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ABSTRACT. This work deals with an inverse boundary value problem arising
from the equation of heat conduction. Mathematical theory and algorithm is
described in dimensions 1-3 for probing the discontinuous part of the conduc-
tivity from local temperature and heat flow measurements at the boundary.
The approach is based on the use of complex spherical waves, and no knowl-
edge is needed about the initial temperature distribution. In dimension two we
show how conformal transformations can be used for probing deeper than is
possible with discs. Results from numerical experiments in the one-dimensional
case are reported, suggesting that the method is capable of recovering locations
of discontinuities approximately from noisy data.

1. Introduction.

1.1. Inverse heat conductivity problem. Let Q be a bounded open set in R?
with Lipschitz boundary 02, and consider the following boundary value problem

v —V-(y(x)Vv) = 0 in (0,T)x€Q,
v = f on (0,T)x 09, (1)
U’t:o = 19 in Q

where y(z) € L>(Q) such that y(x) > ¢ for a constant ¢ > 0. Let v/ be the unique
solution to the above equation. The time-dependent Dirichlet-to-Neumann (DN)
map A is then defined by

ov’

=S 2

where v is the outer unit normal to 9f2.

2000 Mathematics Subject Classification. Primary: 35R30, 35K05; Secondary: 58J35.
Key words and phrases. Inverse problem, Heat equation, Interface reconstruction.



2 P. GAITAN, H. ISOZAKI, O. POISSON, S. SILTANEN AND J. TAMMINEN

Physically, we consider a heat-conducting body modelled by the set Q and the
strictly positive heat conductivity distribution + inside the body. The function
vp is the initial temperature distribution in 2 over which we do not have control.
We perform boundary measurements by applying the temperature f(x,t) at the
boundary 02 during the time 0 < ¢ < T and measuring the resulting heat flux
’7(.%‘)%_1)1,f|69 through the boundary. The DN map A defined in (2) is an ideal model
of all possible infinite-precision measurements of the above type.

We study the ill-posed inverse problem of detecting conductivity inclusions inside
Q from the local knowledge of A. Namely, we assume that only a part I' C 02 is
available for measurements and take as data the restrictions v(x) %Lyf Ir of heat fluxes
corresponding to functions f that are supported in I'. An inclusion is defined as
a subdomain €3 C € such that v(z) is perturbed on € from some known 7o (z).
Our aim is to find the location of 9y from the local measurements. The typical
situation is drawn in the figure 1.

FIGURE 1.

The above inverse boundary value problem is related to nondestructive testing
where one looks for anomalous materials inside a known material. One such example
is monitoring a blast furnace used in ironmaking: the corroded thickness of the
accreted refractory wall based on temperature and heat flux measurement on the
accessible part of the furnace wall [11].

We remark that although A depends on both f and vy, our method uses no
information of the initial data vy to detect 0€2.

1.2. Main theorems. Suppose we are given vo(x) € C(Q), y(x) € L>(Q) and
an open subset Q; CC €, i.e. Q; C Q, such that for some constant Cy > 0,
Co < vol(x) <Cyt, Co<r(z)<Cyt, on Q
and
y(x) =70(z), on Qo=0\Q.
We put
m(x) = 7(@) = 70(2).
Moreover, we shall assume that vi(x) — yo(x) has a constant sign on €. Our

main purpose is to study discontinuous perturbations, however, we allow v(z) to
be continuous. Hence, we impose the following assumption.

(A) infyex [v1(x) —vo(z)] > 0 for any compact set K C §2.
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We define (formal) differential operators by
Ao=-V-(0V), A=-V-(4V).

We extend vo(x) smoothly outside €2 so that vo(z) = 1 for large |x|.
First, we consider the 1-dimensional problem. Namely, for the heat equation on
(a,b), we try to detect dist(a,d€) from the measurement at a.

Theorem 1.1. Let d =1, Q = (a,b). Suppose Q1 = (a1,b1) with a < a; < by < b.
Take xy € R arbitrarily. Then there exists a real fucntion @y (z) € C*°(R) depending
on a large parameter A > 0 having the following properties.
(1) It satisfies

(Ao + N oa(z) =0, z€(ab), A>>1. (3)
(2) For any compact sets K_ C (—o00, x0), and K4 C (z9,00), there exist constants
C,§ > 0 such that for A > C

loa@)] 2 Ce2, g (@) 2 e, vr e K

oa(@)| < Ce™V2, |4 (@) < Ce™™A, Vo € Ky
3) Take 0 < Ty < T arbitrarily, and let
Y

h)\(x) = (p)\(x)‘agv f)\(t7 ‘T) = ekthk(x)a

100 = e (Afy) (T3, a)hia(a) — 0() 2 (@) (a). (1)
Then, if (71 —70) > 0 on Qy, we have
Tim (V) log(£1(A)) = —y(ay), )
where y(x) is defined by —
x) = . 6
v = [ s (©

For higher dimensions, we need the following notations. By dist(zq, A), we mean
the distance between a point 7o € R? and a set A C R%. Let B(xo,R) = {z €
RY; |z —x0| < R}. For dimensions d > 2, we take an open subset I on the boundary
09, and try to recover the location of 9Q; from a measurement on I'. Take zy € R?
arbitrarily. The roles of half-lines (—o0, z¢) and (g, 00) are played by B(xo, R) and
B(xg, R)¢, respectively.

Theorem 1.2. Suppose d = 2,3. Take B = B(xo, R) satisfying
(C-1) D#BnocCT.
Take x* € OB\ Q arbitrarily. For an open set O C R?, let

R? — |z — xo?

ap(0) = su , 7
5(0) = sup T 7)
and fix constants Ty and p such that
T
0<Ty <T, O0<pu< ! (8)

V2(ap(Q) —ap(h))

Then there exists @x(x) € C®(R\ {x*}) depending on a large parameter A > 0
having the following properties.
(1) It satisfies

(Ao + M) oa(z) =0, 0<|z—z] <2VAR. (9)
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(2) For any compact sets K_ C B(xo, R) \ {z*}, and K4 C mc, there exist
constants C,6 > 0 such that for A > C
lpa(@)| = Ce™,  [Vopa(2)] 2 Ce, Vo e K,
loa(z)| < Ce ™, |Vepa(z)| < Ce ™, Vze K.
(3) We put
ha(@) = oa(@)] 50, falt,z) = eXha(2),

— Opx(z
1) = e [ (AR (T @) — [ ul) 2220
r r v
do(z) being the induced measure on 0. Then we have

Ali_{go(\/iﬂk)_l log(+1(})) = ap(h),

ha(z)do(x),  (10)

accordingly as +=(y1 — o) > 0.

FIGURE 2.

In Theorems 1.1 and 1.2, px(z) is constructed by using o (z) only. We put
Ry = dist(zg, ).
Let us remark that
ag() >0 <= B(zo,R)N #0 < R> Ry,

aB(Ql) <0 «<— B :llo,R)ﬂQ—l: 0 < R<R;.
Then by Theorem 1.2, if +(y1 — v9) > 0 on ©Qy and R < Ry, then +1(\) tends to
0 exponentially as A — oo, and if R > Ry, then £I(\) tends to co exponentially
as A — oo. This means, we can see whether B(zg, R) touches £ or not using only
the knowledge of 7o ().
Our results also hold for 4 < d < 6. However, to fix the idea, we shall consider
the case 1 < d < 3.
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1.3. Detection algorithm. Suppose for the sake of simplicity that vy = 1. The
1-dimensional case is rather easy. We have only to use (5) to compute a;. The
detection algorithm for d = 2,3 is as follows.

1. Take an open set I' C 02, and z* outside €2, but close to T

2. Draw a straight line [ with end point z*, take zo € [, and the ball B = B(zg, R)
such that (BN oY) C T.

3. For large A > 0, compute I()\). The function

I*

*|12—d _—Cy(x * T — /L)‘ * .
Mz — a2l v y(a) =y +23m7 C:E(y +1y')),

T* — 1z
* — , * * — O7 * — 1
VS VUL [yl
will give an approximation of the probing data.
4. If I(\) — 0 as A — oo we infer that B does not intersect the inclusion.
5. If I(\) — oo (or —o0) as A — oo we infer that B intersects the inclusion and

71 (z) > y(x) (or v1(z) < y(x)) on it.

1.4. Transformation of exponentially growing solutions. The main idea of
the proof (for d = 2, 3) consists in using the probing data of the form e* ) (), where
ox(z) is exponentially growing as A — oo in the ball B(zg, R) and exponentially
decaying outside B(x, R). Such a method was found and used in [4] for the case
of the elliptic problem: V - (y(z)Vu) = 0 by passing through the hyperbolic space.
The essential feature of this idea is to use conformal transformation which maps
a sphere to a plane. In this paper, we shall work entirely in the Euclidean space,
and use inversion with respect to a sphere (this is also the case in [4]), which maps
the ball B(zo, R) to the half-space {y - y* < 0}. We are then led to consider the
equation of the form

(—A+2¢C-V+gu=T,

where ¢ € C?. Although in our case ¢y () grows up linearly in ), suitable change of
variables enables us to reduce the construction of solutions to now standard method
of Sylvester-Uhlmann [9]. Another important difference is that in [4], the point xq,
the center of the ball B(zg, R), is taken outside the covex hull of ), while in our
method it should satisfy (C-1) and that 2* € 9B\ Q. This makes it possible to
probe regions deeper than that of [4].

It is interesting to find other conformal transformations mapping planes (lines)
to some surfaces (curves) which are useful for the probing problem. Putting trivial
transformations such as translation and orthogonal transformation aside, for d = 3,
the spherical inversion is essentially the unique conformal transformation for the
Euclidean Laplacian. It can be seen by embedding the problem into the hyperbolic
space, as was done in [4]. However, in 2-dimensions, the complex function theory
provides us with lots of conformal transformations. We shall give in this paper one
of such examples and use it for the inclusion detection problem in §5.

1.5. Literature review. There are lots of works on inverse problem of heat con-
ductivity. In a recent article of [6], the following heat equation is considered for
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domains D CC (),
u—Au=0, z€QCD, 0<t<T,
ou
v
u(z,0) =0, in Q\D,

+pu=0, on JD,

v being the unit normal on 9D. Assuming that D and p are unknown, they recover
the location and shape of D from the knowledge of u(z,t) and du(z,t)/0v on 0.
The proof is based on the exponentially growing solution of the form exp(rx - (w +
iw')) with w,wt € S2, w L wt. This is an extreme case of the problem treated in
this paper by taking the heat conducting coefficient y(z) = 0 on ;.

In [2] the interior boundary curve of an arbitrary-shaped annulus is reconstructed
from overdetermined Cauchy-data on the exterior boundary curve, by assuming
v = 1 and using the Newton method to a boundary integral equation approach.
In [1] the shape of an inaccessible portion of the boundary is reconstructed by lin-
earisation. In [3] the position of the boundary is reconstructed as a function of
time, using the sideways heat equation. The proposed method of the present paper
differs from these; it is a direct reconstruction method, and it finds inclusions in
non-constant background conductivities. For other related results, see [11, 12, 8]
and the survey article [10].

The paper is organized as follows. In §2 and §3, we shall constuct the probing data
©x(z). Theorems 1.1 and 1.2 are proved in §4. The use of conformal mapping in
2-dimensions is explained in §5. In §6, we give some numerical results for the one
dimensional case.

2. 1-dimensional trial function. Take zy € R arbitrarily, and make the change
of variable by (6). Letting ¢y = 11 (y)e™ V>, we transform the equation (3) into

d

T = @VA= W)Y+ e =0, (= o

where p(y) = (2y/70 @)~ D (2(1)) = - log (vo(x(y))/?). Putting P(y) =

dx dy
Yo(x(y))~1/*, we then have 2diP(y) = —P(y)p(y). Therefore, letting ¢y = P(y)v2,
we have !
v — 2V — Q(y)v2 =0, (11)
where Q(y) = p’;y) + p(?i)2 € C5°(R). Putting 2 = 1 + ¢, we then have
¢ =22 - Q) = Q. (12)

We consider the integral operator

S0 =55 [ R D

Take A > 0 sufficiently large. If u € C?((—o0, A)) satisfies u, v/, u” € L*((—o0, A)),
we have

(Su”)(y) = u(y) + 2VA(SW) (y).
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Therefore, ¢ € C?((—o00, A)) is a solution to (12) satisfying ¢, ¢’ € L1((—o0, A)) if
and only if ¢ is a bounded solution to
o =95Q¢+ 5Q.
Since Q(s) is compactly supported, we have
C
S oo .J,00 < —, I = —OO,A 5

1SQlIB(L(1);L=(n)) < 7 ( )

which implies the existence of a solution ¢y € C?((—o00, A)) of (11) such that

107 (2(y) = DI < CWNTH, n=0,1,2.
Putting ¢ (z) = P(y)eY s (y), we obtain the following Theorem.
Theorem 2.1. There exists a solution @y (x) to the equation (3) such that

(@) = o)1 M1+ 6x (), (13)
where y(x) is defined by (6) and ¢y (x) satisfies
|07 (x)| < C(VA) ™, n=0,1,2, a<xz<b.

3. Multi-dimensional trial function. The construction of ¢y (z) is more com-
plicated in multi-dimensions than in the one-dimensional case. We shall prove the
following theorem.

Theorem 3.1. Let d = 2,3 and xo,x* be as in Theorem 1.2. Take y*,y; € R¢
such that
* x* — 2o * * *
V=" ¥ yr=0, =1, 14
|$* _IO| 1 | L| ( )

and let ¢ € C? be a complex vector such that

PA s
= — + A y 15
¢ ﬁ(y y1) (15)
where p > 0 is a constant satisfying the condition (8). Lety = y(x) be the inversion
defined by

_I*

« X

Then for large X > 0, there exists a solution vy (x) to the equation (9) in the region
0 < |z — x*| < 2/ AR having the following form:

pa(@) = o — 2P0 (2) T2 (1 + ga(a))e V), (17)
where for any 0 < § < 1, ¢ (x) satisfies
(@) || Low () < Cs ™ *A%/2, (18)

[V (2)|| oo () < Cs p~ AE=9)/2

for a constant Cs > 0, which also depends on R and ¢ but is independent of u and
large \. Moreover

Re(-y(z) <0 <= |z — xo| < R,
Re(-y(z) =0 <= |z — 29| = R, (19)
Re(-y(x) > 0 < |z — xo| > R.
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3.1. Schrodinger equation and spherical inversion. To prove Theorem 3.1,
we need two changes of (in)dependent variables. For a solution ¢y to (9), we put
v = /Yopr. Then v satisfies

A,/ A
—Av—l—( 7‘)Jr—)v_o. (20)
V70 Yo
Next we pass to the inversion (16). Letting v’ = y — (v - y*)y*, and using
** = x9 + Ry*, we have
. |r—mz0]? — R? , 2R(z —x0)
Lyt =2 N 7 =~ 21
Yy e Y PR (21)
The inverse map : y — x is given by
=1 +2R2 Y _ (22)

|y

Direct computation yields the following lemma.

y*[?

Lemma 3.2. (1) The above transformation © — y maps

the ball {|x — xo| < R} to the half-space {y - y* < 0},

the sphere {|z — x| = R} to the plane {y - y* = 0},

the outer region {|x — zo| > R} to the half-space {y - y* > 0},
where y* is defined by (14).
(2) For any f(y) € C=(RY),

AR, f(y(@)) = ly = y" 278, (ly =y f () |

Here A, means 2?21(3/3%)2.

y=y(x)

For a solution v(z) to (20), we put w(y) = |y —y*|>~%w(z(y)), where z(y) is given
by (22). Then by the above lemma, w(y) satisfies

(—Ay +ax(y) wly) =0, (23)
4R (A A
oy =yt ( NGD +”Yo>

3.2. Proof of Theorem 3.1. Taking ¢ from (15), we look for a solution w(y) of
(23) of the form

a(y)

e=a(y)

w(y) = (1+¢(y))e V.
Since (2 = 0, ¢ satisfies
—A¢+2C-Vo+qd=—qn. (24)

This is the equation treated in [9], with the difference that the potential ¢\ grows
up linearly in A\. The remedy is to make the following change of variables and
parameter :

Y=VAy-y), n=(EN""¢
Letting ®(Y) = ¢(y), we then have
—Ay®+2n-Vyd® + QP = —Q»,

o) AR (AT 1
Q0= =55 (32 +5)

e=a(y)



PROBING FOR INCLUSIONS IN HEAT CONDUCTIVE BODIES 9

The potential @ (Y") is now bounded in A, however, it has a singularity at Y = 0.
We take Yoo € C(R?) such that xoo (Y) = 1if [Y| > 1/2, xoo(Y) = 0if |Y| < 1/4,
and define V) (Y") by
VA(Y) = X (Y)QA(Y).
We prove that if || = uv/X is sufficiently large, the equation

(—Ay +2n-Vy + V>\)\If = -V, (25)

admits a unique solution ¥ € L%, where the weighted L2?-space L% is defined by
L7 = {u(Y); (1+ [Y[))7?u € L*(R)}

with obvious norm.
The following lemma can be proved easily, and the proof is omitted.

Lemma 3.3. If o < (6 — d)/2, Vi satisfies the following inequalities:
1A+ YD VAl oo ey < C,
VAl + [[Vy Vil < C,
1A+ 1Y D*Vy Vallpoo ey < C,
where the constant C' does not depend on p or on A > 1.

Then thanks to [9, Theorem 2.3] and Lemma 3.3, for all o € (—1,0), (25) admits
a unique solution ¥ € L?°. Moreover, for |n| > 1,

9]l < Ol
Letting ' = 0/0Y; and differentiating (25), we obtain
(—Ay + 25+ Vy + V)W = — V(1 + D).
Lemma 3.3 again implies that ||[V{(1 4+ ¥)|[2.0+1 < C, hence
IVy ¥ 20 < Clnl ™.

Let us recall the correspondence

1
V|>1<|y—y"| > —= < |z — 2| < 2VAR.

VA

Therefore, for o € (—1,0), there exists a unique solution ¢(y) € L*? of (24) in the
region |y — y*| > 1/V/A. Letting Q' = {y(2);z € Q}, and noticing that |n| = uv/\,
we then have

< Co(L+ N2+ Xy =y )bl 2
< Co(14 N2 X920 ()| 2.0
S Ca’lufl)\(|0|fd71)/2.

Similarly, since V,¢(y) = VAVy ¥(Y), we obtain
IVydllrey < Cop tAUTI=D/2)

Al 220y

and then, generally,
6] zrs () < Coop™ AUTI=dHs=D/2 g 5,
Thanks to Sobolev’s embeddings in R, d = 2,3, we obtain if s > d/2:
Ml Loe ) < Cyop TNl =d+s=1)/2.
V|| ooy < Cospu I AITI=d+9)/2,
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Hence letting 6 = 1 — ||, if pv/X is sufficiently large we obtain

|6l Lo () < Cs p A2,

[Vl Loy < Cs ™ AI/2,

The estimates (19) follow from Lemma 3.2.

4. Detection of inclusions.

4.1. Stationary D-N map. We define the stationary Dirichlet-Neumann maps

A% and Ag € B(HY2(99Q); H=1/2(09)) as follows:

8U0 ou

0 _ Z=0 A2
AS(h’) =7 ED ) AS(h) Vaya

where ug and u are solutions to

(Ap+Nup = 0 on Q
ug = h on 09,

(A+XNu = 0 on €
u = h on Of.

Let (, )aq be the inner product on L?(92) and put
Js(h) = ((As — Ag)h, h)og.
The following lemma was proven in [7] in the case A = 0.

Lemma 4.1. The following identities hold:

Js(h) = / {7 = 70)|Vuol =1V (u — o) 2 — Mu — o} da,

— 1
Js(h) = /Q {MW?@Q + ;hVu — o Vuo|* + Nu — u0|2} dz.

Proof. By Green’s formula, we have for g € H'(2)

(ASh, g)oe = (Yo Vuo Vg + Augg) d,

<A5h, g>39 = (VVUVE + )\ug) dx.

S 55—

Letting g = up in (30) and g = u in (31), we have
<A%h, h>aQ = (’70|VU0|2 + )\|U0|2) d:v,

<A5h, h>aQ = (7|Vu|2 + )\|u|2) dx,

S— S

Relation (30) with g = u — ug gives:

0= / {”yoVuo : V(ﬂ — U_()) + /\Uo(ﬂ — u_o)}dCC
Q

(28)

(29)



PROBING FOR INCLUSIONS IN HEAT CONDUCTIVE BODIES 11
From (33) — (32) we have

Js(h) = / [y —70)[Vul? + 30(IVul? — [Vuol) + A(Juf? — [uo?)} dz

= [ o=Vl + 20 = )l

+70 (V(u — ug) - Vg + Vug - V(T — Up))

+A (|u — gl + (u — ug)To + uo (T — u_o)) }dw.
Thanks to(34) we obtain

Js(h) = / {(v = 10)IVul* + 70|V (u = uo) |* + Alu — uo|*} da. (35)
Q
Now letting v = vVu — v9Vug, we take notice of the following equality
(v = 0)IVul® + 70|V (u — ug) *
= 7 {(v = 10) 0 Vuo + ¥1* +v0l(vo — 1) Vuo + ¢[*}

= v 0 —70)Vuo* + vy

This and (35) imply (29). By exchanging (v, u, u —ug) and (Yo, wo, uo —u) in (35),
we can prove (28). O

The above lemma implies

[ 20 9ugar < gsih) < [ (= 20) Vol
Q v Q
which yields the following corollary.

Corollary 1. If v(z) — vo(z) has a constant sign, then Js(f) has the same sign
and there exists a constant C' > 0 such that

c / by — 70l Vuolde < | Js(h)| < O / —0llVuoPde.  (36)
Q Q

4.2. Uniform estimate for the parabolic equation.

Lemma 4.2. Let ug be a solution to the equation (Ag + N)ug = 0 in Q. Construct
solutions u to (26) with h = ug, and v(t) to (1) with f = e ug. Then for any
0<t<T and m > 0, there exists a constant C,, > 0 independent of X\ such that

[v(t,-) = eMu() | zm@nay) < Com (lvollz2) + luollm)) -

Proof. Letting w = v(t) — eMu, we have
ow+Aw = 0 in (0,T)x€Q,
w(t) = 0 on (0,7)x 09,
w(0) = vp—u on .

Thus, w(t) = e~ *42 (vy —u), where Ap denotes the self-adjoint operator A with the
homogeneous Dirichlet boundary condition. Therefore, for any ¢ > 0 and m > 0,
w(t) € D((Ap)™). By the regularity theorem for elliptic operators, we then have

lw(®)]| z2m @\01) < Cm(lw(t)z2(0) + |(Ap) ™ w(t)||22(0)) < Cemllvo — ull12(0)-

Let ¢ be the solution of
A 0 on
¢ = wug on ON.
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Then ¢l 1(q) < Clluollgi/200) and u — ¢ satisfies

(A+ X)(u—9) —A¢ on €
u— ¢ = 0 on 00.
Since Ap is positive definite, [|u—¢||2() < CA|(Ap+X) "¢ r2(0) < C|ld]lL2(0) <
Clluoll gr1/2(902), Where C' is independent of A > 0. Hence we obtain for 0 <t < T
and m >0

wt, Mam@ey < Cellvo—ullrz@) < Ce (llvollL2) + llwoll /2 00))
< Cy ([lvoll 2oy + lluollgr () - O

4.3. Proof of Theorems 1.1 and 1.2. For the sake of simplicity, we restrict the
proof to the case vy1(z) > 7o(x) on 4. Let y(x) be defined by (6) for d = 1, and
by (16) for d = 2,3. Letting y* be defined by (14), we put

_ () (d=1),
W)—{ yém* (d=2,3),

and for a bounded open set O C R?
a(0) = sup{—yi(z); = € O}.
Note that a(O) = ap(O) for d = 2,3 by (7) and (21). We put
VA, if d=1,
N {\/i;m, if d=2,3.
Let ¢y (z) be as in Theorem 2.1 or Theorem 3.1. Thanks to (13) and (17), we have
Cr2e™ @) < |V, (2)]? < C 12 m@), (37)
We then put
J(O,k) = / e @)y,
o

Jy (k) = /9(7 —70)|Ver(a)|*de.

Lemma 4.3. (1) For a non-empty bounded open set O C RY, we have

lim k log J(O, k) = a(O). (38)
(2) We have
lim x~'log J, (k) = a(). (39)

Proof. Letting O = {x € O;a(2) —e < yl( < a(O)}, we have

/ en(a(o)—e)dx < / —ry1( / ﬁa((’)
O, @)

Taking the logarithm, and letting k — oo, we get (38). Let O be a bounded open
set such that O C ;. Then in view of (37), we have

CK?J(0,K) < Jy(k) < O K2T(Q4, ),
which implies by (38)
a(0) <liminf x~log J, (k) < limsup s~ " log J, (k) < a(Q1).

K— 00

Since O CC Q can be taken arbitrarily, we get (39). O

I /\
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We put
ha(z) = pxa(z)
By Corollary 4.2 and (39), we have

o0

Lemma 4.4. Let Js(f) be defined by (27). Then we have
lim x *log Js(hy) = a(Q).

Before entering into the probing problem, we need to study geometric properties
of the map : x — yi(x). The next lemma follows from a direct computation using
R = |zo — x*| and (21).

Lemma 4.5. Letd > 2. Forc# 1, let

To — cx* R
c= T Rc:—-
* 1—c¢ [1—¢|

Then we have
{z e RY; —yi(z) = ¢} = B(x, Re).

Note that B(x., R.) is the sphere passing through x* with center on the line
I ={a* +t(xo — z*); t € R}. When ¢ grows up, so does its radius, and if ¢ = 0, it
is the sphere B(zg, R).

Now, by definition, there exists T € Q; such that —y;(Z) = a(Q1). Then
lies outside B(z., R;) with ¢ = a(£21). Assume that the open set I' C 9 satisfies
the condition (C-1). Then by a suitable choice of ¢ < a(£1), we see that Qo =

O\ B(x., R.) satisfies
(C-2) oN \ I' C 892, an B(.I, R) = @, a(QQ) < a(Ql).
The following lemma gives a relation between the time-dependent measurement
I()\) defined by (4) or (10) and the stationary one Jg(hy).
Lemma 4.6. Assume the condition (C' — 1) for d = 2,3. Then there exists § > 0
such that the following estimate holds:
I(\) — Js(ha)
Js(hy)
Proof. Let fy(t,z) = e*px(z), and v(t,z) the solution of (1) with f = fy. Let
uy be the solution of (26) with h = hy. Letting w = v — e*uy, we then have

I(\) = Js(hx) + Rr(\) + Rs(N),

<e %" WA>1/6.

Rr(\) = e*m/ywh—waj
r 8V

Rs(/\) - /(99\F (AS - Aos)h)\ h_)\dO',

Then, thanks to lemma 4.2, we obtain:

g 24T )

|Rr| £ I z1200) 1All1/2(00)

Ce M |wl| gz2iavan) lleall o
Ce M (Jlvoll? + lleall T o)

IN AN IA
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By (37), we have [[oAll 31 (q) < Cr2e") . Hence

|RF| < C,{267)\T1+na(ﬂ). (40)

Let us estimate Rg. If d = 1 we set Qg = (ag,b) C Q with a1 < as < b. Recall
that Q1 = (a1,b1). If d = 2,3, we take Qo satisfying the condition (C' — 2). Then
we have

|Rs| < Cllulla(9,) + loallmr@a)llealla )
< C(J 0l g1y + 2leallmr (@) leall 5 (92)

with 0 = ux — @x. Using (35) we have ||[@[| g1 (o) < v/Js(hx). Hence, by (36), we
obtain

(41)

[Rs| < C(v/Js(ha) + loall aren)) loall e @s)-
By (37), (41) and
lall (o) < Crere(@2)/2,
Lemma 4.5 implies that for any € > 0, there exists kg > 0 such that
e (1= < Jo(hy) < e®FI g s gy, (42)
In view of (40), (41) and (42), we have
‘I(A) —Js(hy)| _ [RrN)] | [Rs(V)]
Js(hx) ~ Js(ha) o Js(ha) (43)
< O2 (ef)\TlJrn(a(Q)fa(Ql)Jre) 4 en(a((lg)fa(ﬂl)+25)) .

Now we use the geometric configuration of €; and Q. In the case d = 1, y(z) is
monotone increasing. Hence
a($22) = sup (=y1(z)) = —y(az) < —y(a1) = sup (=y1(z)) = a(fh).
TEQ T€EQ
In the case d > 1, we have a(Qs2) < a(€1) by (C —2). By the condition (8), we have

AT + k(a(2) — a(£21)) < =0k for some 6 > 0. Therefore choosing e small enough
in (43), we prove the lemma. O

Now Theorems 1.1 and 1.2 follow from Lemma 4.7 and (42).

5. 2-dimensional conformal map. In this section, we identify x = (z1,22) € R?
with a complex number z = x1+ixy € C. Consider a univalent holomorphic function
F(2) defined in a neighborhood of 2, and the conformal map : z — w = y; +iys =
F(z). As in §3, we look for a solution of (9) in the form @y (z) = (1 + ¢(y))e ¢ F*),
A
where ¢ satisfies (24). Note that ¢ - F((z) is identified with /\L/—iF(z) Assume that
0 ¢ Q and let us choose F(z) = z=" — p~™ with p > 0 and n = 1,2,.... The case
n = 1 corresponds to the inversion we have studied in §3, where R corresponds to
2/p.

Consider the curve Re F'(z) = 0 that separates the set of x where ¢y (z) has
an exponential growth from the set of & where ¢, (x) has an exponential decay as
A — oco. Writing z = 7¢'®, we have that Re F(z) = 0 <= r = p(cos(na))*/". Tt
appears that if Q is convex, then n = 3 is a better choice than n = 1,2 since the
curve Re F(z) = 0 goes more deeply inside Q (cf. figure 3).
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FIGURE 3.

6. Numerical tests in the one-dimensional case. We take 7y = 1 which im-
plies

ha(z) = e~ VA(@=z0)
fitz) = eMhy(z)
[T, ) = [eM(Af)(Th,a) - %(G)VM(@) (44)
lim log(I(Ty, V) = zy—ai. (45)

A—00 2V A

The equation (45) is calculated with a finite A, so we have the approximative re-
construction equation

log(I(T1, )
2V/A

which is the more accurate the larger the parameter \ is. In practice larger
values here implies very large values of fy on the boundary, so numerical er-
rors will be a problem. However for initial testing purposes we proceed by using
A=1.0,1.5,2.0,...,20.0. Also we choose a =0,b=1,20=0and T = 1.

Four test cases of the following heat conductivity are considered:

a) = xrg—

, (46)

vTo= 71 a1§:v§b1,

¥ = 7, otherwise,

where the values of a1,b; and ~; are given in table 6. These test cases are pictured
in figure 4. The solutions v in (1) are calculated with the finite element method
(FEM) so that there are N, = 200 points of z € [0,1] and N, = 100 points of
t € [0,1]. We consider three different initial temperature distributions:

v(z,0) = 1,
v(z,0) = 2sin(rz),
v(z,0) = 4|sin(4rz))|.
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In figure 5 we display the solution function v(x,t),v(x,0) = 1, A = 2 calculated by
FEM for the test case 1, smaller numbers of N, and N; are only used for printing
purposes.

|ai | b | m
Case1|0.1]0.3]0.5
Case2 [0.103]| 5
Case3|0.4|0.6 0.5
Case4 |04]06]| 5

TABLE 1. Parameters a1, b; and ; for the test cases

To simulate measurement noise we define the vector
L,=L-(14+c-r), (47)

where L is the vector containing the values of Afy(71,0) = 7(:6)85% at the
x=0

FEM mesh points and r is a normally distributed random vector (white noise) of

the same size and the parameter c is adjusted separately for each A so that the

relative noise is approximately two percent:

|IZn = L||
T ~0.02. (48)
[|IL]]
The logarithm of the indicator function (44) is calculated for each ¢t € [0, 1] and
A =1.0,1.5,2.0,...,20.0. This information can be presented in several ways. In

figure 6 one can see how the logarithm of the indicator function, noisy and non-
noisy, behaves as a function of 71, for A = 1 and A = 10, in test case 1. We conclude
that the value A = 1 is too small to get accurate indicator function values, and that
A = 10 provides good values throughout the time interval [T/2,T]. In figure 7 we
have a similar graph for A = 10, but for each initial temperature distribution. We
conclude that the initial distribution v(z,0) does not change the indicator function
values in the interval [T/2,T] and thus it will not affect the reconstructions. In
figure 8 one can see how the logarithm of the indicator function, noisy and non-
noisy, behaves as a function of A\, for several choices of T7, in test case 1. Notice
that in these graphs the analytical value based on (46) is also shown.

Based on the observation that the values of the indicator function are good
between the time interval [T/2,T] we use the following indicator function value:

1 T

I*(\) = N7 > TN, (49)
Ty =T/2

where I(Ty, ) is defined by (44) and Ny is the number of FEM mesh points ¢ € [0, 1]

between the time values T'/2 and T'. The value I*()) is then inserted into (46), from

which the reconstruction a; is calculated with A = 1.0,1.5,2.0,...,20.0. In figure 9

the reconstructed a1, noisy and non-noisy, is shown as a function of \, for each test

case.
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FIGURE 4. The test case heat conductivities
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FIGURE 5. The solution function v(z,t), A = 2 calculated by FEM
for test case 1, v(z,0) = 1.
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Case 1, no noise

—log(I(T1)), lambda=1
——log(I(T1)), lambda=10
- - - 2*sqrt(1)*(x0-al)

- - - 2*sqrt(10)*(x0-al)

noisy
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FIGURE 6. The logarithm of the indicator function, non-noisy on
the left and noisy on the right, as a function of 77 for A = 1 and

A =10 in test case 1.

Case 1, A = 10, no noise
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log(I(T | A), A

Case 1, A = 10, noisy

—log(I(T1)),v0=1
—log(I(T1)),v0=2*sin(pi*x)
—log(I(T1)),v0=|4*sin(4*pi*x)|
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FIGURE 7. The logarithm of the indicator function, non-noisy on
the left and noisy on the right, as a function of T for A = 10 in
test case 1, with three different initial data v(z,0) = 1,v(z,0) =
2sin(nz) and v(z,0) = 4]sin(4nx)|. Note that the effect of the

initial data vanishes as T} grows.
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FI1GURE 8. The logarithm of the indicator function, non-noisy on
the left and noisy on the right, as a function of A for several choices
of T1 in test case 1.
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FIGURE 9. The reconstructed a1, noisy and non-noisy, as a func-

tion of \.
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