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Abstract

Numerical implementation of the reconstruction formulae of Naka-
mura and Tanuma [Recent Development in Theories & Numerics, In-
ternational Conference on Inverse Problems 2003] is presented. With
the formulae, the conductivity and its normal derivative can be recov-
ered on the boundary of a planar domain from the localized Dirichlet
to Neumann map. Such reconstruction method is needed as a prelim-
inary step before full reconstruction of conductivity inside the domain
from boundary measurements, as done in electrical impedance tomog-
raphy. Properties of the method are illustrated with reconstructions
from simulated data.
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1 Introduction

Electrical impedance tomography (EIT) is an emerging medical imaging
method, where the conductivity distribution inside the body is reconstructed
from electrical measurements on the skin. Possible applications include
monitoring heart and lung function of unconscious patients, diagnosis of
pulmonary edema, and detection of breast cancer. For overview of EIT see
[8, 2, 3] and for a discussion of medical applications see [4]. In this paper
we present a new numerical method for determining the conductivity and
its normal derivative at the boundary of the body from local measurements.
This is a preliminary step before full reconstruction.

The mathematical formulation of EIT is the inverse conductivity problem
first posed by Calderén [7]. Let Q C R? with d = 2 or d = 3 be a bounded set
with Lipschitz boundary. Given a strictly positive, real-valued conductivity



v € L*(Q), we apply a voltage potential f on the boundary and solve the
Dirichlet problem

V- AyVu=0 1in Q, u=f on 0f, (1.1)

where u(z) is electric voltage potential. The resulting current density dis-
tribution is

ou
Ay f :ngg- (1.2)

The physical interpretation of the Dirichlet-to-Neumann (DN) map A, is
knowledge of the resulting current distributions on the boundary of {2 cor-
responding to all possible voltage distributions on the boundary. (We note
that often in practice currents are applied and voltages measured.) Thus,
the problem we are concerned with is to determine v from A,.

A Drief review of some of the previous works are as follows. When
v and 02 are C°, using the fact that A, is a pseudo-differential operator,
Sylvester and Uhlmann [24] showed how to recover y and all of its derivatives
on 0F2 from the symbol of A,. When 0} is Lipschitz continuous, from A,
Nachman [17] recovered v on 9Q if v € WHP(Q) with p > d and recovered
the first normal derivative of v on 9Q if v € W2P(Q) with p > d/2. Then a
procedure to reconstruct « in {2 was also given. Quite recently, in the case
where 1 C R?, Astala and Piivirinta [1] reconstructed v in € only under
the assumption that v € L>(Q).

We are interested in reconstructing v and its normal derivative at the
boundary 0f2 from the localized A,. More precisely: for zg € 9€1, assum-
ing certain regularity conditions on « and on 92 locally around z(, one
inputs Dirichlet data f which are compactly supported in a neighborhood
of xyp on 02, measures corresponding Neumann data A,f in that neigh-
borhood, and then reconstructs v(zp) and 0v/0v(zg). Earlier works on
reconstruction from the localized A, include [5, 12, 17, 18, 19, 20, 21]. Each
reconstruction formula obtained there has its own advantage. For exam-
ple, a weaker assumption on the regularity of v in [5], reconstruction of
higher-order derivatives of 7 in [12, 18], and simultaneous reconstruction of
« and its normal derivative in [19]. However, to our knowledge, there are no
previous numerical implementations of theoretical boundary determination
formulae.

The main application of numerical boundary reconstruction is to provide
a missing part for EIT algorithms of the following types: (a) methods for
the linearized problem, (b) iterative cost-function minimization methods,
and (c) 0 methods. (See [2, 3] for a detailed review of EIT algorithms.)
We briefly describe the benefits of our results for each type of methods.
Algorithms of type (a) are designed for conductivities that are small pertur-
bations of a known background. In practice, the background is not known
but needs to be estimated, and knowledge of y|sq and 9v/0v|sq is helpful.



Methods of type (b) aim to minimize a nonlinear and non-convex functional,
so a good initial guess for v in €, in particular on 952, is needed to avoid
local minima. Methods of type (c) are regularized implementations of the
uniqueness proofs of Nachman [17] or Brown and Uhlmann [6], both of which
are based on the 0 method of inverse scattering. Such implementations are
described in [22, 16, 11, 13, 15, 14]. However, in the numerical works it was
assumed that v is constant near the boundary. This assumption is rather
unnatural, and in fact the general situation is reduced in [17, 6] to that case
as follows. First, recover 7v|pq and 0v/0v|sq (in the approach of Brown
and Uhlmann, the derivative is not needed); second, continue v artificially
outside  to a larger bounded set €' satisfying Q C €’ so that 4/ is in an
appropriate Sobolev space and 7' = 1 near 9€Y; third, recover A/ from the
knowledge of A,.

In this paper we present numerical implementations for the reconstruc-
tion formulae of Nakamura and Tanuma [20]. For simplicity we take Q C
R? to be the unit disc, although the presented methods cover the three-
dimensional case and more general domains. According to [20, 21|, we can
recover the trace v|sq and normal derivative 9v/dv|gq of a C! conductivity
~ in weak form with the formulae

/ yn?doc = lim Nl/ OnAdN do (1.3)
oQ N—oo o0

N 9, —— —
[ gyde = Jm | (4¢NA7¢N — 2¢NA7¢>N) do, (1.4)

where do is the surface measure on the boundary, n € C}(99) is a smooth,
compactly supported function satisfying |, 50 n%(0)df = 1, and the functions
¢n and ¥ are given by

on(0) = e Nn(0), v (0) = e E (o),
where ¢ = /—1 and we parametrize the unit circle as
0 = {(cosf,sinf) € R*| — 7 <0 < 7}.

Our reconstruction algorithm consists essentially of evaluating the right
hand sides of (1.3) and (1.4) with a finite N.

In practical EIT, voltages are applied on (or currents injected to) the
body using a finite number of electrodes. We take electrode measurements
into account in a rather simple way: we apply continuous voltage potentials
¢n and ¥ at the boundary, but keep N small enough for the spatial oscil-
lations of ¢ and N roughly realizable by a practically feasible number of
electrodes. More involved electrode models are discussed in [9, 23].

A shortcoming of our approach is that we can only recover blurred ver-
sions of the functions v|go and 9v/0v|sq. Our method could be comple-
mented with a deblurring method, such as Tikhonov or Total Variation



regularization, see [25]. However, we view deblurring as an independent
postprocessing step and do not discuss it in this paper.

This paper is organized as follows. In section 2 we write the results in [20]
in a form suitable for €2 being the unit disc. In section 3 we discuss numerical
techniques for the implementation of the reconstruction formulae and the
simulation of noisy data. In section 4 we present numerical examples. We
discuss our results in section 5.

2 Reconstruction formulae

Formulas (1.3) and (1.4) are obtained from the method of coordinate trans-
formation in [18] and Theorem 4 in [20]. We note that formula (1.4) does
not involve the trace of v. Hence we dont need any information about the
values of = in the support of 7 when reconstructing (a weak form of) the
normal derivative of v there. This gives an efficient method for numerical
realization. Now we will give a brief sketch of a derivation of formulas (1.3)
and (1.4).
Let (z1,22) be a Cartesian coordinate system so that

Q:{(xl,(lig) ‘ x%—l—x%gl}, 892{(3:1,:1:2) ’ a:%#—:c%:l}.
We introduce a new coordinate system (0, 7) by
x1 = (1—r)cosé, x9 = (1 —r)siné. (2.1)

Then © and 9 are given by 0 < 7 < 1 and r = 0 respectively (—7 < 6 < 7).
Transformation (2.1) induces a C! diffeomorphism F : (x1,72) — (6,7)
on Q\ {0}, whose gradient VF and Jacobian J = det VF are given by

vF_(—sin@/(l—r) cos@/(l—r))7 J = 1 ) (2.2)

—cosf —sind 1—7r

Put A
by = ezNGn(e) e—Nr.

Then @ (F(x)) is an H'(Q)-extension of the function ¢x (F(x)) € H(99).
Now from Green’s function and the change of the coordinate system it follows
that

| tomands = [ 5 Tuy VEF@) ds
o0 Q
T 1
= / /0 (&/ VQ,T’U,N) . VQ’T¢N dT’dQ, (23)

where uy € H'(Q) is the solution to

V"VVUNIO in Q, ’LLN|3Q:¢N(F(I‘)) (2.4)



and 7 =7(0,7) is a 2 x 2 matrix defined by
3(0,7) = JIVF (VF)T 4. (2.5)
Noting that (2.4) is equivalent to
Vor -7Voruy =0 in [—m, 7| x [0,1], uN|r=0 = N, (2.6)

we observe that @ (F(x)) is the first term of an asymptotic solution to (2.4)
for large N. In fact, from

) . / .
Vé,rq)N — N( _Zl )ezNGn(H) e—Nr + ( 77(()0) )ezNO e—Nr (2.7)

and ( _Zl . _Zl ) = 0 we see that ®y satisfies (2.6) in the order N2.

Hence it can be proved ([21]) that the leading term of (2.3) in N for large
N is obtained by replacing uy with ®5. That is, we have

™ 1
/ (Ayon) dn do ~ / / (YVo, ®n) - Vo, Py drdb.
o0 —mJ0O
Here and hereafter we use the notation ~ to indicate that we are retaining

the leading term in N for large N and are neglecting the higher-order terms.
Thus, from (2.7) we get

Nt /m (A7¢N)¢_NdUNN/_7; /015(9,7“)< _il >< :i ) e 2N (0)2 drds,

and after the scaling transformation

R=Nr (2.8)

- /_7; /jw,%( B ) . < N ) ¢~2R(0)2 dRd9.

By Lebesgue’s dominated convergence theorem, this tends to

o %) () wors

as N goes to infinity. Since (2.2) and (2.5) imply that

.= (000 ) (2.9

we immediately obtain (1.3).

we get,



Let Uy be an H!(Q)-extension of the function ¥y of the form

Uy = 61%977(9) e

N
27,

Then in the same way as (2.3), it follows that
/ag 4(AYn) YN = 2(Ayon) dn do
- /Q 7 (4V0x - VENF@) - 2Vuy - Vox (F(2) ) da
= /Tr /01 4(YVo,vn) Vo, Uy —2(FVg,on) - Vo, Py drdd,

where vy € H(Q) is the solution to
V")/V’UN =0 in Q, Q}N’ag :wN(F(iL')), (2.10)

and uy and ® are the same as in before. From

) . / .
Vo,rUn ~ g < _21 > elggn(ﬁ) e 2 4 ( g é@) ) e2le % (2.11)

we also observe that Wy (F(z)) is the first term of an asymptotic solution
to (2.10) for large N. Therefore, we obtain

[ ATy 2 (06w B dor
o0
T 1
~ / / 4 (F’? VQ,T\I/N) . VQW\I/—N -2 (5 ngr(I)N) . Vg,rﬁ drd8,
—7m JO
and from (2.7) and (2.11) we get

~ N? / 7; /0 S < B > . ( o > (N7 — 2¢72N7) 1(0)? drdo.

Then integration by parts in 7 and the scaling transformation (2.8) lead to

/8 L(A0n) TN — 2 (Ayé) B do

QN N /_ 7; /0 1 %N(@,ﬂ( B ) . < » ) (™7 — e2N7) (0)? drdo
_ /_7; ON g(e, %) ( _i1 ) . ( j > (e™R — =2 (8)? dRdo.

By Lebesgue’s bounded convergence theorem, the last integral tends to

L[ Gon() (e e



as N goes to infinity. Also, from (2.9) it follows that

5. (1 0 10\ 9y
5(9’0)_<0 —1>7|89+<0 1)539'

Therefore, noting that

(5 S () ()=oma (5 9)(5) ()2

we obtain (1.4) from (2.12).

3 Numerical methods

Let n be a smooth cutoff function supported in a neighborhood of the point
xg € 0N corresponding to # = 0. Given a positive integer N and a point
x = (6,0) € 0Q with —7 < 8 < 7, we perform the following three steps to
recover a blurred version of v|gq from the localized DN map.

First, we define

on5(0) = (0 — B) (3.1)
and solve the boundary value problem

V-(yVui1)=0 inQ,
Ul = PN g on 0,

with the finite element method (FEM). We use the “adaptmesh” solution
routine of the FreeFEM++ software (version 1.32), see [10]. That routine
constructs a mesh adapted to the second differentiated field of the prescribed
function.

Second, we use finite differences to evaluate the expression

Third, we compute

gN(ﬂ) = N1 /aQ (ﬁT’@Afyqu”ng' (32)

with numerical integration. Further, we add simulated noise to our mea-
surements by

an(B) == Nl/ ong(EN + Adn g)do, (3.3)
o0
where
N
En(9) = Z ageiw, (3.4)
f=—N+1

7



and ay are independent normally distributed random variables with mean
zero and standard deviation o = 0.0001 - (2N)~"/2 maxy | (A ¢n 5)(0)|. This
models a noisy measurement with 2N electrodes and relative noise level
0.01%.

We consider gy (/) and gy () as approximations to the convolution

B+m
(oo =) = [ Aty 6 — .
We turn to the reconstruction of the normal derivative. First, we define
i
Ynp(0) =e"2n(0 — B) (3.5)

and use FEM to solve the boundary value problem

V- (’)/VUQ) =0 in Q,
uz = YNg on 0f).

Second, we use finite differences to evaluate the expression

Third, we use numerical integration to compute

hn(B) = /a . <4¢TﬁAv¢N,ﬁ - 2¢T,,6Aw¢1v,ﬁ) do. (3.6)

Again, we add noise by defining

hn(B) = /a ) (4PN 5(EN + Myt s) = 20ma(En + Aybng))do.  (3.7)

We consider hy(3) and h ~(0) as approximations to the convolution

9 At H
Grlen =) = [ Fllan(@) 120 - 5)ao
4 Results

We discuss three numerical examples. In section 4.1 we consider a simulated
cross-section of the human chest and use simulated measurements to exam-
ine whether our approach can be used as the missing step in 0 reconstruction
algorithms for EIT. In section 4.2 we define a rapidly changing smooth con-
ductivity and recover its trace and normal derivative. This way we examine
the effect of the point spread function n? in the weak-form reconstruction.
In section 4.3 we make a numerical experiment with a conductivity having
discontinuities. The reconstruction formulae (1.3) and (1.4) are not proven



Figure 1: Three example conductivities. Left: the conductivity -y is a rough
model of a cross-section of the human chest. Middle: smooth conductivity
~" with relatively rapid changes at the boundary. Right: a discontinuous
conductivity distribution 4”. Axis limits are the same in all the plots.
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Figure 2: Left: a configuration of 64 electrodes on the unit circle. Right:
plot of the point spread function 7%(6). The location of n? corresponds to
reconstruction at # = 0. Note that in this case of 64 electrodes the support
of n covers theoretically 8 but effectively 5 electrodes.

to hold near the points of discontinuity, but we expect to gain intuition by
observing numerical results. See Figure 1 for plots of the example conduc-
tivities.

The domain €2 is the unit disc in all the examples. We think of electrode
configurations with 32,64 and 96 electrodes leading to the choices N =
16, 32, 48, respectively, since N is the maximum frequency of Dirichlet data
we can express in (3.1) and (3.5) with 2N electrodes. For instance, the
ACTS3 EIT machine at Rensselaer Polytechnic Institute has 32 electrodes.

We use the following point spread function:

0) = c(e — 5)%(ef + 5)% cos(ef) for — I <6 < -,
=0 otherwise,

where € = 4 and o = 4. The constant ¢ is chosen so that [y, n*(0)df = 1.
See Figure 2 for a plot of 7.
In all finite element computations, we use the “adaptmesh” command of



Freefem++ with initial error level 0.001, and in ealch loop we set the new
error level to be the previous one multiplied by 0.120.

4.1 Simulated human chest phantom

We construct a conductivity distribution inside the unit disc that roughly
models a cross-section of the human chest. Let the background conductivity
be 3/2 and introduce three circular inclusions. One inclusion models the
heart and has conductivity 3. Two other inclusions model the lungs and have
conductivity 1/2. Further, to make the conductivity nonconstant near the
boundary, we add the function 2x5/10. So our chest phantom conductivity
takes the form

3 2 3
7(x17 x2) 10$2 + XD1 XDy — XDs3s
where D; C ) are the follovvlng non-overlapping discs:
1 1.1 6 1 1 1 1 3
Di=B((—-——,——), - Dy =B((——,—), — D3 =B((=, —), —).
1=Bl-15 1907 P2=B1p)n) Ps=B(5 )0

See the left plot of Figure 1. The trace and normal derivative of v change
so slowly that there is no big difference between the actual functions and
convolved ones. Indeed, the relative L?(9€) and L (9f) errors between
them are very small, as seen by numerical computation:

w2 dy/0r — (9v/dr) x 1

Iy = Plzom) o0, 190/07— (09/00) ¥llixeey o os
H’)/HLQ(QQ) ||8’Y/8THL2(8Q)

maxon [y =5 g ggge, 2800 100/07 —(D9/00) % g
maxgg || maxgq [0/0r|

We reconstruct (v]gq * n?)(0) = 1.5 and (9v/0r|sq * n%)(0) = 0 in weak
form from the localized DN map by computing g (0) and hx(0) for various
N. The speed of convergence can be seen in Figure 3.

We turn to weak-form reconstructions of v|gq and 0v/0r|sq as functions.
Thinking about the case of 2N electrodes, we reconstruct at 2N points of
the circle boundary:

l
=— —2 =0,1,2,...,2N — 1. 4.1
ﬁf 7T+2N T, e 07 ) 4y ( )

We introduce noisy data as explained in Section 3. We choose the relative
noise level of 0.01% and compute the functions gy and hy with formulae
(3.3) and (3.7), respectively. See the plots of these functions in Figures 4
and 5.

For quantitative assessment of the reconstruction error, we define

lgn — v * 772HL2(BQ)

maxpq [gn — 7 * 77|
”’YHL2(aQ)

maxyq ||

EX(N) = ,  EX(N)= (4.2)
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1.52

15

0 16 32 48 64

Figure 3: Top: Comparison of gn(0) as function of N (solid line) to the true
value (v|aq*n?)(0) (dotted line). Bottom: Comparison of hy(0) as function
of N (solid line) to the true value (9v/0r|sq * n?)(0) (dotted line).

N EX(N) EF(N) EY(N) EP(N)
16 0.003 0.005 22.51 19.41
32 0.001 0.002 0.95 2.10
48 0.001 0.001 0.14 0.29

Table 1: Left: Relative errors for the reconstruction of v|go from noisy data
for N = 16, 32, 48 corresponding to electrode configurations with 32,64 and
96 electrodes, respectively. For definitions of Eg(N ) and E°(N) see (4.2).
Right: similar errors for the reconstruction of 9v/9€|5q from noisy data.

Further, we define errors EZ(N) and E;°(N) by replacing § with h and ~
with 9v/0r in (4.2). See Table 1 for reconstruction errors.

4.2 Smooth conductivity with rapid changes
We define a smooth conductivity 4" on the unit disc by the following formula:

10

2

v (21, 22) =2+ 0 Z(—l)eRe(Z%)a
(=1

where z = x1 + ixs. See the middle plot of Figure 1. The trace and normal

derivative of 7/ oscillate so rapidly that there is a significant difference be-

tween the actual functions and convolved ones. Quantitatively, the relative

11



N E3(N) EF(N) B (N)_Bp(N)

16 0.04 0.09 0.85 0.56
32 0.02 0.04 0.06 0.05
48 0.01 0.03 0.08 0.07

Table 2: Left: Relative errors for the reconstruction of +|spq for N =
16, 32, 48 corresponding to electrode configurations with 32,64 and 96 elec-
trodes, respectively. For definitions of E;, (N) and EZ7(N), see formula (4.3).
Right: errors for the reconstruction of 9v'/9€sq.

L?(09Q) and L>®(99) errors between them are the following:
107 /0r — (07 /9r) * 12| 200
107" /0r 1250

maxgq |07y /Or — (0 /0r) * n?|
maxpq |07 /0r|

1 =% 72l 200
1712 00)

~ 0.09,

~ 0.17,

maxoq [y — 7" * 1’|
maxaq ||
We compute gj, with formula (3.2) and by, with formula (3.6) for N =
16,32, 48. See Figures 6 and 7 for the results.
Similarly to (4.2) we define

~ 0.48.

~ 0.58,

maxpg [gy — 7 * 7’|
maxyg ||

E2(N) = gy — v * 7?2 (00
V] 22 (a02)

. EF(N)= (4.3)

g

See Table 2 for reconstruction errors.

4.3 Discontinuous conductivity

We define a discontinuous conductivity " on the unit disc:

1 x
v'(x1,22) =2+ —y/2? + 22 arctan —
2 X

See the right plot of Figure 1. The two points of discontinuity yield a sig-
nificant difference between the actual functions and convolved ones. Quan-
titatively, the relative L?(09) and L>(9Q) errors between them are the
following;:

I =" 120 07" /91 = (@' /0r) <Pl 20m)

= 0.06, =~ .26,
”’Y"”L?(@Q) Ha’Y"/a?“Hm(aQ)
"o AN 2 6”8*8//6 2
maxn |y — 9| o oo maxin|0'/0r = (07 /0r) <P
maxgo |7 maxpgq [0y /0r|

We compute g7, with formula (3.2) and A%, with formula (3.6) for N =
16, 32,48. See Figures 8 and 9 for the results. See Table 3 for reconstruction
€ITors.

12



N E2,(N) EX(N) E2,(N) E(N)

16 0.02 0.05 10.1 7.8
32 0.01 0.03 1.6 4.0
48 0.01 0.03 1.3 3.5

Table 3: Left: Relative errors for the reconstruction of 7”|gq for N =
16, 32, 48 corresponding to electrode configurations with 32,64 and 96 elec-
trodes, respectively. The errors ES/,(N ) and EZ5(N) are defined by an obvi-
ous modification of (4.3). Right: errors for the reconstruction of 97" /9| sq.

5 Discussion

We presented a numerical implementation of the weak-form reconstruction of
the trace and normal derivative of a smooth conductivity from the localized
DN map. We demonstrated the algorithm with three example conductivi-
ties.

The first example was a simulated cross-section of the human chest.
The conductivity was reconstructed with reasonable accuracy from simu-
lated noisy EIT measurements with 32 or more electrodes and noise level
0.01%. Normal derivative could not be recovered using 32 or 64 electrodes
with acceptable accuracy, but reconstruction from 96-electrode measure-
ments had 14% relative L? error. Reconstruction of normal derivative is
especially difficult near parameter values 8 = 0 and 6 = 7. This may due to
a discontinuity (boundary of lung) being close to the surface at those points;
analysis of this phenomenon requires further study.

The second example was a simulated smooth conductivity with rapidly
changing features at the boundary. The weak-form reconstruction leads
to expected error of relative L? magnitude 9% in the reconstruction due
to the convolution with a point spread function. The blurred trace can
be reconstructed from non-noisy data with 4% relative L? errors using 32
electrodes and with 2% error with 64 or more electrodes. For successful
recovery of the blurred normal derivative from non-noisy data, 32 electrodes
is not enough but 64 seems to suffice.

The third example was chosen to be piecewise smooth and to have discon-
tinuities both in trace and normal derivative. We found that the presented
approach works well away from the points of discontinuity (as predicted by
the theory) and recovers an approximation of the trace near the discon-
tinuities. For the trace, the relative L? error in the reconstruction from
non-noisy data was at most 2%, suggesting that the reconstruction formula
may be proven to cover the discontinuous case. However, the reconstruction
formula for the normal derivative fails near points of discontinuity.

In conclusion, the results suggest that formulae (1.3) and (1.4) can

13



be used for approximately recovering the trace and normal derivative of
a smooth conductivity from local EIT measurements with at least 32 and 96
electrodes, respectively. However, the practical value of our results needs to
be verified with a future study using measured data and adequate modelling
for electrodes.
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Figure 4: Results for the simulated human chest phantom. Top plot: The
trace |sq as function of # (thick line) and the convolution (y|gq*n?)(#) (thin
line). The graphs are so close together that they cannot be distinguished.
Other plots: the function gy (f) (dots) computed from data with 0.01%
noise, and (7y]gq * 7%)(#). In all plots, the axis limits are the same.
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Figure 5: Results for the simulated human chest phantom. Top plot: The
normal derivative 9v/0r|sq as function of 6 (thick line) and the convolution
(0v/0r|sa * n*)(0) (thin line). The graphs are so close together that they
cannot be distinguished. Other plots: The function hy () (dots) computed
from data with 0.01% noise, and (9v/9r|sq * n?)(#). In all plots, the axis
limits are the same.
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Figure 6: Results for the smooth conductivity with rapid changes. Top plot:
The trace 7'|9q as function of @ (thick line) and the convolution (7/|9a*n?)(6)
(thin line). Other plots: the function g/ (6) (dots) computed from non-noisy
data and (7/|sq * 7%)(6). In all plots, the axis limits are the same.
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Figure 7: Results for the smooth conductivity with rapid changes. Top
plot: The normal derivative 9v'/0r|sq as function of 6 (thick line) and
the convolution (9y'/9r|aq * n?)(#) (thin line). Other plots: h'y(#) (dots)
computed from non-noisy data and (9y//9r|aq *n?)(0). In all plots, the axis
limits are the same.
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Figure 8: Results for the discontinuous conductivity. Top plot: The trace
7|50 as function of # (thick line) and the convolution (v”|sq * ?)(#) (thin
line). Other plots: the function g%, () (dots) computed from non-noisy data
and (Y"'|sq *n?)(#). In all plots, the axis limits are the same.
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Figure 9: Results for the discontinuous conductivity. Top plot: The nor-
mal derivative 97" /0r|sq as function of § (thick line) and the convolution
(0" /01| 9 *n?)() (thin line). Other plots: the function h%;(6) (dots) com-
puted from non-noisy data and (97" /9r|sq * n*)(6) (thin line). In all plots,
the axis limits are the same.
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