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ABSTRACT. A class of compactly supported Schrédinger potentials in di-
mension two is given for which the inverse scattering method related to
the Novikov-Veselov evolution equation is well-defined. There is no small-
ness assumption on the initial potential. Regularity results are proven for
the direct and inverse scattering transforms, also called nonlinear Fourier
transforms.
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1. INTRODUCTION

Let ¢ € LP(R?) for some 1 < p < 2 and consider the Schrodinger equation

(11) (A +qpi(- k) = 0

where k € C\ 0 is a parameter. As in Faddeev [13] and Nachman [30], we
look for exponentially growing solutions 1 of (1.1) with asymptotic behavior
P(x, k) ~ e*® More precisely, the solution 1) is characterized by

(1.2) e *p(x, k) — 1€ LPNL®(R?*)  for fixed k € C\ 0,

where 1/p = 1/p—1/2. Here and throughout the paper a point = (1, x2) in
R? will be identified with = 21 +ixy € C. So exp(ikz) = exp(i(k1 +iko)(z1+
ixg)) with k € C and = € R%.

Exponentially growing solutions do not necessarily exist for all k € C. A
point k is called a non-exceptional point of q if there is a unique solution of (1.1)
satisfying (1.2). Otherwise k is called an ezceptional point of q. If a potential g
does not have exceptional points, one can define the scattering map 7 : ¢ +— t,
taking the potential ¢ to its scattering transform t : C — C defined by

(1.3) t(k) = /R? e q(x)(x, k)da.

Under suitable assumptions the potential ¢ can be recovered from its scattering
transform t via the inverse scattering map Q : t — ¢ defined by

(1.4) (Qt)(z) := %gw/c%e_k(x),u(x, k)dk,

where z € R?, dk denotes Lebesgue measure, 0, = %(6%1 + iaim) and e_g(x)

e~"ke+ke) - The functions p(z, k) in (1.4) are determined by solving the @
1
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equation

(15) Bt k) = e (ot )
Atk

with fixed x € R? and assuming large |k| asymptotics u(z,)—1 € LN L"(C)
for some 2 < r < oo. We remark that the maps 7 and Q are often called
the direct and inverse nonlinear Fourier transforms. See the work of Beals &
Coifman [4, 5, 6, 8], Ablowitz & Nachman [1, 32] and Henkin & Novikov [19]
for early references on the d method. Note also that a formula equivalent to
(1.4) is given by Tsai in [40, formula (3.4)].

Let us define a special class of potentials.

Definition 1.1. A compactly supported potential ¢ € C§°(R?) is of conduc-
tivity type if ¢ = 7 V2AyY? for some real-valued v € C?*(R?) satisfying
y(x) >c>0 for allz € Q and y(z) =1 for allx € R?\ Q.

Nachman shows in [30] that 7 ¢ is well-defined for conductivity type potentials.
We extend his result in Theorems 2.1 and 2.2 by proving that the apparently
singular functions k(7 ¢)(k) and Eil(Tq)(k) belong to the Schwartz class
S(C). The crucial point of the proof is to use boundary integral equations
arising from electrical impedance tomography to avoid the log |k| singularity
of Faddeev’s Green’s function. Also, we make use of a relationship found by
Barcel6, Barcel6 and Ruiz [3] (see also Knudsen [22]) between 7 and the well-
known scattering map of the Davey-Stewartson (DS) II equation. Then we
can prove the following new result:

Theorem 1.1. Let g € C5°(R?) be of conductivity type. Then q = QTq.
Further, we study mapping properties of the inverse scattering map Q.

Theorem 1.2. Let t : C — C satisfy t(k)/k € S(C) and t(k)/k € S(C).
Then the function Qt : R? — C given by (1.4) is well-defined and continuous.
Furthermore,

(1.6) [(Qt)(x)] < C(x)~".

Our motivation for the study of the above scattering problem is two-fold.
First, the problem is formally related to the Novikov-Veselov evolution equa-
tion that generalizes the KdV equation to dimension 2+41. Second, the scat-
tering transform t(k) can be used to solve the inverse conductivity problem
that has many practical applications. Let us discuss these motivations in more
detail.

S. P. Novikov and Veselov [35, 42] (see also Nizhnik [33]) introduce the
following evolution equation in a periodic setting:

0q. _ _
(1.7) S — 0%, — Da- + 30, (-0) + 30 0r),

where 7 > 0 and 0,v = 0,¢,. Boiti, Leon, Manna and Pempinelli [9] discuss
equation (1.7) in the non-periodic case and show that if ¢, : R> — C evolves in
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7 according to (1.7) and does not have exceptional points, then the scattering
data evolves as

(Tqr) (k) = e (Tq0) (k).

Tsai [39, 40] assumes the absence of exceptional points and gives a formal
derivation of a hierarchy of evolution equations parametrized by n = 1, 3,5, ...
and containing the non-periodic version of (1.7) as the case n = 3. Thus
equation (1.7) can be solved formally using the inverse scattering method:

(1.8) ¢ = Qexp(i(k* + 1)) Tap).

However, problems caused by exceptional points prevent the rigorous use of
formula (1.8) for general potentials go.

We remark that the relationship between the Novikov-Veselov equation (1.7)
and a scattering problem analogous to (but different from) the above is studied
by Grinevich, Manakov and R. G. Novikov [14, 15, 16, 17, 18].

The inverse conductivity problem is formulated by Calderén [11] as follows:
given a regular domain € R? with d > 1 and a strictly positive function
v € L>®(Q), define the Dirichlet-to-Neumann (DN) map by

ou
(1.9) A f= 7@!697

where u is the unique H'(Q) solution of the Dirichlet problem V-vyVu = 0 in Q
and v = f on 0f2. The DN map represents all static voltage-to-current density
measurements on the boundary 0€2. Calderén asks whether v is uniquely de-
termined by A, and if so, how to reconstruct v from boundary measurements.
This problem has a practical imaging application called electrical impedance
tomography (EIT) used for medical imaging, geophysics, nondestructive test-
ing, and process tomography. See [12, 36, 28, 21| for more details on EIT.

What is the relation between EIT and inverse scattering? Assume that
the conductivity v : € — R is smooth, strictly positive, and v = 1 in a
neighborhood of 9€2. Then we can extend 7 as one outside {2 and define
q = 7 2Ay1? € Cg°(R?). Exponentially growing solutions corresponding
to such conductivity type potential ¢ can then be used to solve the inverse
conductivity problem, as shown by Sylvester & Uhlmann [38], Nachman [29, 30]
and R. G. Novikov [34]. Our starting point is [30], where Nachman shows that
conductivity type potentials in dimension two do not have exceptional points,
allowing us to show that formula (1.8) is well-posed for such potentials. Also,
an EIT algorithm based on Nachman’s proof is presented in [36, 28, 24, 21],
readily providing numerical inverse scattering algorithms.

The two-dimensional isotropic inverse conductivity problem is solved for
once weakly differentiable conductivities by Brown and Uhlmann [10], and
further, for L> conductivities by Astala and Paivérinta [2]. Both approaches
are based on the use of a d equation. An EIT algorithm based on [10] is given
in [22, 25, 23]. We remark that [10] is related to the DS II equation, and it is
not known if [2] is related to some evolution equation.
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Choose a positive odd integer n, and set for all k € C
(1.10) m" (k) := exp(—=i"(k" + & )7).

Note that |m{” (k)| = 1. Given ¢ € LP(R?) with no exceptional points, one
can formally define a function ¢,(x) at time 7 > 0 by multiplying the initial

scattering transform 7 ¢ by m(T”) and applying the inverse scattering map Q:

m®.

t — t,

(1.11) TT lg

q9 — 4qr

The smoothness results for k~(7¢)(k) and & (7¢)(k) and Theorem 1.2 can
be used to show that the inverse scattering scheme (1.11) is well-defined for
conductivity type initial potentials:

Corollary. Let ¢ € C5°(R?) be of conductivity type. Fiz a positive odd integer
n, let 7 > 0 and define ¢, : R*> — C by

¢- = Q(m{"Tq).
Then q,(z) is continuous in x and belongs to LP(R?) for any 1 < p < 2.
(n)

Proof. The infinitely smooth function m; "’ (k) and its derivatives grow at most
polynomially at infinity. Thus by Theorems 2.1 and 2.2

™) (k) t(k ™) (k) t(k
%)() € S(C) and # € S(C),
and the claim follows from Theorem 1.2. O

Note that there is no smallness assumption for the initial data in the Corollary.

2. THE SCATTERING MAP 7T

This section is devoted to proving that if ¢ € C5°(R?) is of conductivity type,
then (7¢)(k) is a well-defined, smooth function whose derivatives decay when
|k| — oo, and the apparently singular functions (7¢)(k)/k and (7T q)(k)/k
actually have bounded derivatives of all orders at k = 0.

Theorem 2.1. Let ¢ € C°(R?) be of conductivity type. Then the functions
(Tq)(k) and (Tq)(k)/k belong to the Schwartz class S(C).

Proof. By [30, Thm 1.1] the potential ¢ does not have exceptional points.
Thus t(k) = (7 q)(k) is well-defined using formula (1.3) for nonzero k € C and
setting t(0) = 0.

To analyze derivatives of t, let us discuss scattering data introduced by Beals
and Coifman [7] for the Davey-Stewartson (DS) II equation. By assumption
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we have ¢ = v~ /2A~"/2 for some smooth, strictly positive function + satisfying
v —1€ C°(R?). Define
Duy?
2

Consider the equation
(1) (D= QU(, k) =0
for a 2 x 2 matrix ¥(x, k) depending on x € R? and k € C, where

_ |0, 0 [0 a
-G a ] e-lat]
Brown and Uhlmann [10] showed that there are exponentially growing solutions
of equation (2.1) of the form

eikx 0 :|

O O

where m is uniquely specified by the requirement that each element of the
matrix m(-, k) — I belongs to L"(R?) for any r > 2. The DS scattering data is
the 2 x 2 matrix

; —ikx
amzi/ 0 et al@)Palz k) |
T Jrz | —e7q(x) Uy (2, k) 0
Based on Barceld, Barcel6 and Ruiz [3], Knudsen showed in [22, Thm 3.5.2]
that the scattering transforms t of ¢ and S of q are related by
(2.2) t(k) = —2kSo1 (k).
Since q is compactly supported and N times continuously differentiable, a
result of Sung [37, Thm 4.4] shows that
HP1+02
2.3 k{t k? ——————So1 (K
( ) 1 M2 8k?18k52 21( )
is continuous and vanishes at infinity for oy +as < N and arbitrary 3y, B2 > 0.

A combination of (2.2) and (2.3) yields the claim. O
Theorem 2.2. Let ¢ € C°(R?) be of conductivity type. Then (Tq)(k)/k €
C>(R?).

Proof. Denote t(k) = (7q)(k). By Theorem 2.1 we know that t is infinitely
smooth in C and all its derivatives vanish at infinity. Thus we only need to
prove that all derivatives of t(k)/k are bounded in a neighborhood of 0.

With no loss of generality we can assume that ¢ and v — 1 are supported in
the open unit disc Q@ = D(0,1) C R% Namely, replacing g by G(z) := \2q(\x)
and v by §(z) := v(Ax) with large enough A\ > 0 yields supp(q) C € while
preserving the equality ¢ = 3~'/2A%'/2. By theorem 3.3 of [36] we have t(k) =
t(\k), so the claim holds for t(k)/k if and only if it does for t(k)/k.

Let A, : HY/2(0Q) — H~Y2(99) be the DN map of . Denote by A; the DN
map of the homogeneous conductivity v = 1. It is known that A, is a classical
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pseudodifferential operator and if v = 1 near ) then A, — A; is an infinitely
smoothing map, see [38, 26]. We can thus extend A, — A; as a continuous map
L*(09) — C>=(09) and write

(2.4) Ay —M)o= [ (-, y)o(y)do(y)

o0
where do(y) is Lebesgue measure on the unit circle 9Q and ® is some C*
function on the torus 02 x 0€2. Further, we have

(2.5) A,1=0 and /a Aypdo =0
0

for any ¢ € H'/2(9Q). Of course, (2.5) holds as well when 7 is replaced with
1.

Consider the following representation of t given by Nachman [30] (originally
introduced by R. G. Novikov [34] and Nachman [29]):

(2.6) b(k) — /m RN, — A k)do, ke C\O,

Use equations (2.4), (2.5) and (2.6) to write for any k # 0

th) 1

e / (5~ 1)(Ay = A)((, k) — Ddor(a)

— ([ @) k) = o)) doo)
1) - / / (@9) Bu(a)Wn(y) do (o) do(y),

where we denote

Ei(z) = ———, Ui(y) ==Yy, k) — 1.

The use of Fubini’s theorem in (2.7) is justified since 9 (y, k) is continuous in
y by [30, Thm 1.1] and Sobolev imbedding, and Ej(z) is continuous in z. Use
(2.7) to compute formally for any ay,as > 0

aa1+a2 t(k) a2
= = d
Ok OkS? ( 2 ) /Bﬂxaﬂ (x>y) Z Z C(Vb Va, 0, 042) X

v1=019=0

(2.8) x BV ()Wl 022) (0 do () do (y),
where ¢(v1, 12, a1, i) are constants and we use the following notation:

aa1+a2Ek(x) (011,012)( ) aa1+a2qjk(y)
A e x) = .
OKSTokS? Tk Ok Oky*
We will prove that the maps k +— E,(Calm) and k — \Ilggal’w) are well-defined
and continuous from C to L?(9Q) for any aj,ay > 0 and k # 0. (We remark

that a proof is given also in [2]; for the reader’s convenience we present a con-
structive proof here.) Then differentiation under the integral sign in (2.8) is

E,io“’az)(x) =
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justified by repeated applications of Lebesgue’s dominated convergence theo-
rem. Further, we show that

(2.9) 1B 200y < C,
(2.10) [0 o0y < C

uniformly for 0 < |k| < 1. Combining (2.9) and (2.10) with (2.8) yields the
claim.
The function Ej(x) has the following power series expansion:

et — 1 SE (i)

Thus the map k E,(Cal’OQ) is well-defined and continuous from C to L?*(99)
for any oy, as > 0 and k # 0. Moreover, since limy_.o Ey(x) = iT, we see that
(2.9) holds.

Let us discuss k-smoothness of ¥(y, k). Define a single-layer operator Sy by

(S:0)) = [ Gala = p)otu)doty),
o9
where G, is Faddeev’s Green function G, (z) = e** g, (x) satisfying —AGy = 4.
The function g; is the following fundamental solution:
7,
2m)? Jre (&1 +1&2) (& — i€ + 2K)
The function gy, satisfies (—A — 4ikd)gr = . According to Theorem 5 of [30],
the operator [I + Si(A, — A;)] is invertible in H/2(9€2). Since the single layer
operator S, (as well as A, — A;) is a classical pseudodifferential operator, we

see by [20, Thm. 19.2.1] that the pseudodifferential operator [/ + Si(A, — Ay)]
is invertible also as an operator L?*(0Q2) — L*(0f2). Thus we can write for

k#0
-1 "
(213)  (@(y.k) = Dlon = (T+Sk(Ay = A)) (€™ = 1)on.
Let us rewrite (2.13) following [36]. Set Gy := —(27) ' log |z| and denote
Hi(z) = Gi(z) — Go(z), k # 0.

Now AHy = 0 and so Hg(z) is infinitely smooth in z. Changes of variables in
the integral in (2.12) show that g satisfies

6ix-§

(2.12) gr(x) == ( d¢.

(2.14) gr(@) = g1(kx) = gg(—T) = e_i(x)gr (),
and we see that Gy (z) = G1(kz) and
Hy(x) = Hy(kz) — (2m) " log | k|, k # 0.

Write now
] + Sk(A’Y - Al) - A,y + H]g(A'y - A1)7
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where A, = I 4+ So(A, — Ay) and the operator Hj, is given by

(Heg)(@) = | Hilk(z —1)o(y)do(y)
here Hy(z) := Hy(x) — H;(0) and the constants H;(0) and log |k| were anni-
hilated by (2.5). Note that H; : R? — R is real-valued [36], and we abuse
notation by using interchangeably Hi(x) = Hi(z + ixe) = Hy(x1,13). So
(2.13) takes the form
1 )
(2.15)  Wi(y) = <I+A;1H;€(A7 —Al)) AN 1) g0,

o

where A, is invertible in H'/2(9Q2) by the proof of Theorem 3.1 in [36]. As
before, we see using [20, Thm. 19.2.1] that A, is invertible also in L*(952).

For differentiating (2.15) we analyze the k;-differentiability of H; (A, — Aq)
in the strong operator topology of L(L?(92)). Denote for any oy, as > 0

~ 3a1+°‘2f~[1(a:1 [L’Q)
H(oq,ag) - )
1 (‘T) axtlﬂq 81'32

Define an operator D g)(k) € L(L*(99)) by

(Pao®H@ = [ m(m—ynﬁfl’“’(k(a:—y))@(y,zmz)da?+

+/ (g — yg)ﬁl(O,ﬂ(k(x —y))®(y, 2) f(2)do>.
INXON

Take any f € L?(9Q) C L'(0N) and write

, Hyrn —H
}Zli% | <%(AW —A)f - D(l,O)(k)>fH%2(8Q)

C Hy((k +h)( —y)) = Hi(k(z —y))

(2.16) X(Ay = A1) f(y)do(y) — Doy (k) f(x)

where we used Fubini’s theorem once and dominated convergence twice; this
is possible since H; and ® are smooth.
Thus k — WUy as a mapping C to L?(092) has a differential

2
do(xz) =0,

B o
v = o (7 4+ A7 M, = M) AT e
_ -1 _ aHk(A - Al)
- <I +ATTH (A, — Al)) A 8761
1 )
x (I + AT HR(A, — A1)> ATHE™ = 1)|oa +
laeikax

-1
+<I + ATVH (A, — A1)> A o0

T 0k
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implying that &k +— Uy is in C1(C, L?(99)). The above analysis can be extended
to any higher partial derivative 9*1**2 /9k{" 0k5? in a similar manner. OJ
3. PROPERTIES OF SOLUTIONS OF THE J EQUATION

Fix2<r<ooandz € R2. Assume given a function t : C — C satisfying
t(k)/k € S(C) and consider the 0 equation

- t(k

(3.1) Orp(z, k) = (—_)e_k(x)u(x, k)

Ak
for u satisfying the asymptotic condition
(3.2) p(z,-)—1e L"NL*™.
Denote the solid Cauchy transform by

1 [ o(k)
: k):=— dk’

(33) Coth) =~ [ Faw

where dk’ denotes the Lebesgue measure of R?. Note that C and 0y, are inverses
of each other (modulo analytic functions). Further, define a real-linear operator

(3.4) Tople, k) = e (K)o (o, )

Nachman [30] proved that the operator [[ — CT,] : L" — L" is invertible
and that CT,1 € L". Now the 0 equation (3.1) together with the asymptotic
condition (3.2) can be written in the convenient form

(3.5) w=1+Clpn
or in the long form
1 t(k) —
3.6 v, k)=1+— | ———=c_(K)u(z,¥)dK'.
(3.6) p(z, k) Prcl) ATy (K)p(z, k')
The solution of equation (3.5) is given by
(3.7) p(z, k) =1+ [I —CT,] 'CT,1.
The following lemma can be found in Vekua [41].
Lemma 3.1. Let f € LP(R?) N L' (R?), where p € [1,2) and 1/p+1/p = 1.
Then
|/ (K)]
c |k — K|
The following lemma establishes some properties of the function CT,1 ap-
pearing in (3.7).

Lemma 3.2. Let t : C — C satisfy t(k)/k € S(C). Define for any x € R?

(3.8) g(x, k) = T;[c%i(i%ex(k/)dk/.

11/2
dkydkty < 87| flloll fll (2 = p)7HP(0' —2)717 vk e C.
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Then for any aq,a > 0 there is a constant M = M(p, aq, ) > 0, indepen-
dent of x and k, such that the following estimate holds:

a2

(3.9) 'Wg(x, k)' < M min{{x)~" (k)~'}, for allx € R* k € C,
where (x) = (1 + |z|*)V/? and (k) = (1 + |k|*)Y/2. Moreover, the maps

ng(x>) and xHaix]g(x>)

are continuous from R? to L"(C) for any 2 <r < oo and j =1, 2.

Proof. Denote ¢(k) := t(k)/k € S(C). Choose some 1 < p < 2 and note that
the norms ||¢||, and ||¢||,» are bounded by Schwartz seminorms of ¢. Thus by
lemma 3.1 we have for any x € R?

1 / 1/p’ 1/2
(310) gz, )l < |87l 0l (2 = p) 770 — 2)7 /p] =: M,

where M; < oo does not depend on z.
The norm ||¢||; is bounded by Schwartz seminorms of ¢. Thus we can
estimate for k # 0

k K
leading to
ol M, )
( ) ’g(x7 )’— 47T2‘]€‘ ‘k‘ Ol"xe 9 G \ 3

with My < oo independent of z and k.

There are positive constants C, Cy and R depending only on the Schwartz
seminorms of ¢ such that [|¢||; = Cy < oo, and |p(€)] < Cyl€|~2 for €] > R.
Here 913 denotes the Fourier transform of ¢. Note that g can be written in the
form

9. k) = (= (D(R)e—a(K)) ) ().

4 \ 7k’ ¥

Fourier transforming ¢ with respect to k yields

1

o€ + 27)
42¢ ‘

(916) * =€) = =

9(x,8) = (pe—z) (§) =

7T2§
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We want to estimate the L' norm of g(z,-) for large |z|. Fix z € R? with
|z| > R.

~

2o, = 96 +22)| 96 +27)]
729G, )l /5 N ¢ /Ig e

9 9
1 L om 16(9)
— 27)|d — 27
= || /R? 19(6 + 2m)|dE + /|<;_2$g|x| | — 27| ¢
o 1
< —4C ———d
by " 2/gzx|<x IC2[¢ — 27| ‘

||
< Q—FQWOQ/ lrdr
0

E

= (Cy +27Cy) |z
Since the inverse Fourier transform is continuous from L' to L we have
(3.12) lg(x, ) |loo < M3|x\_1 for |x| > R,

where M3 < oo does not depend on .

A combination of (3.10), (3.11) and (3.12) now yields the estimate (3.9) for
the case a; = ag = 0.

Next we show the continuity of the map = — g(x, -). Write

o) = oh) = 15 [ 5 el - ey (WK
1 ew)

yro) My k/e_w(k') (€x—y(K') — 1)dK .

Clearly limy_., [|¢(k) (ez—y (k) — 1) x = 0 for any 1 < A < oo since ¢ is rapidly
decaying. Thus replacing g(z, k) by g(z, k) — g(y, k) and ¢ by ¢(es—y(-) — 1)
in estimates (3.10) and (3.11) shows that

lim [lg(z, -) = g(y, -)ll- =0,

implying continuity of z — g(x, -) from R? to L".
Let now a1, ap > 0. Then by repeated applications of Lebesgue’s dominated
convergence theorem we can write
gorte2 1 (k")

—_— k)=— —12k) " (12k5) % e, (K" dK'.
ax?langg(x’ ) 471'2 (Ck'—k/( l 1) (Z 2) € ( )

Estimate (3.9) follows from repeating the above proof with ¢(k) € S replaced
by k2 kS2¢(k) € S.

Finally, continuity of the map x +— (9/0z;) g(z, -) follows analogously by
repeating the above proof with ¢ replaced by k;¢(k). O

Now lemma 3.2 and formula (3.7) yield the following estimate:
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Lemma 3.3. Let t : C — C satisfy t(k)/k € S(C) and take 2 < r < co. Let
w be the unique solution of (3.5) satisfying p(z,-) —1 € L™ N L*®. Then the
map x +— (u(z,-) — 1) is continuous from R* to L" and

(3.13) () = 1l < Cf2) ™"

Proof. By lemma 3.2 we know that CT,1 € L" depends continuously on x.
Let f € L" with ||f]|, = 1 and write for any y € R?

_ (R
CT,f — CT,f = c(m(e”(k) — 1) e,x(k)f(k)).
By the proof of [31, lemma 4.2] we know that
(3.14) IC(af)llr < collalla[| fll- = collalls-
Thus we see that the map z — CT,, is continuous from R? to L(L"(C)):

%(ex_y(k) —1) - 0.

Since the operator I —CT) is invertible for all z € R?, the map x + [[ —CT,]™!
is continuous from R? to L(L"(C)) as well. Hence the right hand side of (3.7)
depends continuously on x.

It remains to prove estimate (3.13). Lemma 3.2 shows that

lim [T, f — CT, f|l, < <> lim
y—z 47 y—z

1/r
15) leral < (@0 [wra) <o
c
Further, by lemma 2.2.1 of Liu [27] we have
(3.16) Ilf = CTo] Mz < €,
where C' does not depend on z. Now (3.13) follows from (3.7), (3.15) and
(3.16). 0

Now we are ready to prove the crucial estimate on the z-derivatives of u.

Lemma 3.4. Let t : C — C satisfy t(k)/k € S(C) and take 2 < r < co. Let
W be the unique solution of (3.5) satisfying p(z,-) —1 € L™ N L. Then the
map x — Ou(x,-)/0z; is continuous from R?* to L™ and

(3.17) Hi (z,)]l, < Clx)! forj =1,2.
(9;133-
Proof. let us write formally
(3.18)
op(z, k) 0 -1 4 0
— = T, —CT,)|I T. T.1+ (1 T, =—(CT,1).
oz, [I +CT,] (axjc 2+ CT,) ' CT, 1+ [I +CT,] axj(c 1)

By lemma 3.2 we know that the maps z +— 5>(CT,1) with j = 1,2 are
J
continuous from R? to L"(C). We need to prove that

(i) the operator CT, is differentiable with respect to x in the strong oper-
ator topology of L(L"), and
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(ii) the mapsz — —CT with j = 1,2 are continuous from R? to L(L"(C)).

Then (i), (ii) and (3.18) together yield the continuity of the map « — du(z, -)/0x;.
Denote

N 10 T
(3.19) (€T f = 5 /C T © RS
We will show that
Ty f — CT,
(3.20) ,133%( ol 2Ol ) — (CT)f

in the L" topology uniformly in f. Let € > 0 and take f € L" with | f|, = 1.
With ¢ as in (3.14), choose such a hy > 0 that

kit (k)
k

2me
< -

(e—w(k) —1)—=—

L2(C) o

for all 0 < A’ < hg. Compute using the mean value theorem and estimate
(3.14)

HCTthh_CTIf—(CTw)lf T = HC((%-}-%/&E_;U 47Tk' >
- % c((—mle,h,(k)mzkl) ()@ f(k )) i
- 5= et~ e 2B )|
< ey - 1Y
< e, 2

where 0 < b/ < h < hy and i/ = h/(k). This proves (3.20), which in turn
implies (i) for j = 1. The proof for j = 2 is analogous, and claim (ii) can be
proved using a similar argument.

Finally, to prove estimate (3.17) take L" norm of both sides of equation
(3.18). Using lemma 3.2 we see similarly to (3.15) that

(3.21) I3 €Tl < Cla)”

Using (3.19) and (3.14) we get the following uniform bound:

I
Oz,

Now (3.15), (3.16), (3.21) and (3.22) yield the estimate (3.17).

(3.22) CLllr@ry < C.
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4. PROOF OF THEOREM 1.1

Let g be an infinitely smooth, compactly supported potential of conductivity
type. By Theorems 2.1 and 2.2 we see that t := 7 ¢ is well-defined and

t(k) t(k)

(4.1) 7768@% 7768@)
It is shown in [30] that for any k£ € C\ 0 the equation
(42) 3:(0, + ikl k) = Jp(a. k)

has a unique solution satisfying u(-,k) —1 € LP N L>°(R?) for any 2 < p <
oo. Furthermore, it is shown in [30] that the functions p are also the unique
solutions of the @ equation (3.1) with asymptotic condition (3.2) with any
2<r<oo.
Define f := 0,(0, + ik)u. Use (4.2) and (3.7) to write
0=f- %(u(:c, k) —1)— % —f- %[1 —CT T, — %.
Because ¢ is real-valued and does not depend on k, we can write

(4.3) f-l—cn) et -1 =
4 4
Applying [I — CT,] to both sides of (4.3) yields
4 T e d1_y_91_
(4.4) 0=f—2-CLf+CL—-CLY=f-S-CLf

Compute the commutator of T, with the operator 9,(0, + ik):

0,(0, + ik), T, ] (2, k)
0, t(k)e

k) _ e
Op +ik)—= — ——=Ze_,(2)0.(0; + ik
(0 + ) g )P = ek()0:(0: + k)
= "0 (0, 42)0.5) - e 4(2)0.0. ~ F)7)
t(k) = A — 5 T
(4.5) =2 <e,k(x)(8x — k)0, P — e_k(2)0, (0 — zk)cp) =0.
Atk
Take k # 0 and compute similarly for the operator C:
[0,(0, + k), Clp
= 3,(0, + ik)~ / AL —1/5 o0 + KO K)
B k—Fk k— K
o(x, k") -, Ko(x, k)
a/kk/dk a/kk’dk
(4.6) = —ax/gp(x, K" dk' .
T C

Differentiation outside the integral sign in (4.6) is justified for continuous
o(x,-) € LY(C).
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Applying the commutator relations (4.5) and (4.6) to equation (4.4) gives

0.(0, +ik)u = CT,0,(0, + ik)p

TR
R R R

= C0,(0p + ik)Tpp

(4.7) = 0,(0y + ik)CTop +

3|~

0 / Top(z, k)dk.
C
Further, from (4.7) and (3.5)
% — 15,; / Top(z, k)dk = 0,(0, + ik) (CT,;/L —-1- CTxu) =0.
T C

i

_dis [t(R) —ae = L5 [ k), TRk —
=23, /C e (kyale Rk = —3, /C e (e Rk = Qt,

as required.

5. PROOF OF THEOREM 1.2

By Lemma 3.4 the map x — p(z,-) is differentiable from C — L"(C) with
the derivative defined in the norm topology. Thus

ot hes ) —pe) 0

=0
h (9;133-

LT

lim
h—0

where ¢; = (1,0), e2 = (0,1). Let 7’ be the exponent conjugate tor: +++ =1.
Then in the weighted L"'-norm with weight w(k) = (1 + |k|)~ we have

(e_g;(m thej ) —ey(z) O

lim
h—0

- - enal) ) ul)

Thus, k — p(x,)e_.(-)w(-) is an L'(C)-valued continuously differentiable

function, and as L:)w(k)*1 € L*(C), we see that

81']' ? C 81']
o [ bR e (R)pu(x + hej k) — e—o(k)p(@, k)
= | /C % ( h

- e e ) )i
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Thus we can differentiate under the integral sign below to obtain

(Qt)(z) = igx/%ex(k)u(x,k)dk
_ 3, /C YR) )l By = T)dk + D, /C %e_w(k)dk
t

=
= i [ W@, )t B Dy
C
w /C t%—k)ex(k) R dk + i /(C t(g L (k)dk
(5.1) - /Ct(k;)e_ (k) (k) =1 dk+z/@% i F)dk
(5.2) + / t(k)e_o (k) dk.
C

Now (5.2) is rapidly decaying since it is the Fourier transform of a Schwartz
function. By lemmas 3.3 and 3.4 the L™ norms of u(x, k) — 1 and 0,u(x, k) are
finite and depend continuously on x. Thus the fact that t(k)/k € S together
with Holder’s inequality shows that (5.1) is well-defined and continuous in z.

To prove estimate (1.6) for term (5.1) write the d equation (3.1) in the form

(5.3) Bun(e, ) = e, (Bl T~ 1)+ e (k)

47

Now integration by parts yields for x # 0

(5.4) |2

/C t(k)ea(0) (uC, F) = D)+ | (E) (k) k)dk'

- )—i(w1+ia:2)</(ct(k)ex(k)(W)
+i /C Lg)e_gg(k)@mdk))
/C t(k)ae_a‘;f(k) (u(a, k) — D)dk + /C %)a‘fg;f( e k)dk'

= | = el [0 B =) + (k) B )] ak
(b

—i/(cex(k)ak (7 W) dk’
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Making use of equation (5.3) we have that (5.4) equals

|~ [e-atd) @0t Gl =)

(k) (%emm( 1)+ %ex(m) J

i [ et () Bt
£

+(?k)ex(k)5x (%ex(k)(u(:ﬂ, k) — 1)+ mqm) dk)

After some simplification we have that (5.4) equals

59)- [ st — 1+ L0 e - 1)+ B o

5001 [ [e0gy () Bunte ) + e 0 e () )~ 1)
o

47 |k|? e

(5.7) + (k)(i/%ex(k))}dk'

The third term in (5.5) cancels with the term (5.7). Expanding the 0, deriva-
tive in (5.6) allows us to estimate (5.4) as follows:

Tk Ark
+Lf7§fk‘fax ( k)}dk'
< || 5] ety =t g |OE] ey -,
H (—) (k)| +—H‘t’k’2 |Oppa(, k)|

where C' < co. Thus we can conclude that (5.4) is bounded by C’(z)~!, and
the proof is complete.

e

[t(k
|2
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