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Abstract. A class of compactly supported Schrödinger potentials in di-
mension two is given for which the inverse scattering method related to
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1. Introduction

Let q ∈ Lp(R2) for some 1 < p < 2 and consider the Schrödinger equation

(1.1) (−∆ + q)ψ( · , k) = 0

where k ∈ C \ 0 is a parameter. As in Faddeev [12] and Nachman [29], we
look for exponentially growing solutions ψ of (1.1) with asymptotic behavior
ψ(x, k) ∼ eikx. More precisely, the solution ψ is characterized by

(1.2) e−ikxψ(x, k) − 1 ∈ Lp̃ ∩ L∞(R2) for fixed k ∈ C \ 0,

where 1/p̃ = 1/p−1/2. Here and throughout the paper a point x = (x1, x2) in
R

2 will be identified with x = x1 + ix2 ∈ C. So exp(ikx) = exp(i(k1 + ik2)(x1 +
ix2)) with k ∈ C and x ∈ R2.

Exponentially growing solutions do not necessarily exist for all k ∈ C. A
point k is called a non-exceptional point of q if there is a unique solution of (1.1)
satisfying (1.2). Otherwise k is called an exceptional point of q. If a potential q
does not have exceptional points, one can define the scattering map T : q �→ t,
taking the potential q to its scattering transform t : C → C defined by

(1.3) t(k) =

∫
R2

eikxq(x)ψ(x, k)dx.

Under suitable assumptions the potential q can be recovered from its scattering
transform t via the inverse scattering map Q : t �→ q defined by

(1.4) (Qt)(x) :=
i

π2
∂x

∫
C

t(k)

k
e−k(x)µ(x, k)dk,

where x ∈ R2, dk denotes Lebesgue measure, ∂x = 1
2
( ∂

∂x1
+ i ∂

∂x2
) and e−k(x) =

e−i(kx+kx). The functions µ(x, k) in (1.4) are determined by solving the ∂
1
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equation

(1.5) ∂kµ(x, k) =
t(k)

4πk
e−k(x)µ(x, k)

with fixed x ∈ R2 and assuming large |k| asymptotics µ(x, ·)−1 ∈ L∞∩Lr(C)
for some 2 < r < ∞. We remark that the maps T and Q are often called
the direct and inverse nonlinear Fourier transforms. See the work of Beals &
Coifman [3, 4, 5, 7], Ablowitz & Nachman [1, 31] and Henkin & Novikov [18]
for early references on the ∂ method. Note also that a formula equivalent to
(1.4) is given by Tsai in [39, formula (3.4)].

Let us define a special class of potentials.

Definition 1.1. A compactly supported potential q ∈ C∞
0 (R2) is of conduc-

tivity type if q = γ−1/2∆γ1/2 for some real-valued γ ∈ C2(R2) satisfying
γ(x) ≥ c > 0 for all x ∈ Ω and γ(x) ≡ 1 for all x ∈ R2 \ Ω.

Nachman shows in [29] that T q is well-defined for conductivity type potentials.
We extend his result in Theorems 2.1 and 2.2 by proving that the apparently

singular functions k−1(T q)(k) and k
−1

(T q)(k) belong to the Schwartz class
S(C). The crucial point of the proof is to use boundary integral equations
arising from electrical impedance tomography to avoid the log |k| singularity
of Faddeev’s Green’s function. Also, we make use of a relationship found by
Knudsen [21] between T and the well-known scattering map of the Davey-
Stewartson (DS) II equation. Then we can prove the following new result:

Theorem 1.1. Let q ∈ C∞
0 (R2) be of conductivity type. Then q = QT q.

Further, we study mapping properties of the inverse scattering map Q.

Theorem 1.2. Let t : C → C satisfy t(k)/k ∈ S(C) and t(k)/k ∈ S(C).
Then the function Qt : R2 → C given by (1.4) is well-defined and continuous.
Furthermore,

(1.6) |(Qt)(x)| ≤ C〈x〉−2.

Our motivation for the study of the above scattering problem is two-fold.
First, the problem is formally related to the Novikov-Veselov evolution equa-
tion that generalizes the KdV equation to dimension 2+1. Second, the scat-
tering transform t(k) can be used to solve the inverse conductivity problem
that has many practical applications. Let us discuss these motivations in more
detail.

S. P. Novikov and Veselov [34, 41] (see also Nizhnik [32]) introduce the
following evolution equation in a periodic setting:

(1.7)
∂qτ

∂τ
= −∂3

xqτ − ∂
3

xqτ + 3∂x(qτv) + 3∂x(qτ v̄),

where τ ≥ 0 and ∂xv = ∂xqτ . Boiti, Leon, Manna and Pempinelli [8] discuss
equation (1.7) in the non-periodic case and show that if qτ : R2 → C evolves in
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τ according to (1.7) and does not have exceptional points, then the scattering
data evolves as

(T qτ )(k) = ei(k3+k
3
)τ (T q0)(k).

Tsai [38, 39] assumes the absence of exceptional points and gives a formal
derivation of a hierarchy of evolution equations parametrized by n = 1, 3, 5, . . .
and containing the non-periodic version of (1.7) as the case n = 3. Thus
equation (1.7) can be solved formally using the inverse scattering method:

(1.8) qτ = Q(exp(i(k3 + k
3
)τ) T q0).

However, problems caused by exceptional points prevent the rigorous use of
formula (1.8) for general potentials q0.

We remark that the relationship between the Novikov-Veselov equation (1.7)
and a scattering problem analogous to (but different from) the above is studied
by Grinevich, Manakov and R. G. Novikov [13, 14, 15, 16, 17].

The inverse conductivity problem is formulated by Calderón [10] as follows:
given a regular domain Ω ∈ Rd with d > 1 and a strictly positive function
γ ∈ L∞(Ω), define the Dirichlet-to-Neumann (DN) map by

Λγf = γ
∂u

∂ν
|∂Ω,(1.9)

where u is the unique H1(Ω) solution of the Dirichlet problem ∇·γ∇u = 0 in Ω
and u = f on ∂Ω. The DN map represents all static voltage-to-current density
measurements on the boundary ∂Ω. Calderón asks whether γ is uniquely de-
termined by Λγ and if so, how to reconstruct γ from boundary measurements.
This problem has a practical imaging application called electrical impedance
tomography (EIT) used for medical imaging, geophysics, nondestructive test-
ing, and process tomography. See [11, 35, 27, 20] for more details on EIT.

What is the relation between EIT and inverse scattering? Assume that
the conductivity γ : Ω → R is smooth, strictly positive, and γ ≡ 1 in a
neighborhood of ∂Ω. Then we can extend γ as one outside Ω and define
q := γ−1/2∆γ1/2 ∈ C∞

0 (R2). Exponentially growing solutions corresponding
to such conductivity type potential q can then be used to solve the inverse
conductivity problem, as shown by Sylvester & Uhlmann [37], Nachman [28, 29]
and R. G. Novikov [33]. Our starting point is [29], where Nachman shows that
conductivity type potentials in dimension two do not have exceptional points,
allowing us to show that formula (1.8) is well-posed for such potentials. Also,
an EIT algorithm based on Nachman’s proof is presented in [35, 27, 23, 20],
readily providing numerical inverse scattering algorithms.

The two-dimensional isotropic inverse conductivity problem is solved for
once weakly differentiable conductivities by Brown and Uhlmann [9], and fur-
ther, for L∞ conductivities by Astala and Päivärinta [2]. Both approaches are
based on the use of a ∂ equation. An EIT algorithm based on [9] is given in
[21, 24, 22]. We remark that [9] is related to the DS II equation, and it is not
known if [2] is related to some evolution equation.
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Choose a positive odd integer n, and set for all k ∈ C

(1.10) m(n)
τ (k) := exp(−in(kn + k

n
)τ).

Note that |m(n)
τ (k)| = 1. Given q ∈ Lp(R2) with no exceptional points, one

can formally define a function qτ (x) at time τ > 0 by multiplying the initial

scattering transform T q by m
(n)
τ and applying the inverse scattering map Q:

(1.11)

t
m

(n)
τ ·−−−→ tτ

T
� �Q

q −−−→ qτ

The smoothness results for k−1(T q)(k) and k
−1

(T q)(k) and Theorem 1.2 can
be used to show that the inverse scattering scheme (1.11) is well-defined for
conductivity type initial potentials:

Corollary. Let q ∈ C∞
0 (R2) be of conductivity type. Fix a positive odd integer

n, let τ ≥ 0 and define qτ : R2 → C by

qτ := Q(m(n)
τ T q).

Then qτ (x) is continuous in x and belongs to Lp(R2) for any 1 < p < 2.

Proof. The infinitely smooth function m
(n)
τ (k) and its derivatives grow at most

polynomially at infinity. Thus by Theorems 2.1 and 2.2

m
(n)
τ (k) t(k)

k
∈ S(C) and

m
(n)
τ (k) t(k)

k
∈ S(C),

and the claim follows from Theorem 1.2. �

Note that there is no smallness assumption for the initial data in the Corollary.

2. The scattering map T
This section is devoted to proving that if q ∈ C∞

0 (R2) is of conductivity type,
then (T q)(k) is a well-defined, smooth function whose derivatives decay when
|k| → ∞, and the apparently singular functions (T q)(k)/k and (T q)(k)/k
actually have bounded derivatives of all orders at k = 0.

Theorem 2.1. Let q ∈ C∞
0 (R2) be of conductivity type. Then the functions

(T q)(k) and (T q)(k)/k belong to the Schwartz class S(C).

Proof. By [29, Thm 1.1] the potential q does not have exceptional points.
Thus t(k) = (T q)(k) is well-defined using formula (1.3) for nonzero k ∈ C and
setting t(0) = 0.

To analyze derivatives of t, let us discuss scattering data introduced by Beals
and Coifman [6] for the Davey-Stewartson (DS) II equation. By assumption
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we have q = γ−1/2∆γ1/2 for some smooth, strictly positive function γ satisfying
γ − 1 ∈ C∞

0 (R2). Define

q := −∂xγ
1/2

γ1/2
.

Consider the equation

(2.1) (D − Q)Ψ(·, k) = 0

for a 2 × 2 matrix Ψ(x, k) depending on x ∈ R2 and k ∈ C, where

D =

[
∂x 0
0 ∂x

]
, Q =

[
0 q
q 0

]
.

Brown and Uhlmann [9] showed that there are exponentially growing solutions
of equation (2.1) of the form

Ψ(x, k) = m(x, k)

[
eikx 0

0 e−ixk

]
,

where m is uniquely specified by the requirement that each element of the
matrix m(·, k)− I belongs to Lr(R2) for any r > 2. The DS scattering data is
the 2 × 2 matrix

S(k) =
i

π

∫
R2

[
0 e−ikxq(x)Ψ22(x, k)

−e−ikxq(x)Ψ11(x, k) 0

]
dx.

According to Knudsen [21, Thm 3.5.2], the scattering transforms t of q and
S of q are related by the simple formula

t(k) = −2kS21(k).(2.2)

Since q is compactly supported and N times continuously differentiable, a
result of Sung [36, Thm 4.4] shows that

kα1
1 kα2

2

∂β1+β2

∂kβ1
1 ∂kβ2

2

S21(k)(2.3)

is continuous and vanishes at infinity for α1 +α2 ≤ N and arbitrary β1, β2 ≥ 0.
A combination of (2.2) and (2.3) yields the claim. �
Theorem 2.2. Let q ∈ C∞

0 (R2) be of conductivity type. Then (T q)(k)/k ∈
C∞(R2).

Proof. Denote t(k) = (T q)(k). By Theorem 2.1 we know that t is infinitely
smooth in C and all its derivatives vanish at infinity. Thus we only need to
prove that all derivatives of t(k)/k are bounded in a neighborhood of 0.

With no loss of generality we can assume that q and γ − 1 are supported in
the open unit disc Ω = D(0, 1) ⊂ R2. Namely, replacing q by q̃(x) := λ2q(λx)
and γ by γ̃(x) := γ(λx) with large enough λ > 0 yields supp(q̃) ⊂ Ω while
preserving the equality q̃ = γ̃−1/2∆γ̃1/2. By theorem 3.3 of [35] we have t(k) =
t̃(λk), so the claim holds for t(k)/k if and only if it does for t̃(k)/k.

Let Λγ : H1/2(∂Ω) → H−1/2(∂Ω) be the DN map of γ. Denote by Λ1 the DN
map of the homogeneous conductivity γ ≡ 1. It is known that Λγ is a classical
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pseudodifferential operator and if γ ≡ 1 near ∂Ω then Λγ − Λ1 is an infinitely
smoothing map, see [37, 25]. We can thus extend Λγ −Λ1 as a continuous map
L2(∂Ω) → C∞(∂Ω) and write

(Λγ − Λ1)φ =

∫
∂Ω

Φ(·, y)φ(y)dσ(y)(2.4)

where dσ(y) is Lebesgue measure on the unit circle ∂Ω and Φ is some C∞

function on the torus ∂Ω × ∂Ω. Further, we have

Λγ1 = 0 and

∫
∂Ω

Λγφdσ = 0(2.5)

for any φ ∈ H1/2(∂Ω). Of course, (2.5) holds as well when γ is replaced with
1.

Consider the following representation of t given by Nachman [29] (originally
introduced by R. G. Novikov [33] and Nachman [28]):

t(k) =

∫
∂Ω

eikx(Λγ − Λ1)ψ(·, k)dσ, k ∈ C \ 0.(2.6)

Use equations (2.4), (2.5) and (2.6) to write for any k �= 0

t(k)

k
=

1

k

∫
∂Ω

(eikx − 1)(Λγ − Λ1)(ψ(·, k) − 1)dσ(x)

=

∫
∂Ω

eikx − 1

k

( ∫
∂Ω

Φ(x, y)(ψ(y, k)− 1)dσ(y)
)
dσ(x)

=

∫
∂Ω

∫
∂Ω

Φ(x, y)Ek(x)Ψk(y) dσ(x)dσ(y),(2.7)

where we denote

Ek(x) :=
eikx − 1

k
, Ψk(y) := ψ(y, k) − 1.

The use of Fubini’s theorem in (2.7) is justified since ψ(y, k) is continuous in
y by [29, Thm 1.1] and Sobolev imbedding, and Ek(x) is continuous in x. Use
(2.7) to compute formally for any α1, α2 ≥ 0

∂α1+α2

∂kα1
1 ∂kα2

2

(
t(k)

k

)
=

∫
∂Ω×∂Ω

Φ(x, y)

α1∑
ν1=0

α2∑
ν2=0

c(ν1, ν2, α1, α2) ×

×E
(ν1,ν2)
k (x)Ψ

(α1−ν1,α2−ν2)
k (y) dσ(x)dσ(y),(2.8)

where c(ν1, ν2, α1, α2) are constants and we use the following notation:

E
(α1,α2)
k (x) :=

∂α1+α2Ek(x)

∂kα1
1 ∂kα2

2

, Ψ
(α1,α2)
k (x) :=

∂α1+α2Ψk(y)

∂kα1
1 ∂kα2

2

.

We will prove that the maps k �→ E
(α1,α2)
k and k �→ Ψ

(α1,α2)
k are well-defined

and continuous from C to L2(∂Ω) for any α1, α2 ≥ 0 and k �= 0. (We remark
that a proof is given also in [2]; for the reader’s convenience we present a con-
structive proof here.) Then differentiation under the integral sign in (2.8) is
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justified by repeated applications of Lebesgue’s dominated convergence theo-
rem. Further, we show that

‖E(α1,α2)
k ‖L2(∂Ω) ≤ C,(2.9)

‖Ψ(α1,α2)
k ‖L2(∂Ω) ≤ C(2.10)

uniformly for 0 < |k| ≤ 1. Combining (2.9) and (2.10) with (2.8) yields the
claim.

The function Ek(x) has the following power series expansion:

Ek(x) =
eikx − 1

k
=

∞∑
n=1

k
n−1

(ix)n

n!
.(2.11)

Thus the map k �→ E
(α1,α2)
k is well-defined and continuous from C to L2(∂Ω)

for any α1, α2 ≥ 0 and k �= 0. Moreover, since limk→0 Ek(x) = ix, we see that
(2.9) holds.

Let us discuss k-smoothness of ψ(y, k). Define a single-layer operator Sk by

(Skφ)(x) =

∫
∂Ω

Gk(x − y)φ(y)dσ(y),

where Gk is Faddeev’s Green function Gk(x) = eikxgk(x) satisfying −∆Gk = δ.
The function gk is the following fundamental solution:

gk(x) :=
1

(2π)2

∫
R2

eix·ξ

(ξ1 + iξ2)(ξ1 − iξ2 + 2k)
dξ.(2.12)

The function gk satisfies (−∆ − 4ik∂)gk = δ. According to Theorem 5 of [29],
the operator [I + Sk(Λγ −Λ1)] is invertible in H1/2(∂Ω). Since the single layer
operator Sk (as well as Λγ − Λ1) is a classical pseudodifferential operator, we
see by [19, Thm. 19.2.1] that the pseudodifferential operator [I +Sk(Λγ −Λ1)]
is invertible also as an operator L2(∂Ω) → L2(∂Ω). Thus we can write for
k �= 0

(ψ(y, k) − 1)|∂Ω =
(
I + Sk(Λγ − Λ1)

)−1

(eikx − 1)|∂Ω.(2.13)

Let us rewrite (2.13) following [35]. Set G0 := −(2π)−1 log |x| and denote

Hk(x) := Gk(x) − G0(x), k �= 0.

Now ∆Hk = 0 and so Hk(x) is infinitely smooth in x. Changes of variables in
the integral in (2.12) show that gk satisfies

gk(x) = g1(kx) = gk(−x) = e−k(x)gk(x),(2.14)

and we see that Gk(x) = G1(kx) and

Hk(x) = H1(kx) − (2π)−1 log |k|, k �= 0.

Write now

I + Sk(Λγ − Λ1) = Aγ + Hk(Λγ − Λ1),
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where Aγ = I + S0(Λγ − Λ1) and the operator Hk is given by

(Hkφ)(x) =

∫
∂Ω

H̃1(k(x − y))φ(y)dσ(y);

here H̃1(x) := H1(x) − H1(0) and the constants H1(0) and log |k| were anni-
hilated by (2.5). Note that H̃1 : R2 → R is real-valued [35], and we abuse

notation by using interchangeably H̃1(x) = H̃1(x1 + ix2) = H̃1(x1, x2). So
(2.13) takes the form

Ψk(y) =
(
I + A−1

γ Hk(Λγ − Λ1)
)−1

A−1
γ (eikx − 1)|∂Ω,(2.15)

where Aγ is invertible in H1/2(∂Ω) by the proof of Theorem 3.1 in [35]. As
before, we see using [19, Thm. 19.2.1] that Aγ is invertible also in L2(∂Ω).

For differentiating (2.15) we analyze the k1-differentiability of Hk(Λγ −Λ1)
in the strong operator topology of L(L2(∂Ω)). Denote for any α1, α2 ≥ 0

H̃
(α1,α2)
1 (x) :=

∂α1+α2H̃1(x1, x2)

∂xα1
1 ∂xα2

2

.

Define an operator D(1,0)(k) ∈ L(L2(∂Ω)) by

(D(1,0)(k)f)(x) =

∫
∂Ω×∂Ω

(x1 − y1)H̃
(1,0)
1 (k(x − y))Φ(y, z)f(z)dσ2 +

+

∫
∂Ω×∂Ω

(x2 − y2)H̃
(0,1)
1 (k(x − y))Φ(y, z)f(z)dσ2.

Take any f ∈ L2(∂Ω) ⊂ L1(∂Ω) and write

lim
h→0

‖
(Hk+h −Hk

h
(Λγ − Λ1)f − D(1,0)(k)

)
f‖2

L2(∂Ω)

= lim
h→0

∫
∂Ω

∣∣∣ ∫
∂Ω

H̃1((k + h)(x − y)) − H̃1(k(x − y))

h
×

×(Λγ − Λ1)f(y)dσ(y)− D(1,0)(k)f(x)
∣∣∣2dσ(x) = 0,(2.16)

where we used Fubini’s theorem once and dominated convergence twice; this
is possible since H̃1 and Φ are smooth.

Thus k �→ Ψk as a mapping C to L2(∂Ω) has a differential

Ψ
(1,0)
k (y) =

∂

∂k1

(
I + A−1

γ Hk(Λγ − Λ1)
)−1

A−1
γ eikx|∂Ω

=
(
I + A−1

γ Hk(Λγ − Λ1)
)−1

A−1
γ

∂Hk(Λγ − Λ1)

∂k1
×

×
(
I + A−1

γ Hk(Λγ − Λ1)
)−1

A−1
γ (eikx − 1)|∂Ω +

+
(
I + A−1

γ Hk(Λγ − Λ1)
)−1

A−1
γ

∂eikx

∂k1

|∂Ω
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implying that k �→ Ψk is in C1(C, L2(∂Ω)). The above analysis can be extended
to any higher partial derivative ∂α1+α2/∂kα1

1 ∂kα2
2 in a similar manner. �

3. Properties of solutions of the ∂ equation

Fix 2 < r < ∞ and x ∈ R2. Assume given a function t : C → C satisfying
t(k)/k ∈ S(C) and consider the ∂ equation

(3.1) ∂kµ(x, k) =
t(k)

4πk
e−k(x)µ(x, k)

for µ satisfying the asymptotic condition

(3.2) µ(x, ·) − 1 ∈ Lr ∩ L∞.

Denote the solid Cauchy transform by

Cϕ(k) :=
1

π

∫
C

ϕ(k′)

k − k′dk′,(3.3)

where dk′ denotes the Lebesgue measure of R
2. Note that C and ∂k are inverses

of each other (modulo analytic functions). Further, define a real-linear operator

Txϕ(x, k) :=
t(k)

4πk
e−x(k)ϕ(x, k).(3.4)

Nachman [29] proved that the operator [I − CTx] : Lr → Lr is invertible
and that CTx1 ∈ Lr. Now the ∂ equation (3.1) together with the asymptotic
condition (3.2) can be written in the convenient form

µ = 1 + CTxµ(3.5)

or in the long form

µ(x, k) = 1 +
1

4π2

∫
C

t(k′)

(k − k′)k′
e−x(k

′)µ(x, k′)dk′.(3.6)

The solution of equation (3.5) is given by

(3.7) µ(x, k) = 1 + [I − CTx]
−1CTx1.

The following lemma can be found in Vekua [40].

Lemma 3.1. Let f ∈ Lp(R2) ∩ Lp′(R2), where p ∈ [1, 2) and 1/p + 1/p′ = 1.
Then∫

C

|f(k′)|
|k − k′|dk′

1dk′
2 ≤

[
8π‖f‖Lp‖f‖Lp′ (2 − p)−1/p(p′ − 2)−1/p′

]1/2

∀k ∈ C.

The following lemma establishes some properties of the function CTx1 ap-
pearing in (3.7).

Lemma 3.2. Let t : C → C satisfy t(k)/k ∈ S(C). Define for any x ∈ R2

(3.8) g(x, k) :=
1

4π2

∫
C

t(k′)

(k − k′)k′
e−x(k

′)dk′.
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Then for any α1, α2 ≥ 0 there is a constant M = M(φ, α1, α2) > 0, indepen-
dent of x and k, such that the following estimate holds:

(3.9)

∣∣∣∣ ∂α1+α2

∂xα1
1 ∂xα2

2

g(x, k)

∣∣∣∣ ≤ M min{〈x〉−1, 〈k〉−1}, for all x ∈ R
2, k ∈ C,

where 〈x〉 = (1 + |x|2)1/2 and 〈k〉 = (1 + |k|2)1/2. Moreover, the maps

x �→ g(x, · ) and x �→ ∂

∂xj

g(x, · )

are continuous from R2 to Lr(C) for any 2 < r < ∞ and j = 1, 2.

Proof. Denote φ(k) := t(k)/k ∈ S(C). Choose some 1 < p < 2 and note that
the norms ‖φ‖p and ‖φ‖p′ are bounded by Schwartz seminorms of φ. Thus by
lemma 3.1 we have for any x ∈ R2

(3.10) ‖g(x, ·)‖∞ ≤
[
8π‖φ‖p‖φ‖p′(2 − p)−1/p(p′ − 2)−1/p′

]1/2

=: M1,

where M1 < ∞ does not depend on x.
The norm ‖φ‖1 is bounded by Schwartz seminorms of φ. Thus we can

estimate for k �= 0

4π2|g(x, k)| =

∣∣∣∣∫
C

φ(k + k′)

k
e−x(k + k′)dk′

∣∣∣∣ ≤ 1

|k|

∫
C

|φ(k + k′)|dk′ =
‖φ‖1

|k| ,

leading to

(3.11) |g(x, k)| ≤ ‖φ‖1

4π2|k| =
M2

|k| for x ∈ R
2, k ∈ C \ 0,

with M2 < ∞ independent of x and k.
There are positive constants C1, C2 and R depending only on the Schwartz

seminorms of φ such that ‖φ̂‖1 = C1 < ∞, and |φ̂(ξ)| ≤ C2|ξ|−2 for |ξ| ≥ R.

Here φ̂ denotes the Fourier transform of φ. Note that g can be written in the
form

g(x, k) =
1

4π

( 1

πk′ ∗ (φ(k′)e−x(k
′))
)
(k).

Fourier transforming g with respect to k yields

ĝ(x, ξ) =
1

4π2ξ
(φe−x)

ˆ(ξ) =
1

4π2ξ
(φ̂(ξ) ∗ ê−x(ξ)) =

φ̂(ξ + 2x)

4π2ξ
.
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We want to estimate the L1 norm of ĝ(x, ·) for large |x|. Fix x ∈ R2 with
|x| > R.

4π2‖ĝ(x, ·)‖1 =

∫
|ξ|≥|x|

|φ̂(ξ + 2x)|
|ξ| dξ +

∫
|ξ|≤|x|

|φ̂(ξ + 2x)|
|ξ| dξ

≤ 1

|x|

∫
R2

|φ̂(ξ + 2x)|dξ +

∫
|ζ−2x|≤|x|

|φ̂(ζ)|
|ζ − 2x|dζ

≤ C1

|x| + C2

∫
|ζ−2x|≤|x|

1

|ζ |2|ζ − 2x|dζ

≤ C1

|x| +
2πC2

|x|2
∫ |x|

0

1

r
rdr

= (C1 + 2πC2)|x|−1.

Since the inverse Fourier transform is continuous from L1 to L∞ we have

(3.12) ‖g(x, ·)‖∞ ≤ M3|x|−1 for |x| > R,

where M3 < ∞ does not depend on x.
A combination of (3.10), (3.11) and (3.12) now yields the estimate (3.9) for

the case α1 = α2 = 0.
Next we show the continuity of the map x �→ g(x, · ). Write

g(x, k) − g(y, k) =
1

4π2

∫
C

φ(k′)

k − k′ (e−x(k
′) − e−y(k

′))dk′

=
1

4π2

∫
C

φ(k′)

k − k′ e−x(k
′)
(
ex−y(k

′) − 1
)
dk′.

Clearly limy→x ‖φ(k)
(
ex−y(k)−1

)
‖Lλ = 0 for any 1 ≤ λ ≤ ∞ since φ is rapidly

decaying. Thus replacing g(x, k) by g(x, k)− g(y, k) and φ by φ
(
ex−y( · )− 1

)
in estimates (3.10) and (3.11) shows that

lim
y→x

‖g(x, · ) − g(y, · )‖r = 0,

implying continuity of x �→ g(x, · ) from R2 to Lr.
Let now α1, α2 ≥ 0. Then by repeated applications of Lebesgue’s dominated

convergence theorem we can write

∂α1+α2

∂xα1
1 ∂xα2

2

g(x, k) =
1

4π2

∫
C

φ(k′)

k − k′ (−i2k′
1)

α1(i2k′
2)

α2e−x(k
′)dk′.

Estimate (3.9) follows from repeating the above proof with φ(k) ∈ S replaced
by kα1

1 kα2
2 φ(k) ∈ S.

Finally, continuity of the map x �→ (∂/∂xj) g(x, · ) follows analogously by
repeating the above proof with φ replaced by kjφ(k). �

Now lemma 3.2 and formula (3.7) yield the following estimate:
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Lemma 3.3. Let t : C → C satisfy t(k)/k ∈ S(C) and take 2 < r < ∞. Let
µ be the unique solution of (3.5) satisfying µ(x, ·) − 1 ∈ Lr ∩ L∞. Then the
map x �→ (µ(x, ·) − 1) is continuous from R2 to Lr and

(3.13) ‖µ(x, ·) − 1‖r ≤ C〈x〉−1.

Proof. By lemma 3.2 we know that CTx1 ∈ Lr depends continuously on x.
Let f ∈ Lr with ‖f‖r = 1 and write for any y ∈ R2

CTxf − CTyf = C
(t(k)

4πk

(
ex−y(k) − 1

)
e−x(k)f(k)

)
.

By the proof of [30, lemma 4.2] we know that

(3.14) ‖C(af)‖r ≤ c0‖a‖2‖f‖r = c0‖a‖2.

Thus we see that the map x �→ CTx is continuous from R2 to L(Lr(C)):

lim
y→x

‖CTxf − CTyf‖r ≤
c0

4π
lim
y→x

∥∥∥∥t(k)

k

(
ex−y(k) − 1

)∥∥∥∥
2

= 0.

Since the operator I−CTx is invertible for all x ∈ R2, the map x �→ [I−CTx]
−1

is continuous from R2 to L(Lr(C)) as well. Hence the right hand side of (3.7)
depends continuously on x.

It remains to prove estimate (3.13). Lemma 3.2 shows that

(3.15) ‖CTx1‖r ≤ M

(
〈x〉−r

∫
C

〈k〉−rdk

)1/r

≤ C〈x〉−1.

Further, by lemma 2.2.1 of Liu [26] we have

(3.16) ‖[I − CTx]
−1‖L(Lr) ≤ C,

where C does not depend on x. Now (3.13) follows from (3.7), (3.15) and
(3.16). �

Now we are ready to prove the crucial estimate on the x-derivatives of µ.

Lemma 3.4. Let t : C → C satisfy t(k)/k ∈ S(C) and take 2 < r < ∞. Let
µ be the unique solution of (3.5) satisfying µ(x, ·) − 1 ∈ Lr ∩ L∞. Then the
map x �→ ∂µ(x, ·)/∂xj is continuous from R2 to Lr and

(3.17) ‖ ∂

∂xj
µ(x, ·)‖r ≤ C〈x〉−1 for j = 1, 2.

Proof. let us write formally
(3.18)

∂µ(x, k)

∂xj
= [I + CTx]

−1(
∂

∂xj
CTx)[I + CTx]

−1CTx1 + [I + CTx]
−1 ∂

∂xj
(CTx1).

By lemma 3.2 we know that the maps x �→ ∂
∂xj

(CTx1) with j = 1, 2 are

continuous from R2 to Lr(C). We need to prove that

(i) the operator CTx is differentiable with respect to x in the strong oper-
ator topology of L(Lr), and
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(ii) the maps x �→ ∂
∂xj

CTx with j = 1, 2 are continuous from R2 to L(Lr(C)).

Then (i), (ii) and (3.18) together yield the continuity of the map x �→ ∂µ(x, ·)/∂xj .
Denote

(3.19) (CTx)1f := − i

2π2

∫
C

k′
1t(k

′)

(k − k′)k′
e−x(k

′)f(k′)dk′.

We will show that

(3.20) lim
h→0

(
CTx+hf − CTxf

h

)
= (CTx)1f

in the Lr topology uniformly in f . Let ε > 0 and take f ∈ Lr with ‖f‖r = 1.
With c0 as in (3.14), choose such a h0 > 0 that∥∥∥∥(e−h′(k) − 1)

k1t(k)

k

∥∥∥∥
L2(C)

<
2πε

c0

for all 0 < h′ < h0. Compute using the mean value theorem and estimate
(3.14)∥∥∥∥CTx+hf − CTxf

h
− (CTx)1f

∥∥∥∥
r

=

∥∥∥∥C((e−h(k) − 1

h
+ 2ik1)e−x(k)

t(k)

4πk
f(k)

)∥∥∥∥
r

=
1

4π

∥∥∥∥C((−2ik1e−h′(k) + 2ik1)e−x(k)
t(k)

k
f(k)

)∥∥∥∥
r

=
1

2π

∥∥∥∥C((e−h′(k) − 1)e−x(k)
k1t(k)

k
f(k)

)∥∥∥∥
r

≤ c0

2π

∥∥∥∥(e−h′(k) − 1)
k1t(k)

k

∥∥∥∥
2

< ε,

where 0 < h′ < h < h0 and h′ = h′(k). This proves (3.20), which in turn
implies (i) for j = 1. The proof for j = 2 is analogous, and claim (ii) can be
proved using a similar argument.

Finally, to prove estimate (3.17) take Lr norm of both sides of equation
(3.18). Using lemma 3.2 we see similarly to (3.15) that

(3.21) ‖ ∂

∂xj

(CTx1)‖r ≤ C〈x〉−1.

Using (3.19) and (3.14) we get the following uniform bound:

(3.22) ‖ ∂

∂xj
CTx‖L(Lr) ≤ C.

Now (3.15), (3.16), (3.21) and (3.22) yield the estimate (3.17).
�
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4. Proof of Theorem 1.1

Let q be an infinitely smooth, compactly supported potential of conductivity
type. By Theorems 2.1 and 2.2 we see that t := T q is well-defined and

(4.1)
t(k)

k
∈ S(C),

t(k)

k
∈ S(C).

It is shown in [29] that for any k ∈ C \ 0 the equation

(4.2) ∂x(∂x + ik)µ(x, k) =
q

4
µ(x, k)

has a unique solution satisfying µ( · , k) − 1 ∈ Lp̃ ∩ L∞(R2) for any 2 < p̃ <
∞. Furthermore, it is shown in [29] that the functions µ are also the unique
solutions of the ∂ equation (3.1) with asymptotic condition (3.2) with any
2 < r < ∞.

Define f := ∂x(∂x + ik)µ. Use (4.2) and (3.7) to write

0 = f − q

4
(µ(x, k) − 1) − q

4
= f − q

4
[I − CTx]

−1CTx1 − q

4
.

Because q is real-valued and does not depend on k, we can write

(4.3) f − [I − CTx]
−1CTx

q

4
− q

4
= 0.

Applying [I − CTx] to both sides of (4.3) yields

(4.4) 0 = f − q

4
− CTxf + CTx

q

4
− CTx

q

4
= f − q

4
− CTxf.

Compute the commutator of Tx with the operator ∂x(∂x + ik):

[∂x(∂x + ik), Tx]ϕ(x, k)

= ∂x(∂x + ik)
t(k)

4πk
e−k(x)ϕ − t(k)

4πk
e−k(x)∂x(∂x + ik)ϕ

=
t(k)

4πk

(
∂x(e−k(x)∂xϕ) − e−k(x)∂x(∂x − ik)ϕ

)
=

t(k)

4πk

(
e−k(x)(∂x − ik)∂xϕ − e−k(x)∂x(∂x − ik)ϕ

)
= 0.(4.5)

Take k �= 0 and compute similarly for the operator C:

[∂x(∂x + ik), C]ϕ

= ∂x(∂x + ik)
1

π

∫
C

ϕ(x, k′)

k − k′ dk′ − 1

π

∫
C

∂x(∂x + ik′)ϕ(x, k′)

k − k′ dk′

=
ik

π
∂x

∫
C

ϕ(x, k′)

k − k′ dk′ − i

π
∂x

∫
C

k′ϕ(x, k′)

k − k′ dk′

=
i

π
∂x

∫
C

ϕ(x, k′)dk′.(4.6)

Differentiation outside the integral sign in (4.6) is justified for continuous
ϕ(x, ·) ∈ L1(C).
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Applying the commutator relations (4.5) and (4.6) to equation (4.4) gives

∂x(∂x + ik)µ = CTx∂x(∂x + ik)µ +
q

4

= C∂x(∂x + ik)Txµ +
q

4

= ∂x(∂x + ik)CTxµ +
q

4
− i

π
∂x

∫
C

Txµ(x, k)dk.(4.7)

Further, from (4.7) and (3.5)

q

4
− i

π
∂x

∫
C

Txµ(x, k)dk = ∂x(∂x + ik)
(
CTxµ − 1 − CTxµ

)
= 0.

Thus,

q =
4i

π
∂x

∫
C

t(k)

4πk
e−x(k)µ(x, k)dk =

i

π2
∂x

∫
C

t(k)

k
e−x(k)µ(x, k)dk = Qt,

as required.

5. Proof of Theorem 1.2

By Lemma 3.4 the map x �→ µ(x, · ) is differentiable from C → Lr(C) with
the derivative defined in the norm topology. Thus

lim
h→0

∥∥∥∥µ(x + hej , · ) − µ(x, · )
h

− ∂

∂xj

µ(x, · )
∥∥∥∥

Lr

= 0

where e1 = (1, 0), e2 = (0, 1). Let r′ be the exponent conjugate to r: 1
r
+ 1

r′ = 1.

Then in the weighted Lr′-norm with weight w(k) = (1 + |k|)−3 we have

lim
h→0

∥∥∥∥(e−x(x + hej , · ) − e−x(x, · )
h

− ∂

∂xj
e−x(· )

)
w(·)

∥∥∥∥
Lr′

= 0.

Thus, k �→ µ(x, · )e−x(· )w(· ) is an L1(C)-valued continuously differentiable

function, and as t(k)

k
w(k)−1 ∈ L∞(C), we see that∣∣∣∣ ∂

∂xj

∫
C

t(k)

k
e−x(k)µ(x, k)dk −

∫
C

t(k)

k

∂

∂xj

(e−x(k)µ(x, k))dk

∣∣∣∣
=
∣∣∣ lim

h→0

∫
C

t(k)

k

(e−(x+hej)(k)µ(x + hej , k) − e−x(k)µ(x, k)

h

− ∂

∂xj
(e−x(k)µ(x, k))

)
dk
∣∣∣

= 0.
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Thus we can differentiate under the integral sign below to obtain

π2(Qt)(x) = i∂x

∫
C

t(k)

k
e−x(k)µ(x, k)dk

= i∂x

∫
C

t(k)

k
e−x(k)(µ(x, k) − 1)dk + i∂x

∫
C

t(k)

k
e−x(k)dk

= i

∫
C

t(k)

k
(∂xe−x(k))(µ(x, k) − 1)dk

+ i

∫
C

t(k)

k
e−x(k)∂xµ(x, k)dk + i

∫
C

t(k)

k
(−ik̄)e−x(k)dk

=

∫
C

t(k)e−x(k)(µ(x, k) − 1)dk + i

∫
C

t(k)

k
e−x(k)∂xµ(x, k)dk(5.1)

+

∫
C

t(k)e−x(k)dk.(5.2)

Now (5.2) is rapidly decaying since it is the Fourier transform of a Schwartz
function. By lemmas 3.3 and 3.4 the Lr norms of µ(x, k)−1 and ∂xµ(x, k) are
finite and depend continuously on x. Thus the fact that t(k)/k ∈ S together
with Hölder’s inequality shows that (5.1) is well-defined and continuous in x.

To prove estimate (1.6) for term (5.1) write the ∂ equation (3.1) in the form

(5.3) ∂kµ(x, k) =
t(k)

4πk
e−x(k)(µ(x, k) − 1) +

t(k)

4πk
e−x(k).

Now integration by parts yields for x �= 0

|x|
∣∣∣∣∫

C

t(k)e−x(k)(µ(x, k) − 1)dk + i

∫
C

t(k)

k
e−x(k)∂xµ(x, k)dk

∣∣∣∣(5.4)

=
∣∣∣− i(x1 + ix2)

(∫
C

t(k)e−x(k)(µ(x, k) − 1)dk

+ i

∫
C

t(k)

k
e−x(k)∂xµ(x, k)dk

)∣∣∣
=

∣∣∣∣∫
C

t(k)
∂e−x(k)

∂k
(µ(x, k) − 1)dk + i

∫
C

t(k)

k

∂e−x(k)

∂k
∂xµ(x, k)dk

∣∣∣∣
=

∣∣∣− ∫
C

e−x(k)
[
(∂kt(k))(µ(x, k) − 1) + t(k)∂kµ(x, k)

]
dk

− i

∫
C

e−x(k)∂k

(
t(k)

k
∂xµ(x, k)

)
dk
∣∣∣.
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Making use of equation (5.3) we have that (5.4) equals

∣∣∣− ∫
C

e−x(k)
[
(∂kt(k))(µ(x, k) − 1)

+t(k)

(
t(k)

4πk
ex(k)(µ(x, k) − 1) +

t(k)

4πk
ex(k)

)]
dk

−i

∫
C

e−x(k)∂k

(
t(k)

k

)
∂xµ(x, k)

+
t(k)

k
e−x(k)∂x

(
t(k)

4πk
ex(k)(µ(x, k) − 1) +

t(k)

4πk
ex(k)

)
dk
∣∣∣

After some simplification we have that (5.4) equals∣∣∣∣−∫
C

[
e−x(k)(∂kt(k))(µ(x, k) − 1) +

|t(k)|2
4πk

(µ(x, k) − 1) +
|t(k)|2
4πk

]
dk(5.5)

−i

∫
C

[
e−x(k)

∂

∂k

(
t(k)

k

)
∂xµ(x, k) +

|t(k)|2
4π|k|2 e−x(k)∂x(ex(k)(µ(x, k) − 1))(5.6)

+
|t(k)|2
4π|k|2 e−x(k)(ik̄ex(k))

]
dk

∣∣∣∣(5.7)

The third term in (5.5) cancels with the term (5.7). Expanding the ∂x deriva-
tive in (5.6) allows us to estimate (5.4) as follows:∣∣∣∣−∫

C

[
e−x(k)

∂t(k)

∂k
(µ(x, k) − 1) +

|t(k)|2
4πk

(µ(x, k) − 1)
]
dk

−i

∫
C

[
e−x(k)

∂

∂k

(
t(k)

k

)
∂xµ(x, k) +

|t(k)|2
4πk

i(µ(x, k) − 1)

+
|t(k)|2
4π|k|2 ∂xµ(x, k)

]
dk

∣∣∣∣
≤

∥∥∥∥∂t(k)

∂k

∥∥∥∥
r′
‖µ(x, k) − 1‖r +

1

2π

∥∥∥∥ |t(k)|2
k

∥∥∥∥
r′
‖µ(x, k) − 1‖r

+

∥∥∥∥ ∂

∂k

(
t(k)

k

)∥∥∥∥
r′
‖∂xµ(x, k)‖r +

1

4π

∥∥∥∥ |t(k)|2
|k|2

∥∥∥∥
r′
‖∂xµ(x, k)‖r

≤ C

(∥∥∥∥∂t(k)

∂k

∥∥∥∥
r′

+

∥∥∥∥ |t(k)|2
k

∥∥∥∥
r′

+

∥∥∥∥ ∂

∂k

(
t(k)

k

)∥∥∥∥
r′

+

∥∥∥∥ |t(k)|2
|k|2

∥∥∥∥
r′

)
〈x〉−1.

where C < ∞. Thus we can conclude that (5.4) is bounded by C ′〈x〉−1, and
the proof is complete.
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