = 0}. We endow ¢y with the sup-norm
Jwlleo = >_; [wj|. Then, by Riesz representation theorem in Z, the space ¢* has a pre-
dual ¢, i.e., ¢ = ¢}. By Banach-Alaoglu theorem, the closed unit ball of ¢! is weak-x*
compact.

Assume now that w" = (w})2, € ', n=1,2,...is a sequence which converges

J
tow = (w;)2, € ¢! in the weak-* topology of ¢!. By Banach-Steinhaus theorem, w"
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is uniformly bounded sequence in ¢!, that is, there is Cy > 0 such that ||w,||z < Cp.
Moreover, the norm is lower semicontinuous in the weak-x topology,

|lw|| g < liminf ||w"| g,
n—oo

and using the definition of weak-* convergence with elements e* = (0r)321 € colZy),
we see that for any fixed index j,

lim w" = w;

In the following we will assume that w — G(w) is a continuous (possibly non-linear)
operator from (¢*,7*) to (¢2,7%). An example such operator is AJ where J : {1 — (% is
the identical embedding and A : £2 — ¢? is a compact linear operator.

Let us denote B(R) = {w € ¢! : |w||g < R} and B(R) = {w € ¢* : |lw|g < R},
R > 0. The sets B(R) C ¢! are closed and metrizable both with respect to the topology
7 and 7°. Observe that as F(0) = F,(0) = G(0) + ||m]|%, the minima of both F and
F, is obtained, if it exists, in the set B(Ry) where Ry = G(0) + ||m||% < co. In the
following, we denote R; = Ry + 1 and analyze the restrictions of the maps F' and F,, to
B(Ry).

As the norm w + ||w|| is lower semi-continuous from (¢, 7*), we see that

F(w) = [|G(w) = mlp + [w]s

is lower semi-continuous in (¢*,7*). As the set B(Ry) is non-empty and compact in
(¢',7), we see that F' has a minimum wyu € B(Rp), that is,

F(wyy) = min F(w).
well

s T, is a finite rank operator,
(Ro) at which F,, obtains its

Let us consider now operator F,, defined in (B.
n
M

2). A
we see that there exist (possibly non-unique) w? . € B

minimum. Moreover,

F.(wl,y) =min F,(w) = min F(w).

MINZ T en weRan (Tr)

Now if w = (w;)32, € 01, we see that for all f € ¢
T (T, f) = (w, f)

and thus 7,w — w in 7% as n — oo.

Let w € B(Ry). Then lim, .o 7,w = w both in (¢!,7%) and in (¢!, 7%). Thus
T,w € B(R;) for n large enough. Moreover, as G : (¢',7*) — ({* 7°) is continuous and
| - ||z is continuous in (¢!, 7%), we see using the deﬁnltlon (B.2) that

lim F,(T,w) = F(w). (B.4)

n—oo
On the other hand, assume that w" — w in (B(R;),7") as n — oo. By (B.2),
F,(w") > F(w"). Since G : ({*,7*) — (£% 7°) is continuous and the norm || ||g is
lower semi-continuous in (¢!, 7*), we have

liminf F,(w™) > liminf F(w") > F(w). (B.5)

n—o0 n—oo
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This and (B.4) yield that F' = I'lim;_,o F,, in (B(Ry), 7).

As the sets {w € ¢! : F,(w) <t} and {w € ¢! : F(w) < t} are subsets of t-balls
B(t), which are compact in (¢!, 7*), we see that F,, n € Z, and F form an equicoercive
family. Due to this, Theorem 1 proves Proposition 1.

Appendix C. Sparsity and the B}, prior: a simple experiment

Here we let w = [w; wo]T € R? and m = [m; my]T € R? and consider the posterior
distribution

m(wlm) = Cexp(—[[Aw —m|3 — aflw])). (C.1)

where C' is normalization constant, 0 < a < 0o is a parameter, and A is a 2 X 2 matrix.
The posterior distribution (C.1) is related to the Bayesian use of Bj;-prior in the case
of two orthonormal wavelet coefficients wq, ws.

The CM estimate is defined as the integral

wiM = /}R2 wr(w|m) dw, (C.2)

and the MAP estimate can be defined as a minimizer:

WP = arg min{ || Aw — m||5 + ajw;| + alw,|}. (C.3)

weR2
Consider the limit o — 0, when only the quadratic term is left in (C.3). Then

the posterior becomes Gaussian, implying that the MAP and the CM estimates coincide.
Consequently we have

. MAP __ -1 1 CM

clyli%w“ =A m—ilir(l)wa . (C.4)

On the other hand, the quadratic term becomes irrelevant in (C.3) in the limit o — oo,
and we get the identities

. MAP __ n __ 1: oM
lim w)y* =0 = lim wi", (C.5)

where the latter follows from a symmetry argument in the integral (C.2).
For our numerical example we take

S V31
cosg sinZ% =3
A = = ,
—sinZ cosZ -1 V3

6 6 2

representing rotation counterclockwise by 30 degrees, and let m = A[l %]T We let o

MAP and wCM

range in an interval and compute both vectors w} o

numerically. We should
observe for large alpha the zero limit (C.5) and for small « the limit

1

lim wM = A[l =T = lim w™.
a—00 2 a—»00

See Figure C1 for a plot. Clearly the MAP estimate exhibits sparsity while the ¢m
estimate does not.
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Wa
0.5-

7
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w1

0 0.5 1

0

CM

" is shown with a solid line and the MAP estimate

Figure C1. The cM estimate w

MAF is shown with a dashed line, both as functions of a. For large enough « the

w
second component of wAF becomes identically zero. This is a simple example of

sparsity.
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