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Abstract. A strategy for regularizing the inversion procedure for the two-
dimensional D-bar reconstruction algorithm based on the global uniqueness
proof of Nachman [Ann. Math. 143 (1996)] for the ill-posed inverse conduc-
tivity problem is presented. The strategy utilizes truncation of the boundary
integral equation and the scattering transform. It is shown that this leads to a
bound on the error in the scattering transform and a stable reconstruction of
the conductivity; an explicit rate of convergence in appropriate Banach spaces
is derived as well. Numerical results are also included, demonstrating the con-
vergence of the reconstructed conductivity to the true conductivity as the noise
level tends to zero. The results provide a link between two traditions of inverse
problems research: theory of regularization and inversion methods based on
complex geometrical optics. Also, the procedure is a novel regularized imaging
method for electrical impedance tomography.
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1. Introduction

We present a direct regularized reconstruction method for the nonlinear scalar in-
verse conductivity problem in dimension two. We prove that the method is a
nonlinear regularization strategy in appropriate Banach spaces, introduce an ad-
missible choice of regularization parameter, and derive an explicit estimate for the
rate of convergence. Furthermore, we demonstrate the method computationally
using simulated noisy impedance tomography data. Our results provide a link be-
tween two traditions of inverse problems research: theory of regularization and
inversion methods based on complex geometrical optics.

Our algorithm particularly applies to electrical impedance tomography (eit),
which is an emerging medical imaging technique, as well as a method for subsur-
face geophysical imaging, and nondestructive industrial testing. An overview of
applications with references can be found in [18]. The 2-D problem posed here
is useful in imaging cross-sections of a region, such as a patient’s chest. Medical
applications include, but are not limited to, detecting regional aeration changes in
the lung [24, 58, 59, 90], monitoring artificial ventilation [12, 24, 26, 90], monitoring
pulmonary perfusion [12, 25, 73, 84], detecting extravascular lung water, [60], and
evaluating shifts in lung fluid in congestive heart failure patients [21, 92].

For simplicity we let D ⊂ R2 be the open unit disc; this is not a significant
loss of generality as a large class of more general settings can be reduced to this
case. Assume that γ ∈ L∞(D) is real-valued and satisfies γ(x) ≥ c > 0 for almost
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every x ∈ D and that γ ≡ 1 in a neighborhood of ∂D. We consider the generalized
Laplace’s equation

(1.1) ∇ · γ∇u = 0 in D, u|∂D = f,

with boundary measurements modeled by the Dirichlet-to-Neumann (DN) map

Λγf = γ
∂u

∂ν
|∂D,

where u ∈ H1(D) is the solution to (1.1). It is well-known that Λγ is a bounded

linear operator from H1/2(∂D) to H−1/2(∂D). Physically, u is the electric potential
in D, and Λγ represents knowledge of the current flux through ∂D resulting from
any voltage distribution f applied on ∂D.

The inverse conductivity problem posed by Calderón [17] is the problem of de-
termining whether a strictly positive γ ∈ L∞(D) is uniquely determined by Λγ

and calculating γ in terms of Λγ if possible. An affirmative answer to Calderón’s
question, together with a calculation procedure for γ, was given by Astala and
Päivärinta in [1].

In practical applications of the inverse conductivity problem the starting point is
not the infinite-precision data Λγ ; only an approximate operator Λε

γ is available due
to random noise and the necessarily finite number of measurements. The nonlinear
inverse problem of reconstructing γ from boundary measurements is severely ill-
posed (sensitive to measurement errors), and regularized inversion is needed.

We introduce in this work a regularized reconstruction method for twice differen-
tiable conductivities based on Nachman [71]. The proof involves complex geometric
optics (cgo) solutions, and therefore the Faddeev Green’s function [23] (defined in
the sense of tempered distributions)

(1.2) Gk(x) := eikxgk(x), gk(x) :=
1

(2π)2

∫

R2

eix·ξ

|ξ|2 + 2k(ξ1 + iξ2)
dξ,

as well as the associated single layer potential

(Skφ)(x) :=

∫

∂D

Gk(x − y)φ(y)dσ(y),

play a crucial role. Here k ∈ C and x ∈ R2 and kx = (k1 + ik2)(x1 + ix2). The
reconstruction method of Nachman [71] from infinite-precision data consists of the
following two steps:

Step 1: From boundary measurements Λγ to scattering transform t. For

each fixed k ∈ C, solve in H1/2(∂D) the integral equation

(1.3) ψ( · , k)|∂D = eikx − Sk(Λγ − Λ1)ψ( · , k)|∂D,

where the DN map of the homogeneous conductivity 1 is denoted by Λ1.
Then substitute ψ in the formula for the scattering transform t : C → C:

t(k) =

∫

∂D

eik̄x̄(Λγ − Λ1)ψ( · , k)dσ,(1.4)

where dσ denotes arclength measure on ∂D.
Step 2: From scattering transform t to conductivity γ. Denote ex(k) :=

exp(i(kx+ kx)). For each fixed x ∈ D, solve the integral equation

µ(x, k) = 1 +
1

(2π)2

∫

R2

t(k′)

(k − k′)k̄′
e−x(k′)µ(x, k′)dk′1dk

′
2;(1.5)
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then γ(x) = µ(x, 0)2.

The integral equation (1.5) was obtained from a corresponding differential equation,
a so-called D-bar equation, which involves the derivative with respect to the complex
variable k. This is where the D-bar method gets its name.

The above Steps 1 and 2 are not directly applicable to practical measurement
data Λε

γ . A numerical eit algorithm starting from Λε
γ has been implemented with

Step 1 linearized using Born approximation and Step 2 simplified by truncating t.
That algorithm has been applied to simulated data in [53, 67, 68, 82, 83] and to lab-
oratory and in vivo human data in [41, 42, 69], resulting in useful reconstructions
of both smooth and piecewise smooth conductivities. Further, a reconstruction
method based on [14] is given in [50, 51, 56] and a 3-D algorithm for small conduc-
tivities is outlined, but not implemented in [19]. A direct reconstruction algorithm
for 3-D based on [70] was implemented in [8]. At this time there is no regularization
analysis available for the above algorithms.

In this work we present modified Steps 1 and 2 applicable to practical measure-
ments and demonstrate the method with simulated data. Further, we formulate
the method in a way that allows an asymptotic regularization analysis.

The forward map F : γ 7→ Λγ takes a conductivity to the corresponding boundary
measurement. We consider F acting between the spaces

F : D(F ) ⊂ L∞(D) → Y

defined as follows.

Definition 1.1. Let M > 0 and 0 < ρ < 1 and take the domain D(F ) to be the set
of functions γ : D → R satisfying

‖γ‖C2(D) ≤ M,(1.6)

γ(x) ≥ M−1 for every x ∈ D,(1.7)

γ(x) ≡ 1 for ρ < |x| < 1.(1.8)

The set D(F ) inherits a metric space structure from L∞(D).
The data space Y ⊂ L(H1/2(∂D), H−1/2(∂D)) consists of bounded linear opera-

tors A : H1/2(∂D) → H−1/2(∂D) satisfying

A(1) = 0,(1.9) ∫

∂D

A(f)dσ = 0 for every f ∈ H1/2(∂D).(1.10)

We equip Y with the usual operator norm ‖ · ‖Y = ‖ · ‖H1/2(∂D)→H−1/2(∂D).

The constants M and ρ are a priori knowledge about the unknown conductivity.
We denote E := Λε

γ − Λγ and assume that

E ∈ Y, ‖E‖Y ≤ ε,(1.11)

where ε > 0 denotes the (known) noise level. The one-dimensional conditions (1.9)
and (1.10) can usually be easily enforced, see Section 4.3 below. We remark that
in some applications E may not naturally belong to Y ; in that case an extra step of
projecting Λε

γ to Y might be needed. We do not discuss such procedures further.
We adapt Definitions 3.1 of [22] and 2.1 and 2.3 of [49] to the present nonlinear

setting in Banach spaces as follows:
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Definition 1.2. A family of continuous mappings Γα : Y → L∞(D) parameterized
by 0 < α <∞ is a regularization strategy for F if

(1.12) lim
α→0

‖ΓαΛγ − γ‖L∞(D) = 0

for each fixed γ ∈ D(F ). Further, a regularization strategy with a choice α = α(ε)
of regularization parameter as function of noise level is called admissible if

(1.13) α(ε) → 0 as ε→ 0,

and for any fixed γ ∈ D(F ) the following holds:

(1.14) sup
Λε

γ

{
‖Γα(ε)Λ

ε
γ − γ‖L∞(D) : ‖Λε

γ − Λγ‖Y ≤ ε
}
→ 0 as ε→ 0.

This is an outline of the regularized D-bar method we propose:

Step 1ε: From noisy data Λε
γ to regularized scattering transform tε

R. Given
the noise level ε > 0, solve equation

ψε( · , k)|∂D = eikx − Sk(Λε
γ − Λ1)ψ

ε( · , k)|∂D(1.15)

for |k| < R(ε) = − 1
10 log ε. Substitute the solution ψε into the formula for

the truncated scattering transform tε
R : C → C:

tε
R(k) =

{∫
∂D
eik̄x̄(Λε

γ − Λ1)ψ
ε(·, k)dσ for |k| < R(ε),

0, otherwise.
(1.16)

Step 2ε: From tε
R to reconstruction ΓαΛε

γ . For each fixed x ∈ D, solve

µε
R(x, k) = 1 +

1

(2π)2

∫

|k′|<R

tε
R(k′)

(k − k′)k̄′
e−x(k′)µε

R(x, k′)dk′1dk
′
2,(1.17)

and define

(Γα(ε)Λ
ε
γ)(x) := (µε

R(x, 0))2(1.18)

with α(ε) = 1/R(ε).

We prove in Theorems 3.1 and 3.2 below that Steps 1ε and Step 2ε (combined with
a spectral extension detailed in Section 3) define a regularization strategy with
admissible parameter choice in the sense of Definition 1.2. Moreover, we give an
explicit decay estimate for the convergence in (1.14). The proofs involve careful
discussion of the solvability of equation (1.15) and the domain and continuity of
the map Γα. Furthermore, we illustrate the method by numerical simulations.

Let us review the history of cgo-based results on the inverse conductivity prob-
lem. Calderón solved in [17] a linearized version of the question. Unique determina-
tion of an infinitely smooth isotropic conductivity from the DN map in dimension
n ≥ 3 was shown in [87]. This result has been extended to conductivities having 3

2

derivatives in [13, 75], and in [29] for conductivities having C1,α-smooth conormal
singularities on submanifolds. In dimension two, unique identifiability of isotropic
conductivities was proven in [71] for twice differentiable conductivities. Reduction
to one derivative was provided in [14], and Calderón’s original L∞ question was
answered in [1]. For dimension n ≥ 3 constructive reconstruction algorithms were
proposed in [70, 74]. For the case of anisotropic conductivities, see [2, 71, 85, 86].
Other cgo-based algorithms have been developed for detection of inclusions, for
example see [15, 37, 38, 88]. For recent development on new kinds of cgo solutions
for inverse problems, see [16, 20, 47, 55].
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Finally, we note that relaxing the boundedness and strict positivity assumptions
on the conductivity leads to interesting results on uniqueness and non-uniqueness.
Counterexamples can be found when the conductivity is allowed to be only positive
semi-definite [30, 31, 61]. These examples bridge Calderón’s inverse problem, invis-
ibility cloaking, and transformation optics [27, 28, 32]. The limit of degeneracy of
conductivity problem for which the inverse problems is uniquely solvable is studied
in [3].

Classical regularization theory is explained in [22, 49]. Iterative regularization of
both linear and nonlinear inverse problems and convergence rates are discussed
in Hilbert space setting in [9, 33, 35, 65, 66] and in Banach space setting in
[34, 44, 45, 48, 76, 77, 78]. Regularized iterative solution methods for electrical
impedance tomography are analyzed in [63, 79]. Non-iterative regularized inver-
sion for blind deconvolution is presented in [43], and for the restricted problem of
finding inclusions in conductivity from EIT data in [62] based on the asymptotic
analysis in [36]. Our new results, based on the use of cgo solutions, provide an ex-
ample of a non-iterative regularization method (with an explicit, but not necessarily
optimal, convergence rate in Banach spaces) for the nonlinear inverse conductivity
problem.

Note that our new results provide an unconditional stability analysis for the
inverse conductivity problem. Conditional stability analyses for D-bar methods,
such as [4, 5, 64], are typically of the form

(1.19) ‖γ1 − γ2‖Z ≤ f(‖Λγ1
− Λγ2

‖Y ),

where γ1, γ2 belong to some appropriate function space Z and f is a continuous
function with f(0) = 0. While theoretically valuable, inequalities of the form
(1.19) are not enough to analyze instability caused by practical measurement errors.
Namely, there is no guarantee that the measured noisy operator Λε

γ would be the
DN map corresponding to any conductivity. In contrast, we prove the estimate

‖Γα(ε)Λ
ε
γ − γ‖L∞(D) ≤ C(− log ε)−1/14,

where ‖Λε
γ − Λγ‖Y ≤ ε and ε is small.

This paper is organized as follows. Section 2 contains the the main technical re-
sults. It is shown that from noisy data an approximation of the scattering transform
can be computed, and furthermore an estimate of the error is obtained. Next in
Section 3 we give the definition of the regularized reconstruction method and show
that the method is in fact a regularization method in the sense of Definition 1.2.
Then in Section 4 we give the numerical implementation of the regularized recon-
struction method, and finally in Section 5 we show numerical results.

We denote the set of bounded linear operators A : X1 → X2 between Banach
spaces X1 and X2 by L(X1, X2) and use the abbreviation L(X1) := L(X1, X1). We
denote the operator norm of A : H1/2(∂D) → H1/2(∂D) by |||A|||1/2. The notation
C is reserved for generic constants that may change from line to line. In contrast,
C1, C2, . . . are constants with specific values.

2. Technical estimates

The continuous dependence of the solution to the D-bar equation on the scattering
transform was considered in several papers [4, 53, 64, 67]. We will simplify the
general result from [53] in a way suitable for the context here:
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Lemma 2.1. Let 4/3 < r0 < 2 and suppose that φ1, φ2 ∈ Lr(R2) for all r ≥ r0.
Let µ1, µ2, be the solutions of

µj(x, k) = 1 +
1

(2π)2

∫

R2

φj(k
′)

(k − k′)
µj(x, k′)dk

′
1dk

′
2, j = 1, 2.

Then for fixed x ∈ D we have

‖µ1(x, ·) − µ2(x, ·)‖Cα(R2) ≤ C‖φ1 − φ2‖Lr0∩Lr0
′

(R2),(2.1)

where α < 2/r0 − 1 and 1/r0
′ = 1 − 1/r0. The constant C in (2.1) is independent

of x and depends on supp∈[r0,r′

0
],j=1,2 ‖φj‖Lp(R2).

Proof. The function µ1 − µ2 satisfies the integral equation

(µ1 − µ2)(x, k) =
1

π

∫

R2

φ2(x, k
′)

k − k′
(µ1 − µ2)(x, k′)dk

′
1dk

′
2

+
1

π

∫

R2

(φ1 − φ2)(x, k
′)

k − k′
(µ1(x, k))dk

′
1dk

′
2(2.2)

or equivalently the D-bar equation

∂̄k(µ1 − µ2) = φ2(µ1 − µ2) + (φ1 − φ2)µ1.

As a consequence of [4, Lemma 2.6] we have for 1/r̃0 = 1/r0 − 1/2 that

‖µ1 − µ2‖Lfr0(R2) ≤ C‖(φ1 − φ2)µ1‖Lr0(R2)

≤ C‖φ1 − φ2‖Lr0(R2)‖µ1‖L∞(R2)

≤ C‖φ1 − φ2‖Lr0(R2),(2.3)

where C depends on ‖φj‖Lp(R2), j = 1, 2, for several p ≥ r0.
The integral operator appearing in (2.2) is the solid Cauchy transform

Pf(z) = − 1

π

∫

C

f(λ)

λ− z
dm(λ),

where dm denotes Lebesgue measure on C. Combining the mapping properties of
P , see [89, Theorem 1.21], with estimate (2.3) yields

‖µ1 − µ2‖Cα(R2)

≤ C(‖φ2(µ1 − µ2)‖Lr0∩Lr0
′

(R2) + ‖(φ1 − φ2)µ1‖Lr0∩Lr0
′

(R2))

≤ C(‖φ2‖L2∩Ls(R2) ‖µ1 − µ2‖Lfr0(R2) + ‖φ1 − φ2‖Lr0∩Lr0
′

(R2)‖µ1‖L∞(R2))

≤ C‖φ1 − φ2‖Lr0∩Lr0
′

(R2)

where 1/s = 3/2 − 2/r0 (which implies 2 < s <∞). �

Recall that the convolution operator with kernel gk defined in (1.2) is bounded
between various Sobolev spaces. Indeed we have the estimate

‖gk ∗ v‖Hs(D) ≤ C|k|s−1‖v‖L2(D), 0 ≤ s ≤ 2,(2.4)

uniformly for k ≥ K0 for any K0 > 0. For s = 0 the result was obtained in [87].
The generalization seems to be well established in the literature [11, 80].

We need a lemma concerning the mapping properties of Sk. We know from [71,
Lemma 7.1] that Sk : H−1/2(∂D) → H1/2(∂D) is a bounded linear operator. We
will need a bound on the operator norm. Denote the standard Green’s function for
the Laplace operator by G0(x) = −(2π)−1 log |x| and set Hk(x) = Gk(x) −G0(x).
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The function Hk is harmonic: ∆Hk = ∆(Gk −G0) = δ − δ = 0, and consequently
Hk ∈ C∞(R2). Use the identity gk(x) = g1(kx) to compute

(2.5) Hk(x) = eikxgk(x) +
1

2π
log |x| = eikxg1(kx) +

1

2π
log |kx| − 1

2π
log |k|.

The above shows that

(2.6) Hk(x) = H1(kx) −
1

2π
log |k|.

Furthermore, denote H̃1(x) := H1(x) −H1(0); then H̃1(0) = 0. Use the above to
decompose the single layer operator Sk as

Skφ(x) =

∫

∂D

Gk(x − y)φ(y)dσ(y)

=

∫

∂D

G0(x− y)φ(y)dσ(y) +

∫

∂D

Hk(x− y)φ(y)dσ(y)

= S0φ(x) + Hkφ(x) −
(
H1(0) +

log |k|
2π

)∫

∂D

φ(y)dσ(y),(2.7)

where the integral operator Hk is defined by

(2.8) Hkφ(x) =

∫

∂D

H̃1(k(x− y))φ(y)dσ(y).

We can now prove the lemma.

Lemma 2.2. Let φ0 ∈ H−1/2(∂D) with
∫

∂D
φ0(y)dσ(y) = 0. Then

‖Skφ0‖H1/2(∂D) ≤ C1e
2|k|(1 + |k|)‖φ0‖H−1/2(∂D),(2.9)

where the constant C1 is independent of k.

Proof. First we consider k ∈ C with |k| ≤ 1. Then Skφ0 = S0φ0 + Hkφ0. By
extending the definition of Hkφ0 by allowing any x ∈ D in (2.8) we can estimate
by Minkowski’s inequality and change of variables

‖Hkφ0‖H1/2(∂D) ≤ ‖Hkφ0‖H1(D)

≤ C

(∫

D

∫

∂D

|H̃1(k(x− y))φ0(y)|dσ(y)2dx1/2

+

∫

D

∫

∂D

|∇(H̃1(k(x− y)))φ0(y)|dσ(y)2dx1/2

)

≤ ‖H̃1(k(x− y))‖H1(D)

∫

∂D

|φ0(y)|dσ(y)

≤ C

(
|k|1/2 max

D

|H̃1(
k

|k|x)| + |k|3/2 max
D

|(∇H̃1)(
k

|k|x)|
)
‖φ0‖H−1/2(∂D)

≤ C|k|1/2‖φ0‖H−1/2(∂D),(2.10)

from which (2.9) follows by the smoothness of H̃1.
Now consider |k| > 1. We then have for x ∈ R2 \D by using integration by parts

that

Skφ0(x) = 〈Gk(x− ·), φ0〉 =

∫

D

∇yGk(x− y) · ∇u(y)dy = −∇x(Gk ∗ (∇u)),
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where ∆u = 0 in D and ∂νu = φ0 on ∂D. By continuity the formula remains valid
also for x ∈ ∂D. We then find

‖Skφ0‖H1/2(∂D) ≤ ‖∇(Gk ∗ (∇u))‖H1(D)

≤ ‖Gk ∗ (∇u)‖H2(D)

≤ ‖eixkgk ∗ (e−iyk∇u)‖H2(D)

≤ Ce|k| (|k| + 1) ‖e−iyk∇u‖L2(D)

≤ Ce|k| (|k| + 1) ‖∇u‖L2(D)

≤ Ce|k| (|k| + 1) ‖φ0‖H−1/2(∂D),

where in the fourth inequality we have used (2.4) and Leibniz’ rule. �

Define a linear operator Bk ∈ L(H1/2(∂D)) by the formula

(2.11) Bk := I + Sk(Λγ − Λ1).

Note that the solution of the boundary integral equation (1.3) can be written as
B−1

k (eikx|∂D). Next we will find a bound on the norm of B−1
k :

Lemma 2.3. For k ∈ C we have the estimate

|||B−1
k |||1/2 = |||(I + Sk(Λγ − Λ1))

−1|||1/2 ≤ C2e
2|k|(1 + |k|),(2.12)

where the constant C2 is independent of k and depends only on the a priori knowl-
edge M and ρ.

Proof. We first prove (2.12) for small |k|. Let S0 be defined by (2.7) and set
B0 := I + S0(Λγ −Λ1). The operator B0 is known to be invertible in L(H1/2(∂D))
by [19, Lemma 3.3]. By Green’s formula

∫

∂D

Λγfdσ = 0 =

∫

∂D

Λ1fdσ

for all f ∈ H1/2(∂D), so we may use (2.7) to write

Bk −B0 = Hk(Λγ − Λ1).

Recall the definition (2.8) of the integral operator Hk. Now H̃1 is an infinitely

smooth function satisfying H̃1(0) = 0, so |||Hk(Λγ − Λ1)|||1/2 → 0 as |k| → 0. Thus
there exists some k0 > 0 for which it holds that

|||Hk(Λγ − Λ1)|||1/2 <
1

2|||B−1
0 |||1/2

whenever |k| ≤ k0,

so we may conclude that for all |k| ≤ k0

|||B−1
k |||1/2 ≤ |||B−1

0 |||1/2 |||(I +B−1
0 Hk(Λγ − Λ1))

−1|||1/2 ≤ 2|||B−1
0 |||1/2.

The estimate (2.12) thus follows for |k| ≤ k0.
Next consider |k| > k0. Let f ∈ H1/2(∂D) and define

h = [I + Sk(Λγ − Λ1)]f.

In D define vf to be the solution to (∆ + q)vf = 0 in D with vf |∂D = f and

q = γ−1/2∆γ1/2. Define v := vf + uexp and uexp := Gk ∗ (qvf ) and note that v
solves the Dirichlet problem

∆v = 0 in D, v|∂D = h.
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We can then estimate

‖f‖H1/2(∂D) ≤ ‖vf‖H1(D)

= ‖v −Gk ∗ (qvf )‖H1(D)

≤ ‖v‖H1(D) + ‖uexp‖H1(D)

≤ ‖h‖H1/2(∂D) + ‖uexp‖H1(D).(2.13)

In order to estimate uexp we note that

∆uexp = qvf = q(v − uexp).

Conjugating with exponentials yields

(∆ + 4k∂ + q)u = e−ikxqv, u := e−ixkuexp = gk ∗ (e−ikxqvf ),

which implies

u = (I + gk ∗ (q·))−1(gk ∗ (e−ikxqv)).

Since the operator gk∗ is uniformly bounded from L2(D) into H1(D) for k > k0

(see (2.4)) we then obtain

‖uexp‖H1(D) = ‖eikxu‖H1(D)

≤ ‖eikx‖W 1,∞(D)‖u‖H1(D)

≤ Ce|k|(1 + |k|)‖gk ∗ (e−ikxqv)‖H1(D)

≤ Ce|k|(1 + |k|)‖e−ikxqv‖L2(D)

≤ Ce2|k|(1 + |k|)‖q‖L∞(D)‖v‖H1(D)

≤ Ce2|k|(1 + |k|)‖h‖H1/2(∂D),

which together with (2.13) proves the claim. �

The following result gives information about solvability of the noisy boundary
integral equation (1.15) and about how tε

R defined in (1.16) of Step 1ε approximates
t defined in (1.4) of Step 1.

Lemma 2.4. There exists a positive constant ε0 > 0, depending only on M and
ρ, with the following properties. Equation (1.15) is solvable in H1/2(∂D) for all
0 < ε < ε0 and |k| < R with

(2.14) R = R(ε) = − 1

10
log ε.

Furthermore, for all 0 < ε < ε0 and any p > 1 we have the estimate

(2.15)

∥∥∥∥
t(k) − tε

R(k)

k

∥∥∥∥
Lp(|k|≤R(ε))

≤ C

(
− 1

10
log ε

)2/p

ε1/10,

where C is independent of p and R and ε.

Note that the right hand side of (2.15) tends to zero as ε→ 0.

Proof. Define a linear operator Bε
k ∈ L(H1/2(∂D)) by the formula

(2.16) Bε
k := I + Sk(Λε

γ − Λ1).

Compare (2.16) to (2.11) and note that the assumption that γ(x) ≡ 1 in a neigh-
borhood of ∂D implies that Sk(Λγ − Λ1) is a compact operator on H1/2(∂D), so
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Bk is a Fredholm operator of the form “identity+compact”, but the operator Bε
k

cannot be expected in general to be of that form.
The solution of the boundary integral equation (1.15) can now be written as

(Bε
k)−1(eikx|∂D). Define Aε

k := SkEB−1
k and note that Bε

k = [I + Aε
k]Bk. Let

|k| ≤ R. Since E maps onto functions on the boundary with mean zero by (1.11),
we can apply Lemma 2.2 and Lemma 2.3 to obtain

|||Aε
k|||1/2 = |||SkEB−1

k |||1/2 ≤ C1C2 ε e
4R(1 +R)2.

Substituting (2.14) gives

|||Aε
k|||1/2 ≤ C1C2 ε

6/10(1 − 1

10
(log ε))2,

and thus we see that there exists 0 < ε0 < 1 for which |||Aε
k|||1/2 < 1

2 whenever

0 < ε < ε0. For those ε the operator I +Aε
k is invertible with |||[I + Aε

k]−1|||1/2 < 2
and we may write

(2.17) (Bε
k)−1 = B−1

k [I +Aε
k]−1.

Note that ψε = (Bε
k)−1(eikx|∂D) and ψ = B−1

k (eikx|∂D). We can estimate for
0 < ε < ε0 using Lemma 2.3

‖ψε(x, k)‖H1/2(∂D) ≤ |||(Bε
k)−1|||1/2‖eikx‖H1/2(∂D)

≤ 2|||B−1
k |||1/2‖eikx‖H1/2(∂D)

≤ Ce3|k|(1 + |k|)2

≤ Ce4R

= Cε−4/10(2.18)

by the choice (2.14) of R(ε). Further, by Lemma 2.3 and (2.17) and using Neumann
series we can estimate

|||(Bε
k)−1 −B−1

k |||1/2 ≤ |||B−1
k |||1/2|||[I +Aε

k]−1 − I|||1/2

≤ |||B−1
k |||1/2|||Aε

k|||1/2|||[I +Aε
k]−1|||1/2

≤ 2C1C
2
2 e

6R(1 +R)3ε

≤ Ce7Rε

for 0 < ε < ε0. Then

‖ψε(·, k) − ψ(·, k)‖H1/2(∂D) = ‖((Bε
k)−1 −B−1

k )eikx‖H1/2(∂D)

≤ |||(Bε
k)−1 −B−1

k |||1/2‖eikx‖H1/2(∂D)

≤ 2C1C
2
2 e

7R(1 + R)4ε

≤ Ce8R(ε)ε

≤ Cε2/10.(2.19)
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Combining (1.11), (2.18) and (2.19) shows for 0 < ε < ε0 and |k| < R(ε) that
∣∣∣∣
t(k) − tε

R(k)

k

∣∣∣∣

=

∣∣∣∣∣

∫

∂D

eikx

k
((Λγ − Λ1)ψ(·, k) − (Λε

γ − Λ1)ψ
ε(·, k))dσ(x)

∣∣∣∣∣

=

∣∣∣∣∣

∫

∂D

(eikx − 1)

k
((Λγ − Λ1)ψ(·, k) − (Λε

γ − Λ1)ψ
ε(·, k))dσ(x)

∣∣∣∣∣

≤
∥∥∥∥∥
eikx − 1

k

∥∥∥∥∥
H1/2(∂D)

(
‖Λγ − Λ1‖Y ‖ψε(·, k) − ψ(·, k)‖H1/2(∂D) + ε‖ψε(·, k)‖H1/2(∂D)

)

≤ CeR
(
ε2/10 + ε6/10

)

≤ Cε1/10.

Above we used the fact that ‖Λγ − Λ1‖Y ≤ C for some constant depending only
on the a priori constant M (this can be seen using triangle inequality, basic elliptic
estimates and the Sobolev trace theorem). For any p > 1 and 0 < ε < ε0 we then
get

∥∥∥∥
t(k) − tε

R(k)

k

∥∥∥∥
p

Lp(|k|≤R(ε))

≤ Cεp/10

∫

|k|≤R(ε)

1 dk1dk2

≤ Cεp/10R(ε)2

≤ Cεp/10(− 1

10
log ε)2,

which gives (2.15). �

3. Regularized D-bar method

Recall the map Γα defined by Steps 1ε and 2ε in the Introduction. We first show
that Γα is well-defined on a subset of Y and has desirable convergence properties.

Theorem 3.1. Let D be the unit disk. Assume M > 0 and 0 < ρ < 1 are given,
and let D(F ) be as in Definition 1.1. Then there exists a constant ε0 > 0, depending
only on M and ρ, with the following properties. Let γ ∈ D(F ) be arbitrary and let
Λε

γ = Λγ + E with ‖E‖Y ≤ ε < ε0. Then Γα(ε)Λ
ε
γ is well-defined by (1.18) and

satisfies the estimate

(3.1) ‖Γα(ε)Λ
ε
γ − γ‖L∞(D) ≤ C(− log ε)−1/14.

Proof. Let ε0 be as in Lemma 2.4, suppose 0 < ε < ε0 and set R(ε) = − 1
10 log(ε).

Note that ε0 is by construction so small that R(ε) > 0. Then by Lemma 2.4 the
equation (1.15) has a unique solution ψε. We substitute ψε to the formula (1.16)
for the truncated scattering transform tε

R(k). Using (1.10) to write

tε
R(k)

k
=

1

k

∫

∂D

eik̄x̄(Λε
γ − Λ1)ψ

ε(·, k)dσ =

∫

∂D

eik̄x̄ − 1

k
(Λε

γ − Λ1)ψ
ε(·, k)dσ

shows that tε
R(k)/k is bounded and continuous for |k| < R(ε). Hence by Theorem

4.1 of [71] the integral equation (1.17) has a unique solution. Thus Γα(ε)Λ
ε
γ is

well-defined by (1.18) with the choice α(ε) = 1/R(ε).
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Let γ ∈ D(F ) fixed. Note that the a priori condition (1.6) gives upper bounds
for the Lp(R2) norms of the scattering transforms t(k) and tε

R(k). Using Lemma
2.1 in the case φ2 = 0 and µ2 ≡ 1 yields the following two inequalities:

‖µ(·, 0)‖L∞(D) ≤ C(M,ρ), ‖µε
R(·, 0))‖L∞(D) ≤ C(M,ρ).

Thus we may estimate

‖Γα(ε)Λ
ε
γ − γ‖L∞(D) = ‖µ(·, 0)2 − µε

R(·, 0)2‖L∞(D)

= ‖(µ(·, 0) − µε
R(·, 0))(µ(·, 0) + µε

R(·, 0))‖L∞(D)

≤ C‖µ(·, 0) − µε
R(·, 0)‖L∞(D),

so it is enough to show ‖µ(·, 0) − µε
R(·, 0)‖L∞(D) ≤ C(− log ε)−1/14.

Take p = 7/5. We define p′ and p̃ and p1 by the formulae

1

p
+

1

p′
= 1,

1

p̃
=

1

p
− 1

2
,

1

p1
=

1

p
− 1

p′
.

Then

p′ =
7

2
, p̃ =

14

3
, p̃′ =

14

11
, p1 =

7

3
.

Estimate using Lemma 2.1

‖µ(x, ·) − µε
R(x, ·)‖Cα(R2) ≤ C

∥∥∥∥
t(k) − tε

R(k)

k

∥∥∥∥
Lp∩Lp′(|k|<R)

+C

∥∥∥∥
t(k)

k

∥∥∥∥
Lp(|k|>R)

.(3.2)

Then Lemma 2.4 shows that

(3.3)

∥∥∥∥
t(k) − tε

R(k)

k

∥∥∥∥
Lp∩Lp′(|k|<R)

≤ C(− log ε)10/7 ε1/10,

so it remains to bound the second term in the right hand side of (3.2).
Write q = γ−1/2∆γ and decompose t as

(3.4) t(k) = (Fq)(k) + F(q(µ( · , k) − 1))(k).

We need the norm estimate [71, formula (1.1)] in the form

(3.5) ‖µ( · , k) − 1‖W 1/2,p̃(R2) ≤ C|k|−1/2‖q‖Lp(R2).

As in the proof of Lemma 2.6 in [72], estimate (3.5) implies that there exists some
R0 > 0 such that for |k| > R0 we have the estimate

|F(q(µ( · , k) − 1))(k)| ≤ ‖q‖L1(R2)‖µ( · , k) − 1‖W 1/2,p̃(R2)

≤ C‖q‖L1(R2)‖q‖Lp(R2)|k|−1/2

≤ C|k|−1/2,(3.6)

where the constant C depends on M . Thus we get using (3.6)

(3.7)

∥∥∥∥
F(q(µ( · , k) − 1))(k)

k

∥∥∥∥
Lp(|k|>R)

≤ C

(∫ ∞

R

r−
21
10

+1dr

)5/7

= CR−1/14.
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By Hölder’s inequality and the Riesz-Thorin interpolation theorem
∥∥∥∥

(Fq)(k)
k

∥∥∥∥
Lp(|k|>R)

≤ ‖Fq‖Lp′(R2)‖k−1‖Lp1(|k|>R)

≤ ‖q‖Lp(R2)

(
2π

∫ ∞

R

r−
7
3
+1dr

)3/7

≤ CR−1/7,(3.8)

where the constant C depends on M . Now formulae (3.7) and (3.8) imply

C

∥∥∥∥
t(k)

k

∥∥∥∥
Lp(|k|>R)

≤ C(− log ε)−1/7 + C(− log ε)−1/14,

and estimate (3.1) follows. �

The above result is not enough to show that the family Γα would be a regular-
ization strategy for F : according to Definition 1.2, the map Γα should be defined
and continuous on the whole data space Y . Theorem 3.1 only defines Γα in an ε0-
neighborhood of the subset F (D(F )) ⊂ Y , and the structure of F (D(F )) is related
to the notoriously difficult open problem of characterizing the range of F .

We proceed by defining an extended regularization strategy Γ̃α that is well-
defined and continuous on Y and coincides with Γα near F (D(F )) when α is small.
The main difficulty is extending Step 1ε for large ε as the operator Bε

k = I +
Sk(Λε

γ − Λ1) is not necessarily invertible in that case. We overcome this problem
by constructing a generally applicable approximate inverse for Bε

k.

Let (Bε
k)∗ be the adjoint operator of Bε

k ∈ L(H1/2(∂D)), and define

T ε
k := (Bε

k)∗Bε
k ∈ L(H1/2(∂D)).

We denote the spectrum of T ε
k by σ(T ε

k ). Since T ε
k is a self-adjoint operator in

H1/2(∂D), there exists spectral resolution [91]

T ε
k =

∫

σ(T ε
k
)

λdP (λ).

The α-pseudoinverse (Bε
k)†α of Bε

k is defined for any 0 < α <∞ by

(3.9) (Bε
k)†α := hα(T ε

k )(Bε
k)∗,

where

(3.10) hα(T ε
k ) =

∫

σ(T ε
k )

hα(λ) dP (λ),

and the function hα : R → R is defined for all 0 < α <∞ by

(3.11) hα(t) :=





t−1 for t > κ(α),

κ(α)−1 for t ≤ κ(α).

The definition of κ(α) > 0 in (3.11) involves the constant C2 defined in the proof
of Lemma 2.3:

(3.12) κ(α) :=
1

4

(
e−2/α

C2(1 + 1/α)

)2

.
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Now the following lemma shows that the α-pseudoinverse (Bε
k)†α depends con-

tinuously on E :

Lemma 3.1. The operator hα(T ) depends continuously in L(H1/2(∂D)) on the
selfadjoint operator T ∈ L(H1/2(∂D)).

Proof. Let T ∈ L(H1/2(∂D)) be a selfadjoint operator, b = ‖T ‖L(H1/2(∂D)), and K ⊂
L(H1/2(∂D)) be the set of selfadjoint operators T ′ satisfying ‖T ′−T ‖L(H1/2(∂D)) <

1. By the Weierstrass theorem, there are polynomials pn(z) such that

(3.13) lim
n→∞

‖pn − hα‖C([−b,b]) = 0.

As σ(T ′) ⊂ [−b− 1, b+ 1], formula (3.13) and spectral theory imply that

(3.14) lim
n→∞

‖pn(T ′) − hα(T ′)‖L(H1/2(∂D)) = 0

uniformly in T ′ ∈ K. Now

pn(T ′) =
1

2πi

∫

c

pn(z)(T ′ − z)−1 dz,

where c is the circle in C with center zero and radius b + 2 and oriented in coun-
terclockwise direction. Using the fact that the distance of the spectrum of the
selfadjoint operator T ′ to c is bounded by one, [46, Thm. IV.1.16] implies that
(T ′, z) 7→ (T ′ − z)−1 is a uniformly continuous map from K × c to L(H1/2(∂D)).
Thus T ′ 7→ pn(T ′) is continuous from K to L(H1/2(∂D)) for each n. Applying
(3.14), we see that T ′ 7→ hα(T ′) is continuous from K to L(H1/2(∂D)). �

We are ready to define the extended regularization strategy Γ̃α.

Step 1α: From noisy data Λε
γ to scattering transform t̃α. Given α > 0, use

(3.9) to define ψ̃α := (Bε
k)†α(eikx|∂D) for |k| < R(α) = 1/α, and substitute

the result to the formula

t̃α(k) =

{∫
∂D
eik̄x̄(Λε

γ − Λ1)ψ̃α(·, k)dσ for |k| < R(α),

0, otherwise.
(3.15)

Step 2α: From t̃α to reconstruction Γ̃αΛε
γ. For each fixed x ∈ D, solve

µ̃α(x, k) = 1 +
1

(2π)2

∫

|k′|<R(α)

t̃α(k′)

(k − k′)k̄′
e−x(k′)µ̃α(x, k′)dk′1dk

′
2,

and set

(3.16) (Γ̃αΛε
γ)(x) := (µ̃α(x, 0))2.

Finally, we prove that Γ̃α is a regularization strategy.

Theorem 3.2. Let D be the unit disk. Assume M > 0 and 0 < ρ < 1 are given, let
D(F ) be as in Definition 1.1, and let ε0 > 0 be as in Theorem 3.1. Then the family

Γ̃α defined by (3.16) is a regularization strategy for F in the sense of Definition 1.2
with the following admissible choice of regularization parameter:

(3.17) α(ε) =





− 10
log ε , for 0 < ε < ε0,

− 10ε
ε0 log ε0

, for ε ≥ ε0.
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Proof. It is clear from the above construction and Proposition 3.5 of [53] that

Γ̃α : Y → C2(D) ⊂ L∞(D) is a well-defined and continuous mapping.
Recall that the operator Bk = I + Sk(Λγ − Λ1) ∈ L(H1/2(∂D)) is invertible for

all γ ∈ D(F ) by [71]. Furthermore, take C2 as in Lemma 2.3 and define

r(α) :=
e−2/α

C2(1 + 1/α)
,

where C2 depends only on the a priori information M,ρ; then by Lemma 2.3

‖B−1
k ‖L(H1/2(∂D)) ≤ r(α)−1

for all γ ∈ D(F ) and |k| < 1/α.
Write Aε

k = SkEB−1
k ; then Bε

k = [I+Aε
k]Bk. We know from the proof of Lemma

2.4 that |||Aε
k|||1/2 <

1
2 whenever 0 < ε < ε0 and |k| < 1/α(ε). We see that

‖(Bε
k)−1‖L(H1/2(∂D)) ≤ ‖B−1

k ‖L(H1/2(∂D)) ‖(I +Aε
k)−1‖L(H1/2(∂D))

for all γ ∈ D(F ) and 0 < ε < ε0 and |k| < 1/α. Thus

T ε
k = (Bε

k)∗Bε
k ≥ r(α)2

4
I.

Recall that the α-pseudoinverse is defined in (3.10), (3.11) and (3.12) where κ(α) =
r(α)2

4 . Then for |k| < 1/α we have hα(T ε
k ) = (T ε

k )−1 and consequently

(3.18) (Bε
k)†α = (Bε

k)−1.

Now we have by (3.18) that ψ̃α(ε) = ψε and thus for small enough ε the formulae
(1.16) and (3.15) coincide.

Property (1.13) is clear from (3.17), and Theorem 3.1 implies (1.12) and (1.14).
�

We remark that there are many equally plausible ways to define α(ε); the crucial
properties of formula (3.17) are that α is continuous in ε and limε→∞ α(ε) = ∞.

4. Computational methods

In this section we simulate eit data with various degrees of noise and present a
computational study of the regularized eit imaging method outlined above. It is
essential to our constructions that D ⊂ R2 is the unit disc.

4.1. Practical representation of Sobolev spaces at the boundary. Denote
by S := C∞(∂D) the space of smooth test functions defined on the boundary ∂D.
We define Fourier series for f ∈ S by the formula

(4.1) f̂(ℓ) :=
1√
2π

∫ 2π

0

f(θ)e−iℓθdθ, ℓ ∈ Z.

Definition (4.1) extends to the space S′ of distributions in the standard way.
We proceed to give explicit definitions of Hilbert space inner products and norms

for the Sobolev spaces Hs(∂D) with s ∈ R. Set

(4.2) 〈f, g〉s := 〈f, g〉Hs(∂D) =
∑

ℓ∈Z

ws(ℓ)f̂(ℓ)ws(ℓ)ĝ(ℓ),

where s ∈ R, ℓ ∈ Z, and the multiplier function is defined by

(4.3) ws(ℓ) := (1 + |ℓ|2)s/2 for s ∈ R, ℓ ∈ Z.
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In the sequel we denote ‖f‖s = ‖f‖Hs(∂D) = 〈f, f〉1/2
s .

Next we build an orthonormal basis for the Hilbert space Hs(∂D). Define

(4.4) φs
n(θ) =

w−s(n)√
2π

einθ,

and compute the Fourier coefficients of the functions φs
n by (4.1) for later reference:

(4.5) φ̂s
n(ℓ) =

w−s(n)

2π

∫ 2π

0

ei(n−ℓ)θdθ = w−s(n)δn(ℓ),

where δn(ℓ) = 1 when n = ℓ and zero otherwise.
In practical computations one needs to truncate the basis. Given an integer

N > 0 we approximate a function f ∈ Hs(∂D) and its norm by

(4.6) f(θ) ≈
N∑

n=−N

〈f, φs
n〉s φs

n(θ), ‖f‖s ≈
(

N∑

n=−N

|〈f, φs
n〉s|2

)1/2

.

4.2. Numerical representation of operators. Assume we are given a linear
operator A : S → S. Relevant examples of such operators include Λε

γ ,Λ1 and Sk

related to the boundary integral equation (1.15).
Given N > 0, we define a matrix A : C2N+1 → C2N+1 by A := [Amn] with

(4.7) Amn :=
1

2π

∫ 2π

0

(Aeinθ) e−imθ dθ.

Here m ∈ {−N, . . . , N} is the row index and n ∈ {−N, . . . , N} is the column index.
We will use matrices of the form (4.7) below for numerical solution of (1.15).

Below we will need to compute the Y -norm of the measurement error E = Λγ−Λε
γ

approximately from matrix representations. Now E : Hs(∂D) → H−s(∂D) is a
bounded linear operator with norm

(4.8) ‖E‖L(Hs,H−s) = sup
f∈Hs

‖Ef‖−s

‖f‖s
.

We approximate ‖E‖L(Hs,H−s) numerically by substituting Ef and f in the right-
hand side of (4.8) by finite-dimensional approximations as in (4.6).

Define vectors ~f ∈ C2N+1 and ~e ∈ C2N+1 as follows:

~f =




〈f, φs
−N 〉s

...
〈f, φs

0〉s
...

〈f, φs
N 〉s



, ~e =




〈Ef, φ−s
−N 〉−s

...
〈Ef, φ−s

0 〉−s

...
〈Ef, φ−s

N 〉−s



.

Then we can use Euclidean norms according to (4.6):

(4.9) ‖f‖s ≈ ‖~f ‖C2N+1, ‖Ef‖−s ≈ ‖~e ‖C2N+1.
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Let us compute

〈Ef, φ−s
m 〉−s =

〈
E
( N∑

n=−N

〈f, φs
n〉s φs

n(θ)
)
, φ−s

m

〉

−s

=

N∑

n=−N

〈f, φs
n〉s〈Eφs

n, φ
−s
m 〉−s,

so defining a (2N + 1) × (2N + 1) matrix B = [B(m,n)] := [〈Eφs
n, φ

−s
m 〉−s] yields

(4.10) ~e = B~f.

Now combining (4.8), (4.9) and (4.10) yields

(4.11) ‖E‖L(Hs,H−s) ≈ sup
~f∈C2N+1

‖B~f‖C2N+1

‖~f‖C2N+1

= ‖B‖C2N+1→C2N+1 ,

where ‖B‖C2N+1→C2N+1 is standard matrix operator norm.
Let us determine the matrix element B(m,n) = 〈Eφs

n, φ
−s
m 〉−s in terms of the

matrix approximation Emn defined by (4.7) for E . Truncate formula (4.2) and apply
(4.5) and (4.1) to get

〈Eφs
n, φ

−s
m 〉−s ≈

N∑

ℓ=−N

w−s(ℓ) Êφs
n(ℓ)w−s(ℓ) φ̂

−s
m (ℓ)

= w−s(m) Êφs
n(m)

= w−s(m)w−s(n)
1

2π

∫ 2π

0

(Eeinθ)e−imθdθ

= w−s(m)w−s(n)Emn.

Finally, (4.11) takes the form

(4.12) ‖E‖L(Hs,H−s) ≈ ‖[w−s(m)w−s(n)Emn]‖C2N+1→C2N+1 .

4.3. Simulation of noisy measurement data. In this section we will construct
a matrix approximation to a noisy Dirichlet-to-Neumann operator Λε

γ . Let Rγ :

H̃−1/2(∂D) → H̃1/2(∂D) denote the Neumann-to-Dirichlet map of γ, where H̃s

spaces consist of Hs functions with mean value zero. A method for approximating
Rγ and Λε

γ from experimental data can be found, for example, in [41]. In practice,
contributions to the noise come from noise in the input current, measured voltages,
and modeling errors such as the approximation of an infinite dimensional operator
by a discrete matrix. Bounds for the contributions to the noise from the hard-
ware are usually known, but contributions from the modeling are more difficult to
quantify, and we do not address that problem here.

Let u be the unique H1(D) solution of the Neumann problem

(4.13) ∇ · γ∇u = 0 in D, γ
∂u

∂ν
= g on ∂D,

satisfying
∫

∂D
udσ = 0. Then we have Rγg = u|∂D. We note two key equalities

concerning Λγ and Rγ . Define a projection operator Pφ := |∂D|−1
∫

∂D
φ. Then for
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any f ∈ H1/2(∂D) we have PΛγf = |∂D|−1
∫

∂D
γ ∂u

∂ν =
∫

D
∇ · γ∇u = 0, so actually

Λγ : H1/2(∂D) → H̃−1/2(∂D). From the definitions of Λγ and Rγ we now have

ΛγRγ = I : H̃−1/2(∂D) → H̃−1/2(∂D),(4.14)

RγΛγ = I − P : H1/2(∂D) → H̃1/2(∂D).(4.15)

Given γ and N > 0, we define a matrix Rγ : C2N → C2N as follows. For
each n = −N,−N + 1, . . . ,−1, 1, . . . , N note that

∫
∂

Dφndσ = 0. Then solve the
Neumann problem

(4.16) ∇ · γ∇un = 0 in D, γ
∂un

∂ν
= φn on ∂D,

with the constraint
∫

∂ Dundσ = 0. Thus Rγ = [ûn(ℓ)] with

(4.17) ûn(ℓ) =

∫

∂D

unφℓdσ.

Here ℓ is row index and n is column index.
The matrix Rγ represents the operator Rγ approximately. We can now easily

compute the corresponding matrix representation Lγ for the DN map Λγ . Namely,
define

L′
γ := R−1

γ ;

then L′
γ is a matrix of size 2N×2N . We should add appropriate mapping properties

for constant basis functions at the boundary according to the facts

Λγ1 = 0,

∫

∂D

Λγfdσ = 0.

This is achieved simply by setting (in Matlab notation)

(4.18) Lγ =




L′
γ(1:N, 1:N) 0 L′

γ(1:N, (N + 1):end)

0 0 0

L′
γ((N + 1):end, 1:N) 0 L′

γ((N + 1):end, (N + 1):end)




the zero block matrices above have various (but obvious) sizes.
We add simulated measurement noise of amplitude ε > 0 by first defining

L′′
γ := L′

γ + cE,

where E is a 2N × 2N matrix with random entries independently distributed ac-
cording to the Gaussian normal density N (0, 1). We enforce self-adjointness by
setting

L′′′
γ :=

1

2
(L′′

γ + (L′′
γ)H),

and the constant c > 0 is adjusted so that ‖L′
γ − L′′′

γ ‖2,2 = ε; then we define noisy
data by replacing L′

γ by L′′′
γ in formula (4.18). Then we can consider the matrix

cE as an approximation of a continuous operator E with ‖E‖Y ≈ ε. Note that the
zero blocks in (4.18) take care of the requirements E1 = 0 and

∫
∂D

Ef dσ = 0.
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4.4. Solving the boundary integral equation. We explain how to solve equa-
tion (1.15) approximately by numerical computation.

Choose N > 0. We showed in Section 4.3 how to express Λε
γ and Λ1 as matrices

in Fourier basis. It remains to write the operator Sk as a matrix in the same basis.
Recall the decomposition (2.7). In our case of D being the unit disc, the standard
single layer operator S0 = 1

2R1 (see e.g. [82]) and hence has the matrix

1
2diag[ 1

N ,
1

N−1 . . . ,
1
2 , 1, 0, 1,

1
2 , . . . ,

1
N−1 ,

1
N ].

The third term in (2.7) does not contribute to equation (1.15) at all since
∫

∂D

(Λε
γf)(y)dσ(y) = 0 =

∫

∂D

(Λ1f)(y)dσ(y),

the former equation by assumptions E ∈ Y and (1.10).
It remains to find a matrix for the operator Hk defined by

Hkφ(x) :=

∫

∂D

H1(k(x− y))φ(y)dσ(y).

Now Hk can be written in matrix form using (4.7) and a numerical evaluation
routine for the function H1(x). Such a routine in turn relies by (2.5) on numerical
evaluation of Faddeev’s fundamental solution g1(x). An algorithm for computing
g1 was introduced in [81] and later refined in [40].

Approximate solution of (1.15) is now given by expanding eikx|∂D as a vector g
in our truncated Fourier basis and setting

(4.19) ψ̃R := [I + Sk(Λε
γ − Λ1)]

−1g.

According to the theory, the inverse matrix [I + Sk(Λε
γ − Λ1)]

−1 exists for all k in
some disc D(0, R), at least when the order N of trigonometric approximation is
high enough.

5. Regularized reconstructions

We construct a C2(D) function that models roughly a two-dimensional transverse
cross-section through a human chest, see Figure 1. The background conductivity
equals one, and there is a narrow neighborhood of the boundary where γ ≡ 1
according to the assumptions of the theory. The lungs are modeled by two low-
conductivity regions with minimum conductivity 0.5. The heart is modeled by a
high-conductivity region with maximum conductivity 2.

The scattering transform t(k) for |k| ≤ 10 is computed numerically as explained
in [67, section 3.1]. This is done for

• assessing the quality of scattering transforms computed from simulated
boundary measurements, and

• choosing the regularization parameter in our numerical example (we stress
that this cannot be done in practical situations; below such a step is used
for illustrating optimal behaviour of the proposed regularization method).

Let us summarize the computation briefly: we use numerical differentiation to find
q(x) = γ−1/2∆γ1/2, solve the Lippmann-Schwinger type equation µ = 1− gk ∗ (qµ)
using periodization, and integrate numerically to get

t(k) =

∫

supp q

ei(kx+kx)q(x)µ(x, k) dx.
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Figure 1. Simulated phantom modeling transverse cross-section
of human chest. Left: three-dimensional plot. Right: color image.
The color scale is the same in both plots.

This definition is consistent with (1.4). Note that this computation is not directly
related to the inverse problem since we use the knowledge of γ inside D which is
not available in practice.

The noisy Dirichlet-to-Neumann maps are simulated as explained in Section 4.3.
The Neumann problem (4.13) is solved numerically using the finite element method
as provided by the PDE toolbox of Matlab. We add simulated data of amplitudes
‖E‖Y ≈ 10−2, 10−3, 10−4, 10−5, and numerical tests show that numerical error in
the map Λγ resulting from finite element method is roughly ‖E‖Y ≈ 10−6. Also, it
turns out that for our phantom ‖Λγ‖Y = 0.9989 ≈ 1, so the relative errors can be
calculated simply by ‖E‖Y /‖Λγ‖Y ≈ ‖E‖Y .

We solve the boundary integral for ψ̃R by formula (4.19). It turns out that the
inverse matrix [I + Sk(Λγ −Λ1)]

−1 does exist for all k in D(0, 10). We continue by
writing

t̃R(k) :=

∫

∂D

eikx(Λγ − Λ1)ψ̃R( · , k) dσ(x)

and find out numerically that

(5.1) |̃tR(k) − t(k)| ≤ 1 when |k| ≤ 6.7.

This observation leads us to choose R = 6.7 for the truncation radius correspond-
ing to the DN map provided by our finite element solver without simulated noise
added. Further, we add various levels of noise and observe that the bound for |k| in
(5.1) decreases as the noise level increases. We continue to choose R based on the

threshold 1 for the absolute difference between t̃R and t. The choice of R used in
each reconstruction is given in figure 2. Note that the truncation radius R chosen
by the criterion (5.1) is significantly larger than the choice dictated by Lemma 2.4;
see Figure 3 for a quantitative comparison.
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The above choice of truncation radius is dubious in at least two ways. First,
in practical cases we do not have t available for comparison since the unknown
conductivity is needed for the computation of t. Second, the choice of 1 as the
threshold is arbitrary (it represents roughly 10% pointwise absolute error in t̃R).
However, any practical method for determining R has to rely on some criterion
for deciding for how large |k| does the noise level prevent good enough quality in

recovered t̃R.
We do not discuss automatic choice of truncation radius R in this work. Such

a choice is comparable in complexity to the notoriously difficult (and largely open)
problem of finding the regularization parameter automatically for Tikhonov regu-
larization.

Having computed t̃R(k) in a disc |k| ≤ R we substitute it as kernel in the D-
bar equation and reconstruct the conductivity approximately using the numerical
solver introduced in [54]. The computation was performed in parallel on a PC grid
provided by Techila Technologies Ltd. Parallelization speeded up the computations
by a factor of 100 as compared to solution using just one PC computer. See Figure
2 for reconstructions at various noise levels.

Finally, we present a couple of reconstructions using the Born approximation as
was done in [82, 68, 67, 41, 42, 53, 52]. This is to provide the reader a possibility
to compare the new regularized algorithm to the previously established approach.
The truncated kernel for the ∂ equation is computed with the formula

t
exp
R (k) =

{∫
∂D
eik̄x̄(Λε

γ − Λ1)e
ikx dσ for |k| < R,

0, otherwise.
(5.2)

We used the data set with the least amount of noise (‖E‖Y ≈ 10−6). Truncation
radius R = 6.7 was found to be too large as it leads to severe artefacts, see the
left plot in Figure 4. We chose another truncation radius R = 4.5 based on visu-
ally inspecting the graph of t

exp
R and choosing the largest R retaining reasonable

numerical accuracy inside the disc D(0, R). See the right plot in Figure 4 for the
resulting reconstruction. We remark that the relative error given by the regularized
method is 12% as seen in the top row of Figure 2, while the Born approximation
gives 23% at best.
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Figure 2. Reconstructions with various noise levels. In the col-
umn “Maximal R” the large circle has radius 10, and inside the
irregular curves the scattering data tBIE(k) has reasonable accu-
racy. The percentages shown are relative L2 errors of the recon-
structions. The color scale of all the reconstructions is the same.
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Figure 3. Quantitative comparison of observed and predicted
truncation radii. Thick line has slope −0.1 and shows the theo-
retical truncation radius R = − 1

10 log ε. Black dots indicate the
empirical truncation radii given in Figure 2. Thin line is a linear
least squares fit to the data points; its slope is −0.47. Thus the
practical algorithm performs better than predicted by the theory.
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42% 23%

R=6.7 R=4.5

Figure 4. Reconstructions using the Born approximation (5.2)
and noise level ‖E‖Y ≈ 10−6 and two choices of truncation radius:
R = 6.7 (left plot) and R = 4.5 (right plot). The percentages
shown are relative L2 errors of the reconstructions. The color scale
of both reconstructions is the same as in Figure 2; the white spots
in the left plot denote regions where reconstructed values exceed
the interval [0.4, 2].


