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ABSTRACT

Wavelet-based Besov space prior models for X-ray tomography are studied using the

empirical Bayes approach. The hyperparameters for the prior models are estimated from

statistical properties of the wavelet coefficients of measured X-ray projection images (which

are related to the smoothness of the attenuation coefficient). Various statistical models for

the wavelet coefficients are studied. Experiments using measured in vitro data suggest that

the hyperparameters can be estimated with a simple method, leading to automated choice

of prior parameters and improved tomographic reconstruction.
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1 Introduction

The aim of X-ray tomography is to reconstruct the inner structure of an object given a collection

of projection images of the object. The measurement can be modeled with the equation

m = Af + ε, (1.1)

where f is a discrete representation of the X-ray attenuation coefficient, the matrix A comes

from the pencil beam model, m is a vector containing all pixel values of the measured digital X-

ray images, and ε is white noise with standard deviation σ > 0, (Natterer, 2001). For simplicity,



we study reconstructing two-dimensional objects from one-dimensional projections. However,

the techniques we present apply for the three-dimensional case as well.

Depending on the number and geometry of the projection images, the inverse problem of

reconstructing f from m is either mildly or severely ill-posed. Bayesian inversion is a flexible

and powerful tool applicable to any collection of data. The solution of the inverse problem is

the posterior distribution given by the Bayes formula:

πpost(f) ∝ π(m | f)πpr(f),

where the likelihood distribution π(m | f) is derived from equation (1.1) using noise statistics:

π(m | f) = c exp(− 1

2σ2
‖Af −m‖22).

All available a priori knowledge about f is modeled mathematically as the prior distribution

πpr(f). This additional information complements the insufficient measurement data and en-

ables stable solution of the ill-posed tomography problem by computing the maximum a poste-

riori estimate

fMAP := argmax πpost(f). (1.2)

See (Siltanen, Kolehmainen, Järvenpää, Kaipio, Koistinen, Lassas, Pirttilä and Somersalo,

2003) for a review and (Hanson and Wecksung, 1983; Sauer, James and Klifa, 1994; Frese,

Bouman and Sauer, 2002; Kolehmainen, Siltanen, Järvenpää, Kaipio, Koistinen, Lassas, Pirt-

tilä and Somersalo, 2003) for examples of the Bayesian methods in tomography.

We discuss empirical Bayes approaches for constructing priors for X-ray tomography: hy-

perparameters of the prior are estimated from data and then used in inversion. Prior dis-

tributions based on Besov norms are known to be effective for medical X-ray tomography

(Rantala, Vänskä, Järvenpää, Kalke, Lassas, Moberg and Siltanen, 2006; Niinimäki, Siltanen

and Kolehmainen, 2007; Lassas, Saksman and Siltanen, 2008), but the question of choosing

the parameters s ∈ R and 1 ≤ p, q ≤ ∞ of the space Bs
pq is largely open. Our new results

can be used for choosing these parameters. See (Lee and Lucier, 2001) for a different wavelet

vaguelette decomposition based approach which is applicable in the full angle dense data

setting.

We make use of the fact that Besov space norms are conveniently expressed as weighted

sums of wavelet coefficients. Hence, the finiteness of the Besov space norm can be consid-

ered by studying the statistics of the wavelet coefficients. Several distributional models for

the wavelet coefficients have been proposed in the literature in the context of image and sig-

nal processing (Donoho and Johnstone, 1994; Donoho and Johnstone, 1995; Abramovich,

Sapantinas and Silverman, 1998; Chang, Yu and Vetterli, 2000; Boubchir and Fadili, 2006), but

it is unclear which distribution model fits to the X-ray images. In this paper, we consider three

distribution models:

(a) Threshold distribution model (TDM) of Abramowitz, Sapatinas and Silverman (Abramovich

et al., 1998). At each wavelet scale, a fixed percentage of wavelet coefficients vanish and

the rest are normally distributed.



(b) Stable distribution model (SDM) in which the sparseness of the wavelet coefficients is

captured with the long tailed α-stable distributions, (Achim, Bezerianos and Tsakalides,

2001; Boubchir and Fadili, 2006).

(c) Decaying moments model (DMM) in which the p-moments of random wavelet coeffi-

cients are assumed to decay at finer wavelet scales. No particular shape for the wavelet

distributions is assumed.

The model parameters are assumed to decay at finer wavelet scales. We prove that for all these

models the speed of the decay characterizes in which Besov space the corresponding function

belongs to. (Our proof differs from the proof that is given for (a) in (Abramovich et al., 1998).)

We estimate the decay parameters of the models from noisy projection data, which gives then

the Besov smoothness for the projection images. The prior is chosen by using a relationship

between the Besov smoothness of the object and its projections.

We demonstrate our empirical prior with both simulated and measured data. Our computations

seem to give very good estimates for the Besov smoothness of the attenuation coefficient,

solving the problem of choosing Besov priors and leading to high quality reconstructions.

2 Wavelet notation

Let φ, and ψ, be the scaling function, and the mother wavelet, respectively, that are L2(R)

orthonormal and compactly supported in R, (Daubechies, 1992; Meyer, 1992). On scale j, the

corresponding wavelets are

ψj(x) = 2j/2ψ(2jx), φj(x) = 2j/2φ(2jx),

and they are orthonormal as well.

In dimension n, there are 2n different type of parent wavelets. Denote them by

ψ`(x) =
n∏

i=1

ψ`i(xi), x ∈ Rn, (2.1)

where ` is a binary vector

` = (`1, . . . , `n) ∈ {0, 1}n

and

ψ0 = φ, ψ1 = ψ.

The parent of type ` = (0, . . . , 0) = 0 is called the scaling function (or the father wavelet), and

the other 2n − 1 types are called mother wavelets (or the detail wavelets) of type `, ` 6= 0. On

scale j, the wavelet of type ` is

ψ`j(x) = 2jn/2ψ`(2jx). (2.2)

Denote the transferred wavelets on scale j by

ψ`j,k(x) = 2jn/2ψ`(2jx− k), k ∈ Zn. (2.3)



Let D =]0, 1[n⊂ Rn. Let Kj,n be the set of indices of those detail wavelets whose supports

intersect with D on scale j. Now, the number of indices in Kj,n,

Kj,n = #Kj,n, (2.4)

is proportional to (2n − 1)2jn.

By the orthogonality of the wavelets, a function f ∈ L2(D) can be expressed with the wavelet

expansion

f =
∑

k∈Zn
w0
j0,kψ

0
j0,k +

∞∑

j=j0+1

∑

`6=0,k∈Zn
w`j,kψ

`
j,k, (2.5)

where w`j,k are the wavelet coefficients,

w`j,k =

∫

D
f ψ`j,k dx. (2.6)

In practice, the wavelet coefficients are computed with a discrete convolution with finite filters.

Assume that the wavelets are r-regular, which means that the wavelets have r vanishing mo-

ments and r continuous derivatives. If r is sufficiently large, then the Besov space norm in Bs
p,q

can be expressed with the wavelet coefficients by

‖f‖qBsp,q = ‖(w0
j0,k)‖qp +

∞∑

j=j0+1

2
jq(s+n( 1

2
− 1
p

))


∑

`6=0,k

|w`j,k|p


q/p

. (2.7)

Since the finiteness of the Besov norm is determined from the tail j →∞, we drop the sum of

the scaling coefficients away from the Besov norm expression from now on. Also, for simplicity,

we consider the case p = q and denote

Bs
p = Bs

p,p,

see discussion in (Lee and Lucier, 2001).

3 Wavelet distribution models and Besov spaces

Assume that f is represented by its wavelet expansion (2.5). We assume that a wavelet coef-

ficient w`j,k is a realization of the random variable W `
j,k and that W `

j,k is distributed according to

some probability density function π`j,k,

W `
j,k ∼ π`j,k.

In (Abramovich et al., 1998), the wavelet coefficients are distributed as

W `
j,k ∼ τjφσ2

j
+ (1− τj)δ0 (3.1)

where

φσ2(t) =
1√

2πσ2
exp

(
−1

2

t2

σ2

)



is the normal distribution with variance σ2. One may think this so that with probability 1− τj the

wavelets on scale j have been thresholded to zero, and the rest are normally distributed. This

is the motivation for us to call this model as the threshold distribution model. The criteria for f in

belonging to some Besov space is derived from the asymptotics of the distribution parameters

σj and τj when the scale j grows. Our proof is in the n dimensional case and it is different from

the proof of (Abramovich et al., 1998).

Theorem 3.1. Assume that W `
j,k follow the threshold distribution model (3.1), where the para-

meters satisfy

σj = Cσ2−αj , τj = min(1, Cτ2−βj) (3.2)

for j ≥ j0 with some constants Cσ, Cτ , α, and β, β < n. If f is given by the wavelet expansion

(2.5), then f ∈ Bs
p(D) almost surely if and only if

s+
n

2
< α+

β

p
, (3.3)

Proof. Without loss of generality we may assume

s+
n

2
≤ α+

β

p
, (3.4)

because if f 6∈ Bs
p(D) for s = α+ β

p − n
2 , then f 6∈ Bs′

p (D) for s′ > s.

We study the finiteness of the Besov norm (2.7) with Lemma A.1. Denote

Xi = |W `
j,k|p, i = 1, 2, . . . , (3.5)

where the indeces are reordered as

j = j(i), k = k(i), ` = `(i),

and satisfy

j(i1) ≤ j(i2)

for i1 < i2. It holds

j(i)→∞ as i→∞.

We check that the assumptions (A.1) and (A.2) are valid for

Yi = 2
jp(s+n( 1

2
− 1
p

))
Xi

with q = 2 and some r, 1 < r < 2. Now,

E(Xi) = τjσ
p
j νp, E(X2

i ) = τjσ
2p
j ν2p,

where

νp =

∫ ∞

−∞
|t|p φ1(t)dt



is the p normal moment of the normal distribution. By substituting the threshold distribution

model parameters, we get

E(Yi) ∝ 2
jp(s+n

2
−n
p
−α−β

p
)
, E(Y 2

i ) ∝ 2
j2p(s+n

2
−n
p
−α)−βj

.

Now, the assumption (A.1) is valid by (3.4). To check (A.2), use (3.4) again to get

E(Y 2
i )

E(Yi)r
∝ 2

jp((2−r)(s+n
2
−n
p
−α)−(1−r)β

p
) ≤ 2j((2−r)(β−n)−(1−r)β) = 2j(β−2n+rn),

which is bounded when

1 < r < 2− β

n
.

Hence, we can apply Lemma A.1 to get

∑

i

Yi < ∞ (3.6)

almost surely if and only if ∑

i

E(Yi) <∞.

Because at the wavelet scale j the number of terms in the sum is Kj,n ∝ 2jn, we get

∑

i

E(Yi) ∝
∑

j

2jn2
jp(s+n

2
−n
p
−α−β

p
)

=
∑

j

2
jp(s+n

2
−α−β

p
)
,

which is finite if and only if (3.3) holds.

Remark. Because the convergence of (3.6) is a tail event, the Kolmogorov’s zero-one law

implies that either

P (f ∈ Bs
p(D)) = 1 or P (f ∈ Bs

p(D)) = 0

for the previous theorem type functions f . Hence, if (3.3) does not hold, then f 6∈ Bs
p(D) almost

surely.

In the stable distribution model, see (Boubchir and Fadili, 2006), the wavelet coefficients are

independent random variables that are distributed as

W `
j,k ∼ fαj ,cj , (3.7)

where

fα,c = F−1φα,c, (3.8)

F is the Fourier transform,

Fφ(ξ) =

∫

R
e−iξxφ(x)dx, F−1φ(x) =

1

2π

∫

R
eiξxφ(ξ)dξ,

and

φα,c(ξ) = e−|cξ|
α
. (3.9)



Here, the parameter c describes the scale of the distribution and α tells about the decay of the

tail. Remark that fα,c is real because φα,c is symmetric.

Note that in (A.4) there is no condition for the variances of stochastic terms in the series. This

is important because the stable distributions (3.8) are heavy tailed and their variances are not

finite for α 6= 2 (Boubchir and Fadili, 2006).

Theorem 3.2. Let p < 2. Assume that W `
j,k follow the stable distribution model (3.7), where

the parameters satisfy

cj = C12−γ1j , αj = 2− C22−γ2j (3.10)

for j ≥ j0 with some constants C1, C2, γ1, and γ2, γ2 < n. If f is given by the wavelet expansion

(2.5), then f ∈ Bs
p(D) almost surely if and only if

s+
n

2
< γ1 +

γ2

p
. (3.11)

Proof. Let Xi and Yi be as in the proof of Theorem 3.1. We may assume

s+
n

2
≤ γ1 +

γ2

p
. (3.12)

Since

fα,c(t) =
1

c
fα,1(t/c), (3.13)

we get

E(Xi) =

∫

R
|t|pfαj ,cj (t)dt = cpjναj ,1,p,

where

ναj ,1,p =

∫

R
|t|pfαj ,1(t)dt.

Asymptotically, as |x| → ∞, (Samorodnitsky and Taqqu, 1994),

fαj ,1(x) � αj(αj − 1)

2Γ(2− αj) cos(π2 (2− αj))|x|1+αj
∝ 2−γ2j

|x|1+αj
. (3.14)

So

ναj ,1,p ∝ 2−γ2j

∫ ∞

1

1

|t|1+αj−pdt ∝ 2−γ2j ,

because

ε < αj − p ≤ 2− p

for some ε > 0 for large j. Here we need the condition for p. By substituting the decay model

(3.10), we get

E(Yi) ∝ 2
jp(s+n

2
−n
p
−γ1− γ2

p
)
,

and so (A.1) is valid. Fix q so that 1 < q < 2/p. Now,

E(Xq
i ) = cpqj ναj ,1,pq



and

ναj ,1,pq ∝ 2−γ2j

as above, because

pq < 2.

Hence,

E(Y q
i ) ∝ 2

jpq(s+n
2
−n
p
−γ1)−γ2j ,

and

E(Y q
i )

E(Yi)r
∝ 2

jp((q−r)(s+n
2
−n
p
−γ1)−(1−r) γ2

p
) ≤ 2j((q−r)(γ2−n)−(1−r)γ2) = 2j(qγ2−qn+rn−γ2),

which is bounded when

1 < r <
γ2

n
+ q − q γ2

n
.

Note that the upper bound satisfies

1 <
γ2

n
+ q − q γ2

n
< q.

By Lemma A.1, ∑

i

Yi <∞

if and only if ∑

i

E(Yi) ∝
∑

j

2
jp(s+n

2
−γ1− γ2

p
)
<∞,

which is true if and only if (3.11) is satisfied.

The inequalities (3.3) and (3.11) provide a tool to estimate the Besov space of a function. After

computing the wavelet transform of the function, one can estimate α, β of (3.2), or γ1, γ2 of

(3.10), and then the inequality gives the upper limit for s (for given p). The functional forms of

the criteria inequalities are the same with the threshold distribution model parameters α, β and

with the stable distribution model parameters γ1, γ2. Parameters α and γ1 describe the decay

of the scales of the density functions, and parameters β and γ2 describe the change in the

shape of the density functions as the wavelet scales get finer.

Always, there remains a question, if the true wavelet coefficients follow the chosen distribution

model. However, it turns out that it is not necessary to know the explicit functional form of the

wavelet distribution model. Only the decay of the p-moments in wavelet scales is needed.

We say that the wavelet coefficients follow the decaying moments model if

σj = C12−η1j , νp,j = C22−η2j , (3.15)

with some positive constants C1, C2, η1, and η2. Here

σ2
j = E(|W `

j,k|2)



is the variance and

νp,j = E

(∣∣∣∣∣
W `
j,k

σj

∣∣∣∣∣

p)

the normalized p-moment. If the wavelet coefficients follow the decaying moments model, then

the p-moments decay exponentially in scale,

mp,j = E(|W `
j,k|p) = C2−γj (3.16)

with

γ = pη1 + η2,

because

mp,j = σpj νp,j .

Note that always η2 ≥ 0 because

νp,j ≤ E



∣∣∣∣∣
W `
j,k

σj

∣∣∣∣∣

2


p/2

= 1

by Jensen’s inequality.

Theorem 3.3. Let p < 2. Assume that W `
j,k follow the decaying moments model (3.15) with

η2 <
n(2− p)

2
. (3.17)

If f is given by the wavelet expansion (2.5), then f ∈ Bs
p(D) almost surely if and only if

s+
n

2
<

γ

p
= η1 +

η2

p
. (3.18)

Proof. We can assume

s+
n

2
≤ γ

p
.

Let Xi and Yi be as in the proof of Theorem 3.1. Let q = 2/p. Now,

E(Xi) = mp,j , E(Xq
i ) = σ2

j .

The condition (A.1) is valid,

E(Yi) ∝ 2
jp(s+n

2
−n
p
− γ
p

) ≤ 2
−j n

p .

Given r, 1 < r < q, we get

E(Y q
i )

E(Yi)r
∝ 2

jp((q−r)(s+n
2
−n
p

)− 2η1
p

+r γ
p

) ≤ 2j((q−r)(γ−n)−2η1+rγ) = 2j(qη2−qn+rn),

which is bounded when

r < q(1− η2

n
).

Note that for this bound it holds

1 < q(1− η2

n
) < q

by the bound for η2. Hence, the condition (A.2) is also valid. By Lemma A.1, f ∈ Bs
p(D) almost

surely if and only if ∑

i

E(Yi) ∝
∑

j

2
jp(s+n

2
− γ
p

)
<∞,

which is valid if and only if the condition (3.18) holds.



4 Besov prior for attenuation coefficients

In this section we study in which Besov space the attenuation coefficient belongs to when

the space for the X-ray images is known. The idea is to look how the wavelet distribution

parameters of the attenuation function and the X-ray images are connected. We study the

connection with the stable distributions model case and with the decaying moments model

case. The threshold distribution model is not invariant in summation so we do not consider

it here. To be able to obtain the properties of the attenuation coefficient from a single X-ray

image, an isotropy property is needed.

Let Pnf be the X-ray image of f in direction en = (0, . . . , 0, 1) ∈ Sn,

Pnf(x′) =

∫

R
f(x′, xn)dxn, x = (x′, xn) ∈ Rn = Rn−1 × R. (4.1)

Now, the X-ray image of the wavelet ψ`j,k is

Pnψ
`
j,k(x

′) = ψ`
′
j,k′(x

′)
∫
ψ`nj,kn(xn)dxn =




c2−j/2ψ`

′
j,k′(x

′), `n = 0,

0, `n = 1,

where

c =

∫
φ(y)dy.

Hence, if f ∈ L2(Dn), Dn =]0, 1[n, is given by the wavelet expansion (2.5), then

Pnf(x′) =
∑

j

∑

k′,`′


c2−j/2

∑

kn

w
(`′,0)
j,k


ψ`

′
j,k′(x

′),

and so the the wavelet coefficients of Pnf are

w`
′
j,k′ = c2−j/2

∑

kn

w
(`′,0)
j,k . (4.2)

Note that the number of terms in the sum (4.2) is proportional to 2j .

We say that f is isotropic, if the distribution of the wavelet coefficient w`j,k is independent of `.

If f is isotropic, then its smoothness is determined from the distribution of w(`′,0)
j,k to which we

have control through formula (4.2).

Theorem 4.1. Let p < 2. Assume that the attenuation coefficient f is isotropic and Pnf ∈
Bs
p(Dn−1). If the wavelet coefficients w`j,k and w`

′
j,k′ (4.2) follow

i) the decaying moments model (3.16) and (3.15),

σ′j =
√

var(w`′j,k′) = C2−η
′
1j , ν ′p,j = E

(∣∣∣∣∣
w`
′
j,k′

σ′j

∣∣∣∣∣

p)
= C2−η

′
2j ,

with η′2 = 0,

or,

ii) the stable distribution model (3.7),

then f ∈ Bs− 1
2 (D) almost surely.



Proof. i) The deviation of w`
′
j,k′ is

σ′j = c2−j/2
√∑

kn

var(w(`′,0)
j,k ) = Cσj = C2−η1j ,

and so

η′1 = η1.

Because Pnf ∈ Bs
p(Dn−1), Theorem 3.3 implies that

s+
n− 1

2
<
γ′

p
= η′1 +

η′2
p
≤ η1 +

η2

p
=
γ

p
,

or

s− 1

2
+
n

2
<
γ

p
.

Hence, f ∈ Bs− 1
2

p (Dn) almost surely by Theorem 3.3.

ii) Now,

c2−j/2w(`′,0)
j,k ∼ fαj ,cj2−j/2c.

Because the distribution density function of a sum is a convolution of the densities, and the

Fourier transform transforms the convolution to products, we get

w`
′
j,k′ ∼ F−1φ2j

αj ,cj2−j/2c
= F−1 exp(−|2j/αjcj2−j/2cξ|αj ) = fαj ,dj , dj = c2−j/2+j/αjcj .

Now,

dj = c2−j/2+j/αjcj � C2−jγ1 ,

and so w`
′
j,k′ follows the stable distribution model with the same decay parameters γ1 and γ2 as

w`j,k. By Theorem 3.2, and because Pnf ∈ Bs
p(Dn−1), we get

γ1 +
γ2

p
> s+

n− 1

2
= s− 1

2
+
n

2
.

Hence, f ∈ Bs+ 1
2

p (Rn−1) almost surely.

Now, the Besov space smoothness s for an isotropic attenuation function can be chosen by

determining the smoothness s′ of an X-ray image with the wavelet distribution models, and by

setting

s = s′ − 1

2
. (4.3)

The isotropicity condition is essential. Generally, one can not determine the smoothness of an

attenuation function from a single X-ray image. Namely, by setting

f(x) = g(xn), x = (x′, xn),

the X-ray image in the xn direction is a smooth function (constant) regardless how non-smooth

the function g is. In practice, the attenuation coefficients may satisfy the isotropicity condition

and the condition for η′2 only approximately.



5 Noise model

The Besov space results above are based on the asymptotics of the wavelet coefficient distri-

butions when the wavelet scale j → ∞. In practice, however, only a finite number of wavelet

scales is available, and the wavelet coefficients are noisy. Hence, the asymptotics of the distri-

butions are obtained rather from the decay of finite number of the scale distribution parameters

than their asymptotics.

Consider a measurement situation. Today, X-ray imaging data is usually collected with digital

sensors that count the number of photons that hit to each sensor pixel. The photon count data

at detector point k is then converted to the pencil beam data mε
k (Siltanen et al., 2003). The

density of the array in the detector sets a limit for the wavelet scales. The additive noise model

for the measurement at detector point k is

mε
k = mk + εk,

where εk ∼ N(0, σ2) are independent is a reasonable assumption (Bouman and Sauer, 1993;

Siltanen et al., 2003).

Assume that we have a function f ε whose approximation coefficients at the finest scale J are

w0,ε
J,k = w0

J,k + ε0J,k,

where ε0J,k ∼ N(0, σ2
ε ) are independent, as in the additive noise model. By linearity of the

wavelet transform, the wavelet coefficients at every level have also additive noise,

w`,εj,k = w`j,k + ε`j,k, (5.1)

and ε`j,k ∼ N(0, σ2
ε ) are normally distributed with the same variance σ2

ε at every scale. Namely,

every wavelet coefficient can be obtained from a finite number of filterings, and a filtering

maintains the variance: If εk ∼ N(0, σ2
ε ) are independent, and c = (ck) is a filter corresponding

to the wavelet transform, then the filtered

∑

k

ckεk ∼ N(0,
∑

k

c2
kσ

2
ε ) = N(0, σ2

ε ),

because ∑

k

|ck|2 = 1

for orthonormal wavelets. Remark also that now

var(w`,εj,k) = var(w`j,k) + σ2
ε . (5.2)

Assume that the wavelet decomposition for f ε is

f ε =
∑

k

w0,ε
j0,k

ψ0
j0,k +

J∑

j=j0+1

∑

`6=0,k

w`,εj,kψ
`
j,k,



where the wavelet coefficients follow the additive noise model (5.1). Assume that the true

coefficients w`j,k follow the distribution model (3.1) or (3.7). In both wavelet distribution models,

the parameters σj , cj , tend to zero as scale j grows which means that noise becomes dominant

at fine scales. We assume that for the finest scale σJ , cJ << σε, and approximate σε with

σε =

√∑

`6=0,k

|w`,εJ,k|2/(KJ,n − 1). (5.3)

The detail wavelets of the finest scale J are sacrificed to determine the noise level. The wavelet

distribution models have to be estimated from the remaining scales j0, . . . , J − 1. To simplify

the notation, we assume from now on that wavelets are available up to scale J and the noise

level σε is known.

6 Reconstructing the attenuation coefficient

In this section, we recall how the reconstruction of the attenuation coefficient is done. For more

details, we refer to, e.g., (Niinimäki et al., 2007).

Let x = (xi) be the discretized attenuation coefficient with wavelet coefficients

w = (w0
j0,k)(w

`
j,k),

where w0
j0,k

are the approximation coefficients and w`j,k are the detail coefficients, j ≥ j0, ` 6= 0.

We write

w = Wx, x = W−1w,

for the discrete wavelet transform, and for the inverse of it, respectively. Assume that y is

the data vector which is obtained from the X-ray images, and let A be the operator of X-ray

imaging, ideally

y = Ax.

We use the Besov space prior, and also, we ask x to be a non-negative function. This non-

negativity can be handled by setting

x = z ⊗ z,

and by finding real values for z = (zi). Here,

α⊗ β = ((α⊗ β)i), (α⊗ β)i = αiβi,

for α = (αi), β = (βi). Finding the MAP estimate for the posterior density P (x|y) is now

equivalent to minimizing the functional

F (z) =
|Ax− y|2

2σ2
ε

+
a

σpε
‖Wx‖pBsp , x = z ⊗ z. (6.1)

Here, a is a weight for the smoothness prior. We use the conjugate gradient minimization

method. The gradient of F is

∇F (z) = 2z⊗
[
AT (Ax− y)

σ2
ε

+
ap

σpε
W−1|w0

j0,k|p−1sign(w0
j0,k)2

jp(s+n(1/2−1/p))|w`j,k|p−1sign(w`j,k)

]
,



where x = z ⊗ z and w = Wx. If one does a 3D reconstruction directly, then data consists

of two dimensional X-ray images that are taken from different view angles, and then n = 3

in (6.1). When the 3D reconstruction is made by attaching two-dimensional slices, then data

consists of one-dimensional slices of the X-ray images, and n = 2.

7 Estimating distribution parameters

In this section we describe how the distribution parameters are estimated from noisy wavelet

coefficient data. We suppose that σε is already determined. The scales are re-indexed so that

j0 = 0.

Decaying moments model

To determine the smoothness of the X-ray image we need parameter γ of Theorem 3.3. How-

ever, in Theorem 4.1 we assumed parameter η2 of the X-ray image to be zero, see also (3.15).

To test the accuracy of this assumption, we determine both γ and η1 from which

η2 = γ − pη1

can be observed.

With general p there is no simple formula of type (5.2) connecting noisy and uncorrupted p-

moments. We can get an approximation formp,j numerically by adding noise to data as follows.

To simplify the notation, consider a random variable Y . We want to get an estimate for

E(|Y |p)

from realizations of Y ε,

Y ε = Y + ε, ε ∼ N(0, σ2).

Let 


Y iε = Y (i−1)ε + εi, i = 1, 2, . . . ,

Y 0ε = Y.

Here, εi ∼ N(0, σ2) are independent random noise, i = 1, 2, . . .. Note that by adding i − 1

times noise εi ∼ N(0, σ2) to samples of Y ε we get samples of Y iε for i ≥ 1. Hence, we can

approximate

E(|Y iε|p) ≈ 1

N

N∑

j=1

|Y iε
j |p.

Now, we fit a polynomial q = q(i) (e.g., of second degree) to points

i 7→ E(|Y iε|p), i = 1, . . . ,M

and approximate

E(|Y |p) ≈ q(0). (7.1)

Remark that the variance could be approximated in this way, too, by putting p = 2.



Now, suppose that we have obtained mp,j approximately on each scale j. We get an estimate

for γ by fitting a line in the least squares sense to points

(j, log2(mp,j)), j = 0, . . . , J.

The negative slope of the line is the approximation for γ.

An approximation for η1 is obtained with the help of (5.2) from the sample variances

s2
j =

∑

k,`6=0

|w`,εj,k|2/Kj,n. (7.2)

We fit a line in the least squares sense to points

(j, log2(
√
s2
j − σ2

ε )), j = 0, . . . , J.

The negative slope of the line is the approximation for η1.
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Figure 1: Estimating p-moments by adding noise. Here, x-axis is i and y-axis is E(|Y iε|p) (◦ for

i ≥ 1, x for the estimate). Left image: Noise level is low. Right: Noise level is high.

Threshold distribution model

If w`j,k follow the threshold distribution model (3.1), then the noisy threshold distribution model

is

w`,εj,k ∼ f ετj ,σj := fτj ,σj ∗ φσ2
ε

= τjφσ2
j+σ2

ε
+ (1− τj)φσ2

ε
. (7.3)

The goal is to get the posterior density for the decay parameters α, β of (3.2) as a marginal

density

Ppost(α, β) =

∫
Ppost(α, β, Cτ , Cσ)dCτdCσ.

The prior distribution for (α, β, Cτ , Cσ) is assumed to be the uniform distribution in the com-

putational domain, which is set with the help of the decay speed η1 of σj . The computational



domain is

Cτ ∈ [ 1/2 , 1 ], β ∈ [0, βmax],

Cσ ∈
[√

s2
0 − σ2

ε ,
√

2(s2
0 − σ2

ε )
]
, α ∈

[
η1

q −
βmax

2 , η1q
]
.

(7.4)

Here, the limits for parameters Cσ and α are obtained from (5.2) by noting

C2−2η1j ≈ s2
j − σ2

ε = τjσ
2
j ≈ CτC2

σ2−βj−2αj .

With a relaxing parameter q > 1 we describe that the equations above hold only approximately.

By Bayes’ formula,

Ppost(α, β, Cσ, Cτ ) = P (α, β, Cσ, Cτ | (w`,εj,k)) ∝ P ((w`,εj,k) |α, β, Cσ, Cτ ), (7.5)

where the likelihood is

P ((w`,εj,k) |α, β, Cσ, Cτ ) =
J∏

j=j0

P ((w`,εj,k)|σj , τj)

Here σj , τj are given by (3.2). Note that the computational domain for (α, β, Cτ , Cσ) determines

the computational domain for (σj , τj) at each scale j. The likelihood at scale j is

P ((w`,εj,k) |σj , τj) =
∏

k,`

f εσj ,τj (w
`,ε
j,k). (7.6)

In practice, the computation is done so that we compute first the likelihoods (7.6) on a two-

dimensional (σj , τj) grid that is set on each scale j. Then we set a four dimensional grid

onto the computational domain for (α, β, Cτ , Cσ). Every grid point (αi, βi, Cτ,i, Cσ,i) deter-

mines the corresponding (σj,i, τj,i) values, j = 0, . . . , J , to which we interpolate the value

for P ((w`,εj,k)|σj,i, τj,i) from the previously computed (σj , τj) grid point values.

Stable distribution model

If w`j,k follow the stable distribution model (3.7), then

w`,εj,k ∼ f εαj ,cj := fαj ,cj ∗ φσ2
ε

= F−1

(
exp(−1

2
|σεξ|2 − |cjξ|αj )

)
. (7.7)

In the stable distribution model, the parameters are estimated in the similar manner as in the

threshold distribution model. In (7.6) the density function f ετj ,σj of is replaced with f εαj ,cj of

(7.7). The values for f εαj ,cj are computed by the inverse Fourier transform. The computational

domain is set to be

C1 ∈ [ s0/q , s0q ] , γ1 ∈
[
η1

q , qη1

]
,

C2 ∈ [C2,min , C2,max ] , γ2 ∈ [ 0 , γ2,max ] .
(7.8)



8 Examples

The numerical examples have two purposes here. First, we illustrate the estimation of the

smoothness parameters. The second purpose is to check how the smoothness parameter

that is proposed by the method works when making the reconstructions. For this reason,

we present some slice reconstructions of the attenuation coefficient with different smoothness

parameters. We use dental X-ray data and the Shepp-Logan Phantom data. The Besov-space

parameter p is 1.5.

We use Daubechies’ 4-wavelets. When reasonable, we have computed the regression coeffi-

cient

R2 =

∑
(Ŷ − Ȳ )2

∑
(Y − Ȳ )2

,

where Ȳ =
∑
Y/N is the mean and Ŷ is the prediction.

8.1 Estimating smoothness parameters

Shepp-Logan phantom case

We used the Shepp-Logan phantom in two ways. First, we estimate the smoothness of the

2D phantom itself. Secondly, we simulate one dimensional X-ray data of the phantom, and

estimate the smoothness of the X-ray data. To increase the number of wavelet coefficients for

better statistical properties, we have used seven view angles. In this way we can compare the

smoothness of a known attenuation coefficient and its X-ray data. The results are collected in

Table 1. We pick here some points:

• The phantom is 674× 674 pixels. To the X-ray data we added 4% noise. See Figure 2.

• The p-moments follow the decay model with high reliability, see Figure 3.

• In Figures 4-5 we have illustrated the decay models by plotting the logarithms for the

MAP estimates of the posterior densities P (cj , αj |(w`j,k)) and P (σj , τj |(w`j,k) at different

wavelet scales j. The regression coefficients for SDM and TDM are computed based

on the least squares fit to these MAP estimates. For the stable distribution model, the

decay tendency is not so evident, especially for the shape parameters αj . The threshold

distribution model seems to be valid better.

• The values for the decay parameters of SDM and TDM are the maximum of the posterior

densities P (γ1, γ2|(w`j,k)) and P (α, β|(w`j,k)), see Figure 6.

The threshold distribution model and the decaying moments model give approximately the

same smoothness parameters for both the phantom and the X-ray slices. The difference in the

smoothness between the X-ray slice and the phantom is 0.4–0.5 which is approximately what

Theorem 4.1 is predicting. The stable distribution model seems to give too high smoothness in

this case. An explanation for this is that the shape parameters αj at available wavelet scales

do not satisfy assumption αj > p, see the proof of Theorem 3.2.



Model DMM SDM TDM

γ R2 (γ1, γ2) R2 (α, β) R2

X-ray parameters 1.66 .998 (1.92, .08) (.854, .530) (.72,.72) (.944, .969)

smoothness 0.6 1.47 0.7

Phantom parameters 1.74 .958 (2.56 .02) (.982, .871) (.71,.66) (.953, .956)

smoothness 0.2 1.5 0.2

Table 1: Summary of the results in the Shepp-Logan phantom cases.

Figure 2: Shepp-Logan phantom (left) and one 1D X-ray slice of the phantom (right).
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Figure 3: Least squares fit to points (j, log2mp,j). Left: Shepp-Logan phantom. Right: X-ray

slices.
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Figure 4: MAP estimates for the (cj , αj) of the stable distribution model in log2 scale. Top:

Shepp-Logan phantom. Bottom: X-ray slice.
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Figure 5: MAP estimates for the (σj , τj) of the threshold distribution model in log2 scale. Top:

Shepp-Logan phantom. Bottom: X-ray slice.
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Figure 6: Posterior densities of the decay parameters. Left column: Shepp-Logan phantom.

Right column: X-ray slice. Top: Stable distribution model (γ1, γ2). Bottom: Threshold distribu-

tion model (α, β).

Dental cases

We use dental X-ray data in two ways. Two-dimensional (2D) data is an X-ray image with

739×664 pixels that has been taken from a tooth phantom with an intra-oral sensor, see Figure

7. Each pixel value is the logarithm of the inverse of the photon count. One-dimensional (1D)

data is a slice of the two-dimensional X-ray image. Often, the reconstructions are done a slice

by slice and in that case data consists of one-dimensional functions. To increase the number

of wavelet coefficients for better statistical properties, we have used seven one dimensional

slices of the X-ray images that are taken from seven different view angles. We estimate the

smoothness in both dimensions. The results are collected in Table 2. We pick here some

points:

• In both dimensions, the noise parameter is estimated to be

σε ≈ 0, 01.

Data is scaled so that the maximum value is one.

• Figure 8 illustrates estimating γ of the decaying moments model (3.16). A line is fitted in

the least squares sense to the points (j , log2 (mp,j)).



• The validity of the assumption η2 = 0 (or η′2) of Theorem 4.1 is studied by computing

η2 = γ − η1

p
.

In Figure 9 we have plotted points

log2 νp,j = log2

mp,j

σpj
.

It seems that there is no decay tendency but the variation is merely from the computa-

tional approximation errors. This supports the assumption for η2.

• In Figure 10 we have plotted the posterior densities P (cj , αj |(w`j,k)) and P (σj , τj |(w`j,k))
of the stable distribution and of the threshold distribution models on some different scales

j. The decaying trends for the distribution parameters are evident. The MAP estimates

of these distributions in each scale are presented in Figures 11-12. The regression co-

efficients for SDM and TDM are computed based on the least squares fit to these MAP

estimates. Remark that the scale parameters σj and cj seems to follow the decay models

rather well (high R2) but for the shape parameters τj and αj the decay models are not so

evident (lower R2).

• The density functions for the wavelet coefficients corresponding to the MAP estimates

(1D case) and the histograms of the absolute values of the wavelet coefficients are plotted

in Figure 13. The bars of the histogram are getting wider for larger coefficients and they

are scaled so that the overall area is one. The stable distribution model catches the tail of

the wavelet distribution better whereas the exponential decay of the threshold distribution

model seems to be too fast.

• The posterior densities P (γ1, γ2|(w`j,k)) and P (α, β|(w`j,k)) of the decay parameters are

presented in Figure 14.

Figure 7: Dental X-ray data. Left: 2D data is a dental X-ray image. Right: One slice of 1D data.



Model DMM SDM TDM

γ R2 (γ1, γ2) R2 (α, β) R2

1D parameters 1.92 .994 (1.3, .43) (.998, .899) (1.2, .24) (.989, .947)

smoothness 0.8 1.1 0.9

2D parameters 2.67 .997 (1.8, .67) (.971, .583) (1.7, .18) (.967, .879)

smoothness 0.8 1.2 0.8

Table 2: Summary of the results in the dental cases.
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Figure 8: Least squares fit to points (j, log2mp,j). Left: 2D case. Right: 1D case.
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Figure 9: Points (j, log2(mp,j/σ
p
j )). There is no descending tendency which supports the as-

sumption η2 = 0. Left: 2D case. Right: 1D case.
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Figure 11: MAP estimates for the (cj , αj) of the stable distribution model in log2 scale. Top: 1D

case. Bottom: 2D case.
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Figure 12: MAP estimates for the (σj , τj) of the threshold distribution model in log2 scale. Top:

1D case. Bottom: 2D case.
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Figure 14: Posterior densities of the decay parameters. Left column: two dimensional case.

Right column: one-dimensional case. Top: Stable distribution model (γ1, γ2). Bottom: Thresh-

old distribution model (α, β).

8.2 Effect of the choice of the smoothness parameter

In Figures 16-15, we have demonstrated how the choice of the smoothness parameter effects

to the local tomography reconstructions.

Dental data is a slice data of 23 X-ray images taken in total 187o view angle. Only the region

of interest (ROI) is drawn. Data is the same as in (Niinimäki et al., 2007) in which one can

find more detailed descriptions. However, compared to (Niinimäki et al., 2007), we have used

the full wavelet tree without sparsening outside of ROI. The dimension of the reconstruction

is n = 2. The Besov space parameters are p = 1.5 and we have varied the smoothness

parameter from s = 0 up to s = 1.2. The weight for the prior in (6.1) is a = 0.05. Noise has

been estimated to be σε = 0.01 when the data vector has been normalized to be with maximum

one. The resolution of the reconstruction images is 128 × 128. By the previous computations,

the estimate for the smoothness of the 1D dental slices of the X-ray images are from s ≈ 0.8

to s ≈ 1.1, depending on the wavelet distribution model. This suggest that the smoothness

parameter should be about s ≈ 0.4 in the 2D reconstruction slice.

The second example is done with simulated data from the Shepp-Logan phantom. The X-

ray projections were computed with the same view angles as the dental data. We added 4%



random noise to the measurement (σε = 0.04) and also 0.36o random noise to the view angles

(geometry parameters). Other parameters were as in the dental case.

Reconstructions with varying smoothness prior parameter s are drawn in Figures 16-15. It is

obvious that the for small smoothness parameters s the over fitting to noisy data gets more

role, and that for larger smoothness the reconstruction gets blurred. It is remarkable that the

parameter which is suggested by the method gives also visually the best reconstruction.

Figure 15: Reconstructions from simulated Shepp-Logan phantom data. From left: s = 0,

s = 0.4, s = 0.8, s = 1.2.

Figure 16: Reconstructions from in vitro dental data. From left: s = 0, s = 0.4, s = 0.8, s = 1.2.

9 Conclusions

The quality of X-ray tomography reconstructions depends strongly on the choice of the smooth-

ness parameter s in a Besov prior. One way to choose the feasible smoothness parameter is

to compute the reconstruction with several smoothness levels and then choose the reconstruc-

tion that is visually the best. In this article, we have studied how the suitable smoothness level

could be chosen automatically when p is given.

The smoothness for the attenuation coefficient is determined by estimating the smoothness

of the X-ray image. The analysis is based on the wavelet coefficients’ distributions that are

related to the Besov space smoothness. To determine the smoothness of a function, its wavelet

coefficients are assumed to follow some distribution at each wavelet scale. The decay speed

of the distributional parameters as the scale gets finer then determines in which Besov space

the corresponding function belongs to.



We studied two distributional models for the wavelet coefficients, the threshold distribution

model and the stable distribution model. For the threshold distribution model, we generalized

to the n dimensional case the result of (Abramovich et al., 1998) connecting the Besov space

and the decay parameters, Theorem 3.1. For the stable distribution model, we proved a similar

result, Theorem 3.2. In both of these models, there is a distributional scale parameter and a

shape parameter that are assumed to have exponential decay in the wavelet scales. We esti-

mated the decay of these parameters from noisy wavelet coefficients. At fixed wavelet scales,

the stable distribution model seems to catch the heavy tail of the wavelet distributions better.

In both models, the posterior distributions for the decay parameters are rather concentrated.

This can be interpreted so that the parameters are well determined when the model is fixed.

However, there remains some uncertainty for the models since there is quite large variation in

the decay of the shape parameters, especially with the stable distribution model. The decay of

the scale parameters are following the models well.

The proofs for Theorems 3.1-3.2 show that the decay of the p-moments is essential in deter-

mining the Besov space. In fact, there is no need to know or model the shape of the wavelet

coefficient distribution, see Theorem 3.3 (decaying moments model). At each wavelet scale,

we approximated the p-moment from noisy data with a method involving deliberately added

noise. The p-moments at each wavelet scale seem to follow the decay model very well.

Remarkably, all three models are in give reasonably close estimates for the smoothness pa-

rameter s in the case of measured data. (Somewhat surprisingly, the estimates deviate more

for the simulated data.) As a conclusion we suggest that the Besov space smoothness of the

X-ray images (or slices of them) should be approximated with the decaying moments method

which is simple and well supported by data. The smoothness parameter value that is obtained

in this way seems to be the one that gives also visually the best reconstructions, see Figure

16.
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A On convergence of positive random series

Lemma A.1. Let Yj ≥ 0, j = 1, 2, . . ., be independent random variables. Assume that there

are q > 1 and C1, C2 > 0 so that

EYj ≤ C1 (A.1)

and

E(Y q
j ) ≤ C2(EYj)r (A.2)



with some r ≥ 1. Then

∞∑

j=1

Yj < ∞ (A.3)

almost surely if and only if

∞∑

j=1

E(Yj) < ∞. (A.4)

Proof. Note first that by (A.1)

E(Y q
j ) ≤ C2C

r−1
1 EYj ,

so we can assume r = 1.

We use (Kallenberg, 1997, Proposition 3.14) which states that (A.3) is equivalent to

∑

j

E (min(Yj ,M)) < ∞ (A.5)

for any 0 < M <∞. For any M we have

Yj ≥ min(Yj ,M) ≥ Yj −M1−qY q
j ,

or by (A.2),

E(Yj) ≥ E(min(Yj ,M)) ≥ E(Yj)−M1−qC3E(Yj).

By letting

M = (2C3)q−1,

we obtain

E(Yj) ≥ E(min(Yj ,M)) ≥ 1

2
E(Yj).

Hence, (A.4) is equivalent to (A.5).

Remark. One does not need condition (A.2) for the “if” direction. Namely, if (A.4) is satisfied,

then

E



∞∑

j=1

Yj


 <∞

by (Rudin, 1987, Theorem 1.27), and hence, (A.3) holds. The condition is needed for the

opposite direction. The ratio
E(Y q)

E(Y )r

describes about the weight of the tail of the distribution. Hence, condition (A.2) can be inter-

preted to be a uniform bound for the tail of the distributions Yj .
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