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Abstra ct. A novel method to solve inverse problems for the wave equation is
intro duced. The method is a combination of the boundary control method and
an iterativ e time reversal scheme, leading to adaptiv e imaging of coetcient
functions of the wave equation using focusing wavesin unknown medium. The
approach is computationally e®ective since the iteration lets the medium do
most of the processingof the data.

The iterativ etime reversal scheme also givesan algorithm for approximating
a given wave in a subset of the domain without knowing the coezcients of the
wave equation.

Keyw ords: Inverseproblems, wave equation, cortrol, time reversal.

AMS classi cation: 35R30,93B05.

1. Intro duction. We presert a novel inversion method for the wave equation.
Supposethat we can send waves from the boundary into an unknown body with
spatially varying wave speed ¢(x). Using a combination of the boundary cortrol
(BC) method and an iterativ e time reversal scheme, we shav how to focus waves
near a point Xo inside the medium and simultaneously recover c(xo) if the wave
speedis isotropic. In the anisotropic casewe can reconstruct the wave speedup to
a change of coordinates.

Let us describe the simple isotropic case more precisely Take a closed and
bounded set M % R3 with smooth boundary @, and let ¢(x) be a scalar-valued
wave speedin M. Consider the wave equation

Ug i c(x)?¢u=0 inM £ R;; (1)
Ujt=o = 0; Utjt=0 = O;
i cX) @u=f(xt) in @ £ R, ;

where @ denotesthe Euclidean normal derivative. We denoteby uf = uf (x; t) the
solution of (1) corresponding to the boundary sourceterm f .
The inverseproblem is to reconstruct the wave speedc(x) from the set

ffiane ©2my U iane o2ty : T 2 C§ (@1 £ (0;2T))g;

that is, the Cauchy data of solutions corresponding to all possibleboundary sources
f 2 C} (@ £ (0;2T))with large enoughobsenation time 2T. This data constitutes
the respnse operator

gy i f 71 Ufj@ng(o;zT); (2)
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also called the non-stationary Neumann-to-Dirichlet map. Physically, a,tf de-
scribesthe measuremen of the medium responseto any applied boundary source
f, see[2€6)].

In the classicalBC method material parametersare reconstructed from @, us-
ing hyperbolic techniques, see[l, 6, 7, 9, 23, 24, 25]. Straightforward numerical
implementation of the BC method is ditcult: someproceduresinvolved (such as
the Gram-Scmidt orthogonalization) are unstable, asseenin [8]. Inspired by Isaac-
son'siterativ e measuremeh scheme[20] for electrical impedancetomography (EIT),
we overcomethese problems by combining the BC method with an adaptive time
reversal iteration that lets the medium do most processingof the data.

Traditional time reversal methods record waves, invert them in time, and send
them badk into the medium. If the recorded signal originates from point sources,
or is the re°ection of an input wave from small scatterersin the medium, the time
reversedwavesfocusat the sourceor scatterer points. This is usefulfor time reversal
mirrors in communication technologiesand medical therapies. The excient use of
feedbadk is the main advantage of time reversal: outputs of previous measuremets
dictate the input of the next one. For early referenceson time reversal (using
ultrasound in air), seethe seminalworks of Fink et al. [17, 16, 15]. For a microlocal
discussionof time reversal, see[3, 4], and for another mathematical treatment see
[27].

Time reversal in known badkground medium with random °uctuations has also
been extensively studied, seee.g. [5, 12], and applied to medical imaging, non-
destructive testing and underwater acoustics. These methods are outside the scope
of this paper.

Iterativ e time reversalhasbeenusedto nd best measuremets for inverseprob-
lems. By \b est" we here mean\optimal for detecting the presenceof an object".
This distinguishability problemhasbeenstudied for “xed-frequency problemsin EIT
[20] and acoustic scattering [36]. The connection between optimal measuremets
and iterativ e time-reversal experiments was pointed out in [36, 37, 38]. For the
wave equation, the best measuremen problem has beenstudied in [14], where the
optimal incident "eld for probing a half spacewas found by an iteration involving
time reversal.

Take T > O larger than the radius of M in travel time metric, sothat any point
inside M can be reached by wavessert from the boundary beforetime T. The new
method introduced in this paper is basedon a family of boundary sourcesf(®)
obtained from an arbitrary initial sourcef. For ® > 0, the sourcesf(®) produce
wavesuf(® (T) that convergeto Co(xo)u' (Xo; T)H(Xi Xo) as®! 0, wherexo 2 M
has prescribed travel time coordinates. We call uf(®(x; t) the focusing waves, as at
time t = T the function u?(® (x; T) is concertrated near xo when ® is small.

The sourcesfi(®) are constructed iterativ ely for any ® > 0. Each step in the
iteration usestime reversal, two very simple linear operators, and the response
a,rg for one specic sourceg,. We call this processthe iterative time reversal
control (ITR C).

The ITR C method proposed here has the advantage of the BC-method to be
applicable to fully non-linear inverse problems with an unknown badkground. Si-
multaneously, ITR C exploits feedba& properties of the time reversal schemeswith
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the output of the previous measuremen producing the input of the next measure-
ment. The iterativ e nature of ITR C avoids non-physical sourceswhich occur in the
BC-method and provides robustnessagainst measuremen noise.

The ITR C method is valid not only for the equation (1) but for a more general

equation

ug (X;t) + Au(x;t) =0 in MER. 3)
whereA is a formally self-adjoirt elliptic partial di®erertial operator. In particular,
ITR C appliesto anisotropic caseswith lower order terms speci ed on Riemannian
manifolds.

For the acoustic equation, we can use the focusing waves to determine the
geddesicsstarting from the boundary points. For more general hyperbolic equa-
tions, we use those geadesicsto determine the travel time distance between any
interior point and any boundary point, leading to the recovery of the wave speedin
the medium.

The paper is organized as follows. In Section 2 we formulate our main results
separately for acoustic equation and for more general hyperbolic equations. In
Section 3 we prove the corvergenceof iterativ e time-reversal cortrol. Section 4 is
dewoted to the analysis of the focusing properties of the waves,and in Section5 we
shav how to reconstruct the metric using the boundary distance function. In the
last sectionwe discussour method in the caseof noisy measuremets.

2. Main results. In this section we will describe the iteration procedure for the
time reversaland apply it to solve the inverseproblem for the acousticwave equation
(1). We will alsodescribe the results on the inverseproblems for the generalwave
equation (3). Proof of results are postponedto later sections.

2.1. Notations. Let us considerthe closureM % R™, m , 1, of an open smooth
set, or a (hon-compact or compact) complete Riemannian manifold (M ; g) of dimen-
sion m with a non-empty boundary. For simplicity, we assumethat the boundary
@V is compact. Let u solve the wave equation

Ug (X;t) + Au(x;t) =0 in M £ R;; (4)
Ujtz=o = 0;  Utjt=0 = 0;

Bo; Ujguer., = f:

Here,f 2 L?(@\ £ R, ) is areal valued function, A is a formally self-adjoirt elliptic
partial di®ererial operator of the form (in local coordinates in the casewhen M is
a manifold)

u 1

)

X . 1 @ . L1 @
AV = LTI = F(jgx)izg () = (X) + a(x)v(X);

jik=1 @& &
where g ¥(x) is a smooth real positive de nite matrix, jgj = det(g¥(x))i 1, and
1(x) > 0 and g(x) are smooth real valued functions. Furthermore,

Borv=j @v+ v,

where” : @1 ! R is a smooth function and

X ke @
@v = 09900k g Vo;

jk=1
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P :
with °(x) = (°1;%;::1;°m) being the normalized, =1 9% = 1, interior
co-normal vector eld of @M.
A patrticular exampleis the operator

Ao = i A(X)¢ + q(x) (6)

for which @v = ¢(x)! ™** @v, where @V is the Euclidean normal derivative of v.
We denote the solutions of (4) by

u(x; t) = uf (x;t):

For the initial boundary value problem (4) we de ne the responseoperator (or the
non-stationary Robin-to-Diric hlet map) =& by setting

of = U jauer, : 7
We also considerthe Tnite time responseoperator & corresponding to the nite
obsenation time T > 0O,
arf = ujgue o) (8)
By [42], the map a1 : L?2(@ £ (0;T)) ! H¥3(@ £ (0;T)) is bounded, where
HS(@ £ (0; T)) denotesthe Sobolev spaceon @/ £ (0; T). Below we considera 1
as a bounded operator that mapsL?(@ £ (0;T)) to itself.

The matrix gk(x) (the inverseof the matrix g'¥(x)) is called the travel time
metricp This is becausewavespropagate with unit speedwith respectto the metric
ds® = kY k(x)dx! dx*. We denoteby d(x; y) the distance function corresponding
to gjk(x). For the wave equation we dez_ne the spacel (M ; dV: ) with inner product

hu; Vige(mdv. ) = u(x)v(x) d\i (x);
M

wheredV: = 1 (x)jg(x)j*=2dxtdx?:::dx™.
Fort>0Oand 2@\, let
M@G;t)=fx2M dxi) - tg; 9)
be the domain of in°uence of | at time t.
For any setB %2 @ £ R, , wedenoteL?(B) = ff 2 L2(@ £ R:) : supp (f) ¥
B g, identifying functions and their zero continuations. When j ¥ @M is an open

setandf 2 L2(j £ R.), it iswell known (seee.g.[19]) that the wave u’ (t) = uf (¢;t)
is supported in the domain M (j ;t),

ut(t) 2 LA(M i ;1) = fv2 L3(M) @ supp (v) %M (i ;t)g:

2.2. De nition and convergence results for the ITR C. Our objective is to
nd a boundary source h such that the wave u"(x; T) is localized in a neigh-
bourhood of a single point xo. Note that in this paper we do not focus the pair
(uM(x; T);ul(x; T)), but only the value of the wave, u"(x; T).

Let j 2@ beanopensetandf 2 L2(j £ R:). Then supp(u’ (T)) M (j ;T).
Let now 0< Tp < T sothat the setM (j ;T) nM (@M ; To) is a subregionin M, see
Fig. 1. We will shov how to construct boundary sourcesh(®) 2 L2(@ £ [0;T]),
®> 0, such that

lim u"®(T) = Au(@a:ro) ' (T); (10)
where Ay (x) is the characteristic function of a setN. Then
G[)i!mo u" @My = (17 Avau Ty’ (T)
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Figure 1. ThesetM (j ;T)nM (@M ;Ty). Our goalisto nd waves
sert from the boundary that focusinto this area.

M (@M ; To)
M(;T)

S S

is the wave uf (T) cut-o® onto M (j ; T) nM (@ ; Tp), seeFig. 1. Actually, our
construction will be valid in a more general setting when, instead of the collar
neigl"gorhood M (@1; Tp), we will be dealing with a more generalsetN of the form
N=""0MG;:T)). ~
To proceedfurther, we de ne the time reversalmap R, and the time “Tter J,r:
Rorf (1) =f (% 2T i t); (11)
Jorh(x; t) = Jor (s;t)h(x; s)ds
[0;2T]
where Jo1 (s;t) = 2A (s;1),
L=Ff(s;t) 2R, £Ry 1 t+s- 2T; s> tg (12)
We note that the doubling of time, from T to 2T in (12) is due to the fact that, for
wave u’ measuredat @/ to bring information about all points x 2 M (j ; T), the
measuremets' time should be at least 2T.
For an opensetB Y% @ £ [0;2T], we denoteby P = Pg : L?(@ £ [0;2T]) !
L2(@ £ [0;2T]) the multiplication operator

Pef(x;t) = Ag(x;t)f (x;t):

We chooseB = szl (ij £E[Ti T;;T]); wherej; %2 @/ are open setsand O -
T; - T. In the following, we consider @7, Ror;Pg and Jor as operators in
L2(@ £ [0;2T)).

Let ®2 (0;1) and! > 0 be a sutciently large constart. We de ne a,;h, and
hn = hn(®) 2 L?(@M £ [0; 2T]) iterativ ely:

an := 8ot (hn); by = @ar(RorJorhn);
® 1
hntr = (17 F)hni —(PeRarbh i Parderan) + F; (13)
with ag = 0,y = 0, hg = 0, and

F = '_pB (RorearRotJor | Jormor)f:
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Figure 2. Subsetsof M usedin Corollary 1. Note that the set
M ; ;JP) nM (@M ;Tp) shrinks to one point x = ® whenj ! 1
andTo! T.

R

Here a, correspndsto the \iterated measuremet!, b, to the \time TTtered and
time-reversed measuremeti'’ and h,.; to post-processingof h,, a, and b, using
time reversal and time “Ttering. We say that formula (13) describesiterativ e time-
reversal cortrol (ITR C) with time-interval [0; 2T], projector Pg, and starting point
f 2 L%(@ £ [0;2T])).

Theorem 1. Let T > 0. Assume we are given @1 and the respmnse operator
GZT.SLet ij Ya@,j = 1;:::;J, be non-empty open sets,0 - T; - T, and
B = jjzl (GjE[Ti T;;T): Letf 2 L%(@ £ R.) and let, for ! large enoughand
®2 (0;1), the functions h, = h,(®) be de ned by the ITR C (13) with projector Pg
and starting point fo = fjau £ (0;21). Thesefunctions convergein L2(@M £ Ry),

h(®) = nI!ilrn hn (®)
and the limits satisfy
lim. u"®(x; T) = Ay (x)u’ (x; T)

S
in L2(M), wher N = ~7_ M (i ;Tj) %M.

We note that similar approacesin the casewhen N = M have beendeweloped
in [21, 31].
This theorem s provenin Section 3. Let us now considersomeits consequences.

2.3. Results on focusing of the waves. Let us considera geadesic®y., in (M; Q)
parameterized by the arclength with °., (0) = X, °y.,(0) = », and k»kg = 1. Let
° = 9(z), z2 @1 be the interior unit normal vector to @ . There is a critical
value ¢(z) 2 (0;1 ], such that for t < ¢(z) the geddesic °,. ([0;t]) is the unique
shortest geadesic from its endpoint °,. (t) to @, and for t > ¢(z) it is no longer
a shortest gealesic. T

Wesay that j; ! fbgif jj«1 %i; and jlzl i = fhg.

Theorem 1 yields the following result which provides a method to generate fo-
cusing waves, that is, the wave from the boundary that, at a 'xed time t = T, are
supported at a single point.

Corollary 1. Let22 @1 and0< Ty < P<T. Letr= °2;o('b) andj; 2@,
J 2 Z+ be open neightourhoods of 22 @ suchthat j; ! f2zgwhenj ! 1.
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Letf 2 C} (@ £ R:) and h,(®; To;j) be the functions obtained by the ITR C
(13) with projector Pg, B = (ij £ [T i 'b;T])[ (@ £ [T To;T]) and starting
point fo = fjgu e (0;2r). Similarly, let hS(®; Tp) be the functions obtained by (13)
with projector Pgo, B®= @ £ [T j To; T] and starting point fo. Denote

B (®Toij) = ha(®To;j) i hO(® To):
If P < ¢(2) then
(14)

lim lim lim 1 ufn @Toi)(T) = Co(R)U" (R; T) % (X)

, im lim —————

To! Pill @ on! (-bi To)(m+1) =2

in DAM ) where Co(R) > 0 doesnot degendon f . If P> (2) the limit (14) is zer.
Above, # is theZDirac delta-distribution on (M ;g) such that

H(X)AX)dV: = AR); A2 C3 (M):
M

Note that we can determine ¢(2) by Tnding suprenum of all those T for which
(14) is non-zerowith somef .

2.4. Acoustic wave equation. Beforeformulating the results on the inverseprob-
lems for the generalequation (4), (5), let us describe the procedure of "nding the
unknown wave speed, c(x) for the equation (1). The additional property used for

the point ® = ° . ('b) described in Corollary 1. Indeed, for any boundary sourcef ,
we have two important identities to be proven in section 3. To describe them, we
intro duce the functionals

‘ Z 2 L
1 f = (F (6t marf (x; t%9@x ) dSy(x)dtoUt®  (15)
0 0 @
Z »Z L
19:f = f (x; t) dSg(x) dt®Ut® (16)
0 0 @
where (x1;:::;x™) are the Euclidian coordinates of x 2 M. Then, de™ning * (x) =
c(x)% ", we have
z . z

X' (G T)dV: (x) = 1), F; uf (; T)dWi (x) = 12, F: (17)

M M

As the right-hand side of (15) is written in terms of the responseoperator @ 57, this
makesit possibleto immediately solve the inverseproblem for the acousticequation

():

Corollary 2. Let22 @ and0< P< T, 2= °,0(P). Also, letf 2 C} (@ £
R.:) and R, (®; To;j) be the functions obtained from the ITRC as in Corollary 1.
Assumethat the limit (14) is non-zer. Then

fim lim lim_ fim 2t (@ Toil)

' : R'2:P); 1=12:000m:
To! $j!l1 ® 0nl1 |2Tﬁn(®,T0,J)

where ®' (2, P) are The Euclidian coordinates of & = © g0 ).
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Moreover,

A I
c(R)” = @R'(2;9)js- b
I=1
We note that, for equation (17) to be valid, we need Au = 0 for u = x' and
u = 1. This is de nitely the casefor the acoustic operator, A = ¢(x)?¢ but not for
a general A of form (5).

2.5. General hyperbolic equation. It is well known, seee.g. [23, 24, 25, 28],
that the responsemap @ can not, in general, determine coetcients  and g'¥ of
operator A (see(5)) uniquely due to two transformations discussedbelow.

First, we can introduce a di®erertiable coordinate transformation F : M | M
such that the boundary value Fjgu is the identit y operator. Then the push forward
metric g = FsQ, that is,

e @
gk(y) = —— 0 (X); y=F(X);
p; =1 @ @
and the functions® =1 +Fil g@= q+Fi 1, and e = ~ determine the operator &
of form (5) suc that the responseoperators for A and & are the same.
Second,we can apply a gaugetransformation u(x;t) ! - (x)u(x;t), where - 2

C! (M) is a strictly positive function. The operator & is then transformed to the
operator &. ,

B w:=&-w)
and the boundary operator Bo { to Bo.p, with

b=~ i i 1@.:
Thus, the responseoperator €. of & coincideswith the responseoperator @ of A.
Note that, making a gaugetransformation with - = 11 1, we cometo the operator

& of form (5) with 1 (x) = 1.

Corollary 3. Assumethat * = 1 and we are given the boundary @/ and the
resmpnse operator ©. Then, using ITRC, we can nd, in a constructive way, the
manifold (M;g) up to an isometry and the operator A uniquely.

Moreover, if M %2 R™, m | 2, and A is of form (6), giventhe setM and the
respnse operator & we can determine c(x) and g(x) uniquely.

3. Pro of of the convergence of the iteration.

3.1. Controllabilit y results. Pro of of equation (17). The seminal result im-
plying cortrollabilit y is Tataru's unique cortinuation result, see[41, 43]:

Theorem 2 (Tataru). Let u be a solution of wave equation
Ug (X;1) + Au(x;t) = O
Assumethat
Uj; £0:26) = 0, @Ujig(0:25) = 0 (18)
where | 2@; i 6 ; isopen, and ¢ > 0. Then,
ux; ¢) = 0; @u(x;¢) =0 for x2 M(j;¢):
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This result yields the following Tataru's corntrollabilit y result, seee.qg. [24] and
referencestherein.

Theorem 3. Letj 2@ be openand ¢, > 0. Then the linear subsmce
fu'(¢)2L2M(i:¢) 1 f2Ch (i £[0:¢Dg
is densein L2(M (j ;¢)).

3.2. Inner pro ducts. Let us considerthe Blagovestchenskii identity, which goes
bad to [10]

Lemma 1. Letf;h2 L%(@ £ [0;2T]). Then
A

uf O THUM(x; T) dVs (x) = (19)
Z Z .

£ o
J(t;s) f(t)(marh)(s)i (marf)(t)h(s) dSy(x)dtds;
[0;2T]2 @M

where J(t; s) = FA_(s;t), see (12).

The proof in a slightlyzdi®erert cortext is given e.g.in [24].

Pro of. Let w(t;s) = ,, u' (t)u"(s)dV:: Integrating by parts, we seethat

(@i @)w(t; s) (20)
£ o}

i Au' (Hu"(s) i uf (HAU"(s) dVi (x)

M c o
i @u' (Hu"(s)i u' (H@U"(s) dSq
Z @

£ o]
(i @u () + U (O)U"(s) i U (t)(i @u"(s)+ "u"(s)) dSg

zo £
o]
= f(t)rarh(s)i marf(t)h(s) dS;:
e
Moreover, as
th:O = st:O = Oy @\thzo = @st:O = Oy
we can consider (20) as one dimensional wave equation with known right hand

side and vanishing initial and boundary data. Solving this initial boundary value
problem, we obtain (19). 2

The Schwartz kernel of @ ,1 is the Dirichlet boundary value of the Green's func-
tion G(x; x%t t9 satisfying

(@ + A)Gxero(X; 1) = Bo()H(t i t)  in M £ Ry; (21)
Gxotoji=o = 0; @Gxotoji=0 = 0; Bo; Gyorojauer, = 0;
where Gyoo(x; 1) = G(x; X%t t9. As
G x%ti t9 = G(x%x ti t9;
we seethat
851 = Rar®orRor

where Rt f (x;t) = f(x; 2T j t) is the time reversal map.
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Thus, Wezcan rewrite formula (19) in che form

uf (; THU" (x; T) dVi (x) = (K )(x; t) h(x; t) dSy(x)dt (22)
M @M £[0;2T]

whereK is de ned as
K = Kot = RarBarRordor | JorBor:! (23)

Analyzing (23), we seethat the inner product in the left-hand side of (22) can
be found by making two measuremets, one with the input f and the other with
the input Rt Jo7f; obtained from f by basic operations of the time reversal R,
and the time Ttering Jot.

Similar considerationsmake it possibleto prove equations (17) for the acoustic

coordinate functions and 7
Vi) = px)u’ (x;t) dVi (x):
M
Note that ¢ p(x) = O.ZIntegrating by parts, we seethat

@v; (t)

i (i A(x)¢ u' (x;1))p(x) dVi (x) = ¢ u' (x; t)p(x) dx
Z M M
(@u' (x; typ(x)u’ (x; t)n! ) dSe(x)
Z@\/l
o (FOGOPX) i (rarf)(X; )@p(Xx)) dSy(x):

Again, v; (0) = vJ-O(O) = 0 and we obtain formula (15) by integration. The formula
(17) follows analogouslyusing the constart function p(x) = 1.

3.3. Pro of of Theorem 1. Let us analyzethe minimization problem

: f . h 2
hszl?B)kU (Miwu (T)kLZ(M;dVJ) (24)

S
whereB = le(ij £[Ti T;;TD);ij; 2@ areopenand0- T, - T.
As the solution of this minimization problem doesnot always exist, we can reg-
ularize it and study

i F(h; ®); 2
h2L2((g1\/IIQ[O;2T]) (h:@); (25)

where® 2 (0;1) and
F(h,®) = H( (Ph | f), Ph | fiLz(@AE[O;ZT];ng) + ®(th2(@\/| E[O;ZT];ng):

We recall that P = Pg is multiplication with the characteristic function of B, that
is, (Pg h)(x; t) = Ag (x; ) ¢h(x; t):
By (22),

F(h;®) = ku' (T) | UPh(T)kEZ(M ave) T ®khk52(@v| £0:2T]) -
The minimization problem (25) is equivalent to (24) when ® = 0.

Lemma 2. For given® 2 (0;1) the problem (25) has a unique minimizer. More-
over, the minimizer is the unique solution of the equation

(PKP + ®h = PKf: (26)
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Pro of. The minimization problem is strictly corvex, and the map h 7! u"(T) is
continuousL?(@ £[0;2T]) ! HS (M), s; < 5=6 by [35], seealso[34]. Now if h; !
h weaklyin L?(@M £[0;2T]) asj ! 1 thenPh; ! Phweaklyin L?(@ £ [0; 2T]).
As the embedding HSt1(M) ! L2?(M) is compact, then uP" (T) ! uP"(T) in
L2(M). Therefore,

= im kuPM (T) i U (MK 2nav.y = KUP"(T) i U (TR 2wy

Let h; be a sequencesuch that limji;  F(hj;®) = infy F(h;®). As F(h;®) ,
®<th2; the sequence(h; ) is bounded. Thus by choosing a subsequenceof h;, we
can assumethat h; corvergeto h in the weak topology of L?(@ £ [0;2T]), Since
khk 2 - liminf;i1  khj kg2, this implies that F(h;®) - liminf F(h;;®). Thus, the
limit h is a global minimizer of F (¢; ®).

By computing the Fr@det derivative, Dy of the functional F (h; ®) in any direc-
tion B 2 L2(@ £ [0;2T]) at a minimizer h, we seethat

0= Dh(FKK(Phj f);Phj fi+ ®hk?,)f
= B;P°K(Phj f)i+ H;P’K*(Phj f)i + 2®#;hi
for all B. SinceK® = K and P® = P, this implies that h satis es equation (26).

As K is non-negative, PK P + ® , ®l sothat equation (26) hasa unique solution
providing the minimizer h = h(®). 2

Note that equation (26) also implies that

h(®) 2 Ran(P): 27)

Next we want to solve equation (26) using iteration. To this end,let! 2 R: be
a constart suc that

I > 2(1+ kPK PK):
Then equation (26) can be written as

1 + PKP
(I'i Sh= '—PKf; where S =1 j ®'7: (28)
SincePK P is non-negative and

|
® - ® +PKP. —I;

2
we seethat kSk - 1j ®=! < 1. Thus we can solve h using iterations: Let
1 1
F = ;PKf = =PQJ2razr i Rar2arRardor)f;

ho = 0, and considerthe iterations
hns1 = Shy+F;, n=0;1;::::

As h, = Ph, by (27), we canwrite theseiterations in the form (13), andlim,; h, =
h(®) in L?(@ £ [0; 2T]).

Applying this algorithm can nd the minimizers h = h(®) 2 Ran(P) of problem
(26). The corresponding waves corverge by the following lemma:;
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Lemma 3. We have
lim uM®(x: T) = Ay (x)u' (x; T)
.
in L2(M), with N = szl M (i j;T;) asin Theorem 1.
Pro of. As uP"(T) = AyuPh(T),
F(h;®) = Fo+ KAy (UP"(T) i u"(T))KZ 2w + @KNKZ2 @  fo;27y) ((29)
where
Fo= k(@i Au)u"(T)k?: ()
doesnot depend on h. By Theorem 3, for any 2 > 0 there is h. 2 L?(B) sud that

R 2
kuPM (T) i Avu'(T)kEz () < 5 (30)
Thus we have
2
F(h:;®) = Fo+ 5+ ®kh()kiz(qu e oom
This shaws that if ® < ®2), where

@) =

2

2Ah()KE 2 @u £ 0:27))

then
F(h:;®) - Fo+ 2
Thus the minimizer h(®) of F (h; ®) with ® < ®?2) satis es
F(h(®);®) - Fo+ 2
As by (27), h(®) = Ph(®), we get from (29) that, for ® < ®&(?),

KAy (UM@(T) i U (T K2y - 2=2 (31)
Using again that uM(®(T) = Ay u"(®(T), the claim follows. 2
Theorem 1 follows from Lemmata 2 and 3. 2

4. Pro ofs for the focusing of the waves. In this sectionwe prove Corollaries 1
and 2.

Pro of of Corollary 1. Let (z(x);s(x)) be the boundary normal coordinates of
X 2 M, that is, s(x) = d(x; @) and z(x) is the closestpoint of @1 to x when
such a point is unique. When a closestboundary point is not unique, the boundary
normal coordinates are not de ned.

We consider rst the claim of the corollary in the casewhen P < (2). Then
the boundary normal coordinates near R = ° .0 (‘b) are well de ned and the metric
tensor in these coordinates has the form

H 1

1 0 )

0 [go (z:9)gll
where [ge~(z;5)] 2 R(Mi DE(Mi 1) js a smooth positive de nite matrix-v alued func-
tion near (2;P) = (z(R); s(R)). Then thereisa Cy = C1(2;P) > 1 suc that

Cill - [go(z:9)] - Cul

g= (32)
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near (2; D). Using this we se_ethat there is a C, > 1 such that

N volglM (f2g;P) nM (@ ;To)¢
(P TPz Thmiv=

As the solution uf (x; t) is smooth for f 2 C} (@ £ R.),

Avi (12g:0) i (@n:To) | Av (@ o)
Tol P volg,l M (f2g; D) nM (@1 ; To)
in DYM), the claim follows in the caseP < o(2).

When P > ¢(z), the claim follows from the fact that, for sutciently small P j
To > 0, the setM (f2g; P) nM (@ ; To) is empty. 2

C

2.

uf(T) = u' (& T)%

Remark 1. The above proof shows that in Corollary 1

P T, )M+ =2
Co(R) = lim ; (Pi To) ¢:
To! b voly M (f2g; P) nM (@4 To)
Pro of of Corollary 2. The claim follows directly from Corollary 1 if we take into
accourt that the gealesicshave speed one with respect to the travel time metric

c(x)?jdxj? and that almost any point in M lies on a unique shortest normal geadesic
to @V . 2

(33)

5. Boundary distance functions and reconstruction of the metric. Here
we presert a method for "nding the boundary distance functions using ITR C.

Let zzy2 @M, 0 T1 - ¢(z) and T > dgu (Y;z) + T1. Denote x = °,.0(T1).
Next we give an algorithm that can be usedto determine d(x; y).

To this end, let j; 2@ and §; ¥2 @ be neighbourhoods of z and y, respec-

tively, such that j; ! fzgand§;! fygwhenj! 1.
Let2> 0,¢ 2 [0;T], and
N = M(j:T) Bl=ij £[Ti Ty;T]
N7 =M(§j;¢é) Bf=§ £[Ti &T]
N> = M(@1;T1j ?) Bi=@1 £[Ti (Tei 2);TI:

Lemma 4. The distance d(x;y) is the inmum of all ¢ 2 [0;T] that satisfy the
condition

the setl(j;2) = (N}\ N?) nN2 contains (34)
a non-empty open setfor all j 2 Z,; 2> O
SeeFigure 3 for a sketch of the casesof empty and non-empty | (j; 2).

Pro of. First consider what happens if d(x;y) < ¢. Since T - ¢(z), we see
that then B(x;r)\ (le nN2) cortains a non-empty open set for all r > 0, where
B(x;r) “2M is a ball of (M;g) with certer x and radiusr. Whenr < ¢ i d(x;y),
we seethat B(x;r) ¥2 sz. Thus | (j;2) contains an open set and (34) is satis ed.
On other hand, if d(x;y) > ¢, letr = d(X;y)i ¢. Whenj ! 1 and2! O,
we seeusing metric in the boundary normal coordinates (32) that le nN2! fxg
in the Hausdor® metric. Thus when j is large enough and 2 is small enough,
N!nN2 %B(x;r=2). Then B(x;r=2)\ N? = ;, and (34) is not satis ed.
Summarizing, condition (34) is satis ed if d(x; y) < ¢ and not satis ed if d(x; y) >
¢ As d(x;y) < T, this yields the claim. 2
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Y §; Y §;
\ N 3
X X
/ T, \Tli2 / T, \Tli2
Z i Z jj

Figure 3. Sketch of the situation in Lemma 4 when I (j;2) is
empty (left) and non-empty (right).

Next we shaw that by using ITR C we can test if condition (34) is valid. To this
end, denote

:(j;2) = N[ N2 B1(j;2) = B[ B?
®2(j;2) = N[ N2 B,(j;?) = B[ BS
Ms(j;2) = le[ sz[ N2 B3(j:2) = le[ sz[ B?
a(j;2) = N2 B4(j:2) = BS:

Let f 2 C} (@ £ R:). Using ITRC on time interval [0;2T] with projectors
Pg corresponding to B = By (j;2), k = 1;2;3;4 and starting point f, we obtain
functions h, (®;2;j;k) 2 L2(@ £ [0;2T]): Using them, de ne

(35)
Pn(®;);2) = hn(®2 ;1) + hn(®2%];2) i ha(®2%];3)i ha(®2];4):
Lemma 5. The condition (34) is satis'ed if and only if there exists an f 2

Cd (@ £ R.) suchthat for any j 2 Z, and 2 > 0 the functions p, (®;j;2) de ned
in formula (35) satisfy

lim lim MK o1 pn (®;);2); pn (®;);2)i 6 O (36)
® 0nl1
Pro of. The functions h,(®;2;j;k) de ned by ITR C satisfy
~ f o . hn ®;2j k . — s -1, I
Ag, ayu' (T) = lim lim u ®=5(T); k= 1,234
A simple computation givesus
A () = Ay 00+ A, ) () T Ay () i Ag, (%) B7)
for all x 2 M. Therefore, using (35) we seethat in L2(M)
A ouf = i i pn (®} %) -
Aayu (T) = GID|!mOnI!|{n u (T):
By Theorem 3 we seethat the functions u’ (T) with f 2 C} (@M £ R, ) are smooth

and form a densesetin L?(M (@ ;T)). Thus condition (34) is satis ed if and only
if there existsanf 2 C} (@ £ R, ) sudh that forany j 2 Z, and2> 0

A j2yu" (T);u" (T)iLzm)
= lim lim MK o7 pa (®:2); pn (@3 2)iL2(@u £ oi2T)) € O
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This provesthe claim. 2

Lemmata 4 and 5 give an algorithm for the determination of d(x;y) from x =
°20(T1) 2 M toy 2 @ by using ITRC. Indeed,

d(x;y) = inff¢ 2 [0;T]: thereisanf 2 C} (@M £ R:) (38)
such that (36) holds for all j 2 Z, and 2 > 0g:

Summarizing, we have proven:

Prop osition 1. Assumewe are given @/ and the respnseoperator . Let z;y 2
@, Ty - ¢(2). Then using the algorithm (38) we can compute d(x; y) for x =
°z;° (Tl)-

Let us consider consequencesf the result above. To this end, we de ne the set
of the boundary distance functions. For eath x 2 M, the corresponding boundary
distance function, ry 2 C(@\) is given by

ry i@ ! Ry; re(2)=d(x;2); z2 @M:

In fact, ry 2 Lip (@) with the Lipschitz constart equal to one. The boundary
distance functions de ne the boundary distance mapR : M ! C(@), R(x) = ry,
which is cortinuous and injectiv e (see[24]). Denote by

RM)=fry2C(@):x2Mg;

the image of R. It is known (see[24, 25, 29]) that, giventhe setR(M) %2 C(@V)
we can endaow it, in a constructive way, with a di®ereniable structure and a metric
tensor g, sothat (R(M); g) becomesa manifold that is isometric to (M g),

(R(M);g) = (M;9):
A stable procedureof construction of (M ; g) asa metric spacefrom the setR(M); g)
and the corresponding Hélder type stability estimatesare given in [22].

Example By the triangle inequality,
kry i ryks - d(x;y): (39)

We considerin this examplethe casewhen (M ; g) is a compact manifold suc that
all points x; y 2 M canbejoined with a unique shortest geadesic. This implies that,
for any x;y 2 M, the shortest geadesic® ([0; s]) from x to y, parameterized by the
arclength, can be continued to a maximal geadesic® ([0;L]) that hits the boundary
at apoint z= °(L) 2 @1. Then

i@ i ry(2)j = d(x;y)
implying equality in (39). Thus in the casewhen all geadesicsbetween arbitrary
points x; y 2 M are unique, the manifold (M ; g) is isometric to the manifold R(M)
with the distance function inherited from C(@\ ). In the generalcasethe construc-
tion of the metric is more elaborate.

By Theorem 1 we can compute for all x = °,. (T) with T - ¢(z) the corre-
sponding boundary distance function r,. Sinceall points x 2 M can be represertied
in this form (seee.g.[13]) we can nd the set R(M) that can be endaved with a
manifold structure isometric to the original manifold (M ;g). We have thus proven
the following result:

Corollary 4. Assumewe are given @1 and the respnse operator @. Then using
the ITR C we can nd the manifold (M ;g) up to an isometry.
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Corollary 4 can also be formulated by saying that we can nd the metric tensor
g in local coordinates. For example, for any point xo 2 M there are z; 2 @,

local coordinates near X. In these coordinates the distance functions x 7! d(x; z),
z 2 @ determine the metric tensor. For details of this construction, see[24].
Next we prove Corollary 3.

Pro of of Corollary 3. As the boundary data @1 and & determine (M;g) up
to an isometry, we can apply formula (33) to 'nd the function Cy(x), x 2 M in
Corollary 1. Thus in local coordinates we can nd the values of wavesu’ (x; t) for
all x 2 M, t > 0. By Tataru's cortrollabilit y theorem, the waves uf (x; T) with
xed f 2 C} (@ £ (0;T)) form a densesetin L2(M (@;T)). In this denseset
we can nd the functions

Auf(x;t) = j @u(x;t) =i u' (x;1);

implying that we can nd the values Aw for all w 2 L2(M(@;T)). As T is
arbitrary,, we 'nd Aw for all w2 L?(M).

Having at hand the values of Aw for all w 2 L?(M), and using (5), we can
identify, for * = 1 and already known in local coordinates g; (x), the potential
q(x).

When M %2 R™ and A is of the form (6), our further constructions are basedon
the uniqueness,if any, of the isometric embedding of a Riemannian manifold into
R™ of the samedimensionsuch that the metric becomedsotropic and the boundary
@\ is kept xed. As we know a priori that such embedding exists, we usethis to
nd ¢(x) in the Euclidian coordinates in M (for the details of this and following
constructions, see[24, section 4.5], or [28]). We then 'nd the unique - sothat the
gaugetransformed operator A. takesthe form (5) with * = 1. As the potential g
for A. is already found, by applying - ' 1 we recover q. 2

6. Iteration when measuremen ts have errors. Let (- ;§;P) be a complete
probability space.

Assumethe measuremets have a random noise, that is, the measuremets give
us, for aninput f, the output @, f + 2, where? is random Gaussiannoisethat has
valuesin L2(@M £ (0;2T)). Assumethat E2 = 0 and denotethe covariance operator
of 2 by C.. Note that C: is a compact operator on L?(@ £ (0; 2T)), e.g.[11], and
thus the standard white noiseon @ £ (0; 2T) doesnot satisfy our assumptions.

Assumethat the noiseis independert of previous measuremets ead time when
we do a new measuremeh When the noiseis addedto the ITR C, we cometo the
iteration of the form

ﬁn+1 = Sﬁn + p+ Np;

where N, = PJ2l | PR22 with the random variables 2} and 22 having the same
distribution as2. ThusN, areindependert identically distributed Gaussianrandom
variables satisfying EN, = 0 and having covariance operator Cy = PJC:J°P" +
PRC:R"P". Let us considerthe averagedresults of iterations

1 X

ﬁave —
K K

Bn: (40)

n=1
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Then
X S XX
1 ﬁn:i h|ﬂ+i (ni m+ 1)S" MN,
K K K
n=1 ~ n=1 n<l m=1
A A !
1 X 1 X .
= o+ = () Ny,
A n=1 n=1 |
b 0SS (0 21§ ) SN,

n=1
- 1 2 3.
= Hg + Hg + Hy

where h, are the results of the ITR C without noise.

Above, the deterministic term H,{ corvergesto lim,; B, = h(®); that is, to
the samelimit asthe ITR C without noise. Now considerHZ and H3 asrandom
variablesin L2(@ £ (0;T)). They can also be viewed as random “elds on @/ £
(0; T), see[39]. By the law of large numbersin in nite dimensional spaceg[18], we
seethat

Jm KHZ k2gue @iy = O (41)

As kSk (L2(au) - 3. thelastterm H? alsosatis es an estimate analogousto (41).
Thus the averagedITR C with noise corvergesto the samelimit asITR C without
noise, that is,

Jim A2 = h(®) inL(-; L?(@ £ (0;T))):
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