THE NOVIKOV-VESELOV EQUATION AND THE
INVERSE SCATTERING METHOD, PART I: ANALYSIS
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ABSTRACT. The Novikov-Veselov (NV) equation is a (2+1)-dimensional nonlin-
ear evolution equation that generalizes the (1+1)-dimensional Korteweg-deVries
(KdV) equation. Solution of the NV equation using the inverse scattering method
has been discussed in the literature, but only formally (or with smallness assump-
tions in case of nonzero energy) because of the possibility of exceptional points,
or singularities in the scattering data. In this work, absence of exceptional points
is proved at zero energy for evolutions with compactly supported, smooth and
rotationally symmetric initial data of the conductivity type: qo = 7~ /2Ay/2
with a strictly positive function . The inverse scattering evolution is shown to be
well-defined, real-valued, and preserving conductivity-type. There is no smallness
assumption on the initial data.
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1. INTRODUCTION

The nonlinear Novikov-Veselov equation for ¢, = ¢,(2) = ¢-(z,y) is

9q-
or

v(2) = 9. 0.q.(),

_3 3 3=, _
= —aqu - 8zq7 + Z aZ(QTUT) + Z 8Z<Q7—U7—)7

(1.1)

where 7 > 0and 0, = (2 +z'8%). Equation (1.1) is a (2+1)-dimensional generaliza-
tion of the celebrated Korteweg-de Vries (KdV) equation [18]. In 1984, S. P. Novikov
and Veselov introduced (1.1) in a periodic setting in [23, 28] as a continuation of the
work by Nizhnik [22]. Equation (1.1) is the most natural generalization of the KdV
equation to dimension (2+1) since the variables x and y have more symmetric roles
in (1.1) than they do in other generalizations, such as the Kadomtsev-Petviashvili
equation, see [6].

The study of equation (1.1) in the non-periodic setting (z € R?) via the inverse
scattering method was initiated by Boiti, Leon, Manna and Pempinelli [7, 8] and

continued by Tsai [25, 26, 27]. They discuss the following formal inverse scattering
1
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scheme for solving the Cauchy problem for (1.1):
exp(iT(k® + Eg))

(k) 6 (k)
7+ | o* 7+ ot
¢ (2)
(1.2) QO(Z) nonlinear evolution (1.1) qTNV(z),

where 7 and Q% stand for the direct and inverse nonlinear Fourier transform,
respectively, and the function t : C — C is called the scattering transform. Precise
definitions of 71, Q" and t! are given below in Section 2. The definition of ¢,
involves point-wise multiplication in the transform domain:

(13) ¢ = O (61'7'(193-1-%3)1;3‘(]{;))’

and ¢V is defined as the solution of (1.1) with initial condition ¢}V = go.

The diagram (1.2) is written with the hope that for certain initial data g all the
maps in (1.2) would be well-defined and ¢, = ¢YV. Then the nonlinear Novikov-
Veselov equation (1.1) could be solved by a linear operation on the transform side,
analogously to the celebrated inverse scattering method for the KdV equation [10].
However, so far the analysis of diagram (1.2) is only formal, and the identity ¢, = ¢~V
has not been rigorously proved for any class of initial data.

Why is the inverse scattering method (1.2) so difficult to analyze? The key
obstacle in the investigation of (1.2) is the possibility of ezceptional points of ..
Exceptional points are values of the generalized frequency-domain variable k£ € C at
which the solutions to the related (non-physical) scattering problem are not unique,
meaning that nonzero radiating solutions exist for zero incident field. At exceptional
points the scattering data tf (k) is not well-defined and possibly singular. The
operator Q7 is not defined for singular argument functions, which prevents the use
of (1.2) if there are exceptional points. Furthermore, taking a small initial potential
¢o does not save the day because the related Faddeev Green’s function has a log |k|
singularity at £k = 0. Consequently, Neumann series techniques cannot be used in
general to prove the absence of exceptional points; currently one has to resort to
(rather instable) Fredholm arguments.

The following class of conductivity-type potentials is useful as a source of initial
data because such potentials do not have exceptional points [20, Lemma 1.5].

Definition 1.1. A potential ¢ € LP(R?) with 1 < p < 2 is of conductivity type if
q=y"2A~Y? for some real-valued v € L®(R?) satisfying v(z) > ¢ > 0 for almost
every z € R? and V(vY/?) € LP(R?).
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The term “conductivity” and the seemingly superficial square roots in definition
1.1 come from the related studies of Calderén’s inverse conductivity problem, see
[20]. We use these terms and notations here because it turns out that the inverse
scattering evolution preserves conductivity-type, and the evolving conductivity may
have a (yet unknown) physical interpretation.

Let us recall what is known about the diagram (1.2).

e Boiti, Leon, Manna and Pempinelli 1987 [8]: assume that ¢y is such

that the solution ¢NV to (1.1) exists and does not have exceptional points.

Then the scattering data evolves as T (¢YV) = e”(kSJrkS)T*(qO).

e Tsai 1994 [27]: take ¢y from a certain class of small and rapidly decaying
initial data (the class excludes conductivity-type potentials). Assume that
go has no exceptional points and that ¢, is well-defined by (1.3). Then ¢, is
a solution of the Novikov-Veselov equation (1.1).

e Nachman 1996 [20]: let gy be of conductivity type. Then ¢y does not have
exceptional points and the scattering data 7 (qo) is well-defined.

e L-M-S 2007 [19]: let go be a smooth, compactly supported conductivity-
type potential with v = 1 outside supp(qy). Then Q" (T "¢qy) = qo. Further,
formula (1.3) gives a well-defined continuous function ¢, : R* — C satisfying
the estimate |¢,(2)| < C(1+ |z])~2 for all T > 0.

Nachman’s work paved the way for rigorous results: all studies about diagram (1.2)
published before [20] were formal as they had to assume the absence of exceptional
points without specifying acceptable initial data.

We remark that the above discussion concerns only the “zero-energy case” where
initial data go(2) tends to zero when |z| — oco. There is a body of work concerning
inverse scattering solutions for the Novikov-Veselov solution when the initial data
tends to a nonzero constant at infinity, see [13, 14, 15, 16] and the review article [12].
However, those results are based on a smallness assumption of initial data being close
enough to a nonzero constant function; then there are no exceptional points. This
paper is concerned with the zero-energy case where smallness assumptions cannot
be used for proving the absence of exceptional points.

We prove the following new results. Let gy be a real-valued, infinitely smooth,
compactly supported conductivity-type potential with v = 1 outside supp(qp). If
the initial data has the rotational symmetry qo(2) = qo(]2|) for all z € R?, then ¢,
stays real-valued for all 7 > 0. Furthermore, ¢, is a conductivity-type potential and
does not have exceptional points. Also, the scattering data of ¢, is well-defined and
the following identity holds:

(1.4) THQtl) =tt.

The precise statement and assumptions are given below in Corollary 7.1. We remark
that there is no smallness assumption on the initial data.
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Our results are not completely restricted to compactly supported initial data
satisfying qo(2) = qo(|z|). For example, evolutions from symmetric initial data are
valid starting points of another evolution; then the initial data is not necessarily
symmetric or compactly supported. See Section 7 for more details.

In Part IT of this paper we compare numerically ¢, and ¢V for several examples
with rotationally symmetric, compactly supported initial data of conductivity type.
The evolutions ¢, and ¢NV are found to agree with high precision, suggesting that
the equality ¢, = ¢XV holds. However, rigorous proof of that identity remains an
open theoretical problem; see Appendix A.2.

This paper is organized as follows. In section 2 we define the direct and inverse
nonlinear Fourier transforms 7+ and QF. In section 3 we prove new estimates
for the complex geometric optics solutions used in the inverse scattering method.
Section 4 contains results concerning rotationally symmetric initial data. Section 5
is devoted for a proof that if the evolved potential ¢, stays real-valued, then it stays
conductivity-type. In Section 6 we prove identity (1.4), and in Section 7 we conclude
our results. Throughout the paper we denote (z) = 1 + |z| and abuse notation by
writing ki + iky = k = (k1, ko) and x + 1y = z = (x,y).

2. THE INVERSE SCATTERING METHOD

2.1. The direct scattering maps 7*. Consider the Schrodinger equation
(2.1) (A + g™ (-, k) =0,

where ¢ € LP(R?) is a real-valued potential with 1 < p < 2 and k is a complex
parameter. We look for complex geometrical optics solutions 9= of (2.1) with as-
ymptotic behavior

V(2 k) ~ e = exp(i(ky + ike) (2 + iy)),
V7 (2, k) ~ e = exp(i(ky + iks)(z — iy)).

Such solutions were first introduced by Faddeev [9]. More precisely, we require

e MYt (z, k) -1 € WW(R?),
e (z, k) -1 € WHW(R?),

where 1/p = 1/p — 1/2. Here W'?(R?) is the Sobolev space consisting of LP(R?)
functions whose (distributional) partial derivatives belong to LP(R?) as well. Note
that p > 2 and by Sobolev’s imbedding theorem W?(R?) functions are continuous.

Given a potential ¢, there may be complex numbers k for which the solutions
Y* of (2.1) satisfying (2.2) and (2.3) are not unique. Such k are called ezceptional
points of q.
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If ¢ has no exceptional points, then we write u*(z, k) = e 1+ (2, k) and
(2, k) == e *%p~ (2, k) and write formally
2.4 0w = [ g R
R
(2.5) t=(k) = / e B2 (V™ (2, k) d.
R2

If the integrals in (2.4) and (2.5) are convergent, then t* : C — C are well-defined
and we set T*(¢) = t*.
For example, compactly supported conductivity-type potentials do not have ex-
ceptional points and lead to convergent integrals in (2.4) and (2.5), see [20].
Real-valuedness of ¢ results in symmetries in scattering data. Complex conjugat-
ing equation (2.1) for ¢ gives

(2.6) 0=(-A+qu*(zk) = (=A+q)v*(z,k),

and conjugating the corresponding asymptotic condition (2.2) gives

(2.7) ekt (z, k) — 1 = e “CRZF (2 k) — 1 € WY (R?).

Comparing (2.1) with (2.6) and (2.3) with (2.7), and using uniqueness, shows that
(28) w+(zv k) = ’QZ)_(Z, _E)

Furthermore, complex conjugating equation (2.4) and substituting (2.8) yields
(2.9) tt(k) =t (—k).

2.2. The inverse scattering maps Q*. Given two functions t* : C — C, consider
the D-bar equations

9 () P —
210 —— + ,k — [— Z(kz+kz) + ,k y
(2.10) Sk = SRR
g L T Y
(2.11) k) = St

with a fixed parameter z € R? and requiring large |k| asymptotics pu*(z,-) — 1 €
L>* N L7 (C) for some 2 < r < o0.

Assuming that equations (2.10) and (2.11) have unique solutions with the appro-
priate asymptotic properties, set ¢ (z, k) 1= e**ut (2, k) and ¥~ (2, k) 1= e pu (2, k)
and define formally

i~ + e
(2.12) (QTtN)(2) = ;az/ct E(k) e * )t (2, k)dk,
(2.13) (Q7t7)(2) = WL.QGZ/(CtT(k)G_ikz’(/}_(Z,k)d/{:,

where dk denotes Lebesgue measure: [ f(k)dk = [o, f(k1, ko)dkydks.
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The inverse transform (2.12) first appeared in [8, formula (4.10)]. See the work
of Beals & Coifman [2, 3, 4, 5], Ablowitz & Nachman [1, 21] and Henkin & Novikov
[17] for early references on the 0 method.

The functions t* : C — C need to be “well-behaved” in order for equations
(2.10) and (2.11) to be uniquely solvable, for the integrals in (2.12) and (2.13) to be
convergent, and for the derivatives in (2.12) and (2.13) to make sense. According to
[19], one example of good-enough behaviour is the following pair of assumptions:

t=(k) t=(k)
- €5(0), - € S(C),

where S(C) denotes rapidly decaying and infinitely smooth functions of Schwartz.

3. PROPERTIES OF SOLUTIONS OF THE O EQUATIONS

This section is concerned with solutions p*(z, k) of the d equations (2.10) and (2.11).
The functions pu*(z,0) are especially important as they will play a central role in
later sections in the analysis of conductivity-type potentials. We start by analyzing
the decay in |u*(z,0) — 1| when |z| — oo.

Lemma 3.1. Let t* : C — C satisfy

t*(k

——= € §(C), % e S(C).

Fir 2 <r < co. For every z € R?, let u*(z, k) be the unique solutions of the D-bar

equations (2.10) and (2.11) with the asymptotic condition p*(z,-) —1 € L™ N L™.
Then the following estimate holds for all z € R? :

(3.1) 152,00 — 1] < C() 7

[t= (k)| < Clk|* for small |k|,

Proof. We prove estimate (3.1) for p only; the proof for x4~ is analogous.
Denote e} (k) := exp(i(kz + k%)) and use equation
1 tT(k) .

(3.2) p(z0) = lim gt () = 14— T e (k)ut(z, k)dk

(given in [20, formula (0.38)]) to write

R () p—
M+(270)_1 - R c |k’|2 efz(k:)u+(z,k:)dk
RO
(3.3) = g Rk
+ -
(3.4) 4%2 Ct‘;‘lz)efz(k)(u*(z,k)—1)dk:.

Now term (3.3) is finite because |k|™>t"(k) € L'(C) by assumption. Term (3.4)
is finite because of Holder’s inequality and the inequalities |||k~ t* (k)| ) < 00



NOVIKOV-VESELOV EQUATION AND THE ISM 7

and ||pt (2, - ) = 1|zrc) £ C < oo with C not depending on z (see [20, formula 4.1]).
Therefore

(35) ||M+(Z,0)||Loo(R2) < 0.

We can bound term (3.3) as follows to study its behaviour when |z| — oo:

1| [ e
R
- /C ok dk'

<[5t
(3.6) / wdo(k) ]ik) ()dk'
Hl 0 E(h),
~ ||kOk® Kk LI(C)
. H: g(ﬁ(k Ha ),
k L1(|k|<1) k" k k LY(C)
(3.7) < 0.

Note that term (3.6) vanishes since limy_,ot*(k)/k = 0 by assumption .
Let us now bound term (3.4).

\|\/

V%"Q e (k) (ut(z, k) — 1)dk‘

9 () i - Dt

C k:E ok
39) < | [z g
(3.9) + /C Wéo(k)t+kk)e+z(k)(ﬂ+(z, k)—l)dk‘
(3.10) + /(C trk(|l;)e+z(k)8ku+(z, k)dk'
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Similarly to the case of term (3.6), the term (3.9) vanishes. We can bound (3.8)
using Holder inequality (we have 1 < 1’ < 2 since 2 < r < 00) and [19, Lemma 3.3]:

H 10t (k)

(3:11) o)

I (2, ) = o) < Clz) 71
L' (©)

The L" norm in (3.11) is finite because at infinity we have rapid decay and near the
origin the derivative of t*(k)/k € S(C) is smooth and |k|="" is integrable as r’ < 2.
To bound (3.10) note that we get from the 0 equation

(3.12) %;ﬁ(z, k) = ZT—(?efz(k:)(Mf(z, k) —1)+ t;i? et (k).

Estimate (3.10) using (3.12) and [19, Lemma 3.3]:

) o (E B e+ B
[ e (e T =) + e b

drk 4k
1 t+ (k)| 1 t+ (k)|
3.1 < - (2, k) — 1)dk| + — dk
1|1 t7(k)
1) < — |52 k) = g + €
||k k| ©

(3.15) < C{)t+C.

Note that the second integral in (3.13) and the L™ norm in (3.14) are finite by the
assumption that [tT(k)| < C|k|* for k near zero.
Combining (3.3), (3.4), (3.7), (3.8), (3.10), (3.11) and (3.15) yields

|2lp"(2,0) = 1] < C,
which together with (3.5) gives |u"(2,0) — 1] < C{z)~ 1. O
Definition 1.1 of conductivity-type potentials includes a derivative condition. The

following lemma will be used in Section 5 for proving such a condition for the evolved
potential.

Lemma 3.2. Let t* : C — C satisfy

tE(k t*(k
[t=(k)| < C|k|? for small |K|, % € S(C), % e S(C).
Fir 2 <r < co. For every z € R?, let u*(z, k) be the unique solutions of the D-bar
equations (2.10) and (2.11) with the asymptotic condition pu*(z,) —1 € L™ N L.
Then

(3.16) Vit (2,0)] < C(z)~? for all z € R?.
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Proof. We prove estimate (3.16)_for w1 only; the proof for = is analogous.
We first prove the estimate |0,u"(z,0)| < C(z)72. Differentiate (3.2) to get

gz;f’(z,())
= ﬁ C(—iﬁék)e*z(/{:)ﬂ (2 k)dk+t|+k(|l§) *Z(k;)m) dk
_ —1 t+(k) +
(317) = 1 T et (k)dk
19 ey [ (- B ot k) (e~ D
+ -
+t‘k—<‘l§>€+z(k)azu+(z, k))dk;.

Now (3.17) is rapidly decaying since it is the Fourier transform of a Schwartz func-
tion. Let us estimate (3.18). Integration by parts and applying equation (2.10)
yields for z # 0

(3.19) |z|

i [ B R = ks [ e o R

k ¢ ThP
= i [ B9 R Dk + i) [ e e em
= [ =i [ SR e = Dk i(—iz) [ et 0T B

- | [SRE e D [ SR

= |- [etw [(%(”,ﬁ“))<m> + B (e k))] ak

_i/(ceJrz(k) [W;( |/{;(|2)) +t|+k(|2) z % *(z,k))] dk‘-

From equation (2.10) we get (%/,ﬁ(z, k;)) = t;}:) el (k)ut(z, k) and

QJI

79 _ N
0. (i) = (e W)
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Hence, after cancellation of two terms containing t (k) Zelf (k)pt(z, k), we see that
(3.19) is bounded by

(3.20) (83( ))(,Lﬁz—k)—l)dk'
(3.21) + Ce* <k)(6g(? +}£k)))mdk’
(3.22) + 'I;; k?||2 3.t (2, )dk’

We next estimate each of the terms (3.20),(3.21) and (3.22) separately.
Hoélder’s inequality and [19, Lemma 3.3] show that term (3.20) is bounded by

I (2,k) = Ulzrc) < C'(2)
L' (©)

(3.23) Ha% t* (k)

where the L™ norm is finite since by assumption t*(k)/k € S(C). Term (3.21) can
be estimated using Holder’s inequality and [19, Lemma 3.4]:

[y

_ '7? / 5o (k) ®) ot 0B (o Rk
C

k
- [ SRS
o = |gu(SD)],, sl scwn

where the term containing 0y (k) vanishes by the assumption since limy_ot*(k)/k =
0. The finiteness of the L norm in (3.24) is seen as in (3.11). Similarly, (3.22) is
bounded by

¢ Ak|k|? dm ||k \ K
(3.25) < C'(x)7!

wE L|L ey
' 3.t ( ,k;)dk’ < ( ) L(©)

Combining (3.23), (3.24) and (3.25) with (3.19) shows that (3.18) is bounded
by C(z)~2. Thus we may conclude that [0.u*(z,0)] < C(z)~2. The proof for
10,1t (2,0)| < C(z)72 is analogous and uses the assumption t*(k)/k € S(C). To-
gether these two estimates yield (3.16). O
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4. RADIALLY SYMMETRIC INITIAL DATA

Theorem 4.1. Let gy € C3°(R?) be real-valued and of conductivity type in the sense
of Definition 1.1 with v = 1 outside the support of qo. Furthermore, assume that qo
is rotationally symmetric: qo(z) = qo(|z|) for all z € R2.

Then q, defined by (1.3) is real-valued for all T > 0.

Proof. Theorem 3.3 of [24] implies that t{ is rotationally symmetric and real-valued:
(4.1) to (k) =tg ([k]),  t5 (k) =t (k).

The proof of (4.1) is based on first using uniqueness of solutions to the Schrédinger
equation (2.1) with the asymptotic condition (2.2) to show

(4'2) M8L<zvk> = N(J)r(ewzveiwk)v
(4.3) o (2 k) = ug (=7, k),

for all z € R? and k € C and ¢ € R. Then t(k) = t(e*¥k) and t(k) = t(k) by
substituting (4.2) and (4.3) to formula (2.4), and (4.1) follows.
From the real-valuedness of ¢y and formula (2.8) we know that

(4'4) M(J)r<z7 k) = Mo (Z, —E),

and we can calculate

to(=k) =

Applying (4.1) yields tJ (k) = tJ (k) = tJ (—k), so we have
(4.5) 6 (k) = 5 (k).
Evolution of scattering data is defined by the same formula for t} and t;:
k) = T (),
6 (k) = e (k).

so we may use (4.5) to conclude that t (k) =t (k) for all K € C and 7 > 0. In the
rest of this section we denote

(4.6) t-(k) =t (k) =t (k).
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Now (4.6) is a remarkable identity: we can write the (integral form) D-bar equations

1 t (K (K TR
Mj(z’k) = 11— /PT( ) efl(k‘erkz)luj_r<z’k/)dk/7

(4m? Jo Wk — K)

He(zk) = 1= (471r)2 / F(t;(f/ia)ei(k/zm)mdk/’
and replacing z by Z in the latter D-bar equation gives the relation
(4.7) pt (2 k) = iz (Z, k),
which, substituted into (2.13), yields the identity
(4.8) (Q7t:)(2) = (Q7t,)(%)

for all z € R?.
Our goal is to derive an equation connecting (Q*t,)(z) and (Q*t,)(Z). For this
we calculate

— 1 t- (k) T
ut(z,—k) = 1_(47r) /E( = k) e =R7Z) ¥ (7 Kk
1 [ tolk ) e G R T
z) ir ()P +(R)?)

1 I N
- 1‘<47r>2/ O

-G / ( AE) 0 (o

(4m)? k— k)
so by the uniqueness of solutions to the D-bar equation we have
(4.9) 07 (2, k) = it (,—F).

Substituting (4.9) to the definition of QT and using (4.1) yields

@ = (0 [ Ao )
C

™ K
_ _—2282/ to(k')e_i:/(k/)gﬂms)ei(k%@z)ﬁdk/
_ / ”( P+ o i(F 2tk z)ﬁdk/
—k;’
_ / ot k’z—l—k/z)mdk/

(4.10) - < 6)(
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Now a combination of (4.10) and (4.8) yields

(Q7t:)(2) = (27t,)(2).

Next we make use of the cubes appearing in the multiplier exp(i7 (k3 +E3)) of the
evolving scattering data. Define ¢ = 27/3 and note that exp(+ip)® = 1. Denote
the rotation of a complex number z by angle ¢ by z, := ¢?z. The scattering data
t, has the following three-fold symmetry:

. T . iR
(4.11) tr(key) = i (k) + (ki) )to(k‘i@) = eW(k3+k3)t0(k) = t.(k),

where we used the rotational symmetry (4.1). Now we can compute

M+(Z ko) = 1-— 1 /_ t. () efi(k/zg,JrE%)mdk/
T\ e (471‘)2 Ck’(k,g,—k’) T (%) )

1 t, (k- - e ——
= Ao Woe) it oot G

(402 Je W (hy— k)
_ 1 6 (K) e
= Gy L pir s Ko g )OI

which by the uniqueness of the solution to the D-bar equation shows that uf(z, k) =
pi(zp, k—,). The same argument works with ¢ replaced by —¢, so we have the
symmetry relation

(4.12) 1 (2, k) = pif (2, bgp)

for all z € R? and k € C. Denote the coordinate transformation of rotation by angle
¢ by F,(z2) := z, = €"#z. Then in the complex chain rule

8:(f 0 Fy) = ((0:f) 0 Fy) - 9.F, + ((9:f) o Fy) - 0.F
we have 0.F, = 0.(¢z) = 0 and 0.F, = 0.(¢'2) = e, s0

(4.13) (@.f) 0 F,) = &% - 0.(f o F,).
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Applying (4.13) to the definition of Q*t, and using (4.12) and (4.11) gives

(Q7t-)(2) = (@(i /C —tTg,)ei(k'”FZ)mdk’)) o F,

| N 0 N
— ¥ (% 8z/c T( )efz(k zo+k zw)ﬂi<z¢’k/>dk/)

K

ASh €7i(kfpz+@2)ﬂi(2, k;)dk/

/
T<kf<p) efi(k’eryE)mdk/

—p
: , B

_ 15 tTgf )e—i(k/z+k'2)u+(z k:’)_dk:'
7'('2 ? C k’, T ’

(4.14) (Q"t,)(2).

Now the combination of (4.14) and (4.8) tells us that ¢, has two symmetries,
three-fold and reflectional:

-+

(ST
ﬁ\%

0:(2) = 4:(20) = 4:(20), 4 (2) = & (2).
This implies the following for the real part:
(4.15) Req,(2) = Regq,(2,) = Regq,(2_,), Req.(z) = Req.(2).
More importantly, we see that the imaginary part of ¢, satisfies
Im g, (z) = Img,(z,), Im g, (2) = —Imgq,(2),
implying that Im ¢, (2) = 0.

5. PRESERVATION OF CONDUCTIVITY TYPE

We study the properties of the inverse scattering evolution ¢,. We do not assume
the symmetry ¢o(z) = qo(]2|) in this section; instead, we just assume that g, stays
real-valued for positive times 7 > 0.

We start by deriving partial differential equations connecting ¢, with the the
solutions of the D-bar equations (2.10) and (2.11).

Lemma 5.1. Let t* : C — C satisfy
t=(k t=(k

(k) € 5(C), _( ) € S(C).

k k
Fiz 2 <r < oo. For every z € R?, let u=(z, k) be the unique solutions of equations
(2.10) and (2.11) with the asymptotic condition u*(z,-) —1 € L™ N L=(C). As-
sume that (QTt")(z) and (Q t7)(2), defined by (2.12) and (2.13), are real-valued
functions.
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Then for any fized k € C\ 0 we have
(5.1) (—A — 4ik0, + QT tut (-, k) = 0,
(5.2) (—A —4iko, + Q t )u (-,k) = 0.
Proof. The functions (Q*t*)(z) are well-defined by [19, Thm 1.2].

We will prove the lemma only for u*, as the proof for p~ is analogous. Denote
the solid Cauchy transform by

(5.3) Colk) =~ /C ;0(_’“2@/{;',

where dk’ denotes the Lebesgue measure. Note that C and 0y, are inverses of each
other (modulo analytic functions). Further, define a real-linear operator

(5.4) Tl h) = S0 (0o R

Nachman [20] proved that the operator [I — CT.] : L"(C) — L"(C) is invertible and
that CT,1 € L"(C). Now the 0 equation can be written in the convenient form

(5.5) pt=1+CTut,

and the solution with appropriate asymptotics is given by
(5.6) pt—1=[I-CT.) ' (CT.1).
From the proof of [19, Thm 1.1] we know that the commutator 9,(3, + ik) with
the operator of C is given by
0.(0. + ik), Clp = ~0. / o(z, k") dk,
T Jc

and that the commutator of 52(@ + ik) with the operator T, vanishes:

[0.(0, +ik), T.]¢(z, k) = 0.
Applying the above commutator identities to (5.5) yields

0.(0, +ik)yut = 0.(0, +ik)(1 4+ CT,u") = 0.(0, + ik)CT,u*

_ [t _
— CT.0.(0. + ik)u" + —0. / S®) ek
47T C k
. Q+t+
(5.7) = CT.O.0. + ikt + =—.

Denote f = 0,(0. + ik)ut. Now Q*t* is real-valued function of z and does not
depend on k, so from (5.7) we get

Q+t+ Q+t+ Q+t+
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Thus f— QTtT/4=(Q"tT/4)(I —CT,)"'CT, 1= (Q"t*/4)(u™ — 1). Finally

Q+t+ Q+t+ Q+t+

+
4 4 4 '

0(0. +ik)ut = f =

(nh=1)+

O

We are ready to prove that the inverse scattering evolution preserves conductivity
type if it stays real-valued.

Theorem 5.1. Let gy € LP(R?) with 1 < p < 2 be a real-valued potential with no
exceptional points. Assume that the scattering data T qy = tg are well-defined and

satisfy
&) ¢ 50, toiék) € S(C),

[t= (k)| < Clk|* for small |k|,

and that ¢, = QF (eiT(k3+E3)tg(k)) is real-valued.
Then q, is of conductivity type in the sense of Definition 1.1 for all T > 0 and
does not have exceptional points.

Proof. Set
. -3
(53) 6 (k) = €705 g (k)
for all 7 > 0 and note that t}(k)/k € S(C) since by assumption td(k)/k € S(C).
Then by [20, Thm 4.1] we know that for any fixed z € R? the d equation

0 th(k) —
5.9 — +Z,]€ :T—_€+ 2\t Z,k
5:9) ek = e ()
is uniquely solvable with the asymptotic condition pf(z,-) —1 € L™ N L* for some
r > 2. Furthermore, [20, Thm 4.1] also implies that uf(z,0) := limy_o put (2, k) €

L>°(R?) satisfies
(5.10) It (2,0)] >0 for all z € R?,
and there is an 0 < € < 1 such that we have the estimate
(5.11) sup |1 (2,0) — pif (2, k)| < clk[*
for k near zero.
Now ¢, = Qt! is a well-defined continuous LP(R?) function for all 7 > 0 by
[19]. Furthermore, ¢, is real-valued by assumption, and t}(k)/k € S(C) is clear

from combining (5.8) with the assumption tg(k)/k € S(C). Thus we can apply
Lemma 5.1 to see that u satisfies

(5.12) (—A — 4ikD, + ¢ )t (-, k) =0
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with any fixed & € C\ 0. Formula (5.11) and equation (5.12) imply in the sense of
distributions

hm(A+4zka) 2, k) = Aupf(z,0),

so Auf(z,0) = ¢ (2)uf(z,0). Using (5.10) we can write

Apf(z0)
5.13 (2) = ———=.
19 ) =)

Next we need to prove that uf(z,0) is real-valued. Denote
(5.14) 6 (k) = & (Tg0) (k).
Then we conclude as above that the D-bar equation
0 _ t-(k) _

5.15 — Z,k = T—_e_ Z)u Z,k y
(5,15 Sy = e, e )

where e, (2) = exp(i(kZ + kz)), is uniquely solvable with the asymptotic condition
pu-(z,-) — 1€ L"N L*® for some r > 2.
The real-valuedness of the initial data g implies by (2.9) the symmetry t, (k) =

t$(—k). Substituting this to (5.8) and (5.14) yields
(R = B £ (k) = T (R =t (k).

Calculate
—_——— 1 +(k! ot T
Mi(Z,—k) — l_ﬁ & z(kz—i—kz)ﬂi-(z’k/)dk/
n E'(—k — k)
iy

]_ t ( k:/) T A N -—
- 1 i(—k")z—k'Z) , + 70 !
1 /( e o (z, —k"dk

[

—K)(=k + k')

_ 1 4%2 k/<k(k’])€/> e~ i,
which, in view of uniqueness of solutions to (5.15), implies that
(5.16) iz, —k) = pr (2, k).

By (5.11) we have at the limit £ — 0 the identity
(5.17) 15 (2,0) = 7 (2,0).

A computation similar to (4.10) shows that Q"tf = OQ-t-. The assumption
on real-valuedness of ¢, then implies ¢, = Q"tH = Q7 t_, and by Lemma 5.1 the
functions puF satisfy

(—A — 4ik0, + ¢ )t (k) = 0,
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Taking the limit as £k — 0 in each of these equations implies

¥ (2,0) = iy (2,0).
Combining this with (5.17) implies

N;—r(za 0) = ,u;(Z, O) = /L:r’—(za 0)7
so pi(z,0) is real-valued.
Finally, by Lemma 3.2 we have |V (z,0)] < C(2)72, so Vil (z,0) € LP(R?) for
all 1 < p < 2. Hence ¢, is of conductivity type in the sense of Definition 1.1 with
conductivity v := uf(z,0)% By [20, Lemma 1.5] ¢, has no exceptional points.  [J

6. EVOLUTION OF SCATTERING DATA

Assume that the initial potential g € LP(R?) with 1 < p < 2 is a real-valued
potential with no exceptional points. Further, assume that the initial scattering

data T*qy = t7 satisfies
t5(k to (k
o (k) € S(C), o (k) € S(C),

(6.1) [tT (k)| < C|k|* for small ||, 2

and leads to a real-valued evolution
. -3
¢-(2) = QT (™IS (k) = Tt
The aim of this section is to prove that the scattering data of ¢, evolves as expected;
more precisely, that 7 (Q7t]) = t.
We remark that we do not assume the symmetry ¢o(z) = qo(]2]) in this section.

The function @t is constructed as explained in Section 2.2 using the unique
solutions of the D-bar equation

9 4 k) e
(6.2) o (2, k) i pt (2, k),
with large |k| asymptotics pt(z,-) — 1 € LN L"(C) for some 2 < r < oo. By [19]
we know that ¢, = @t : R* — C is a well-defined continuous L?(R?) function
with any 1 < p < 2 and for all 7 > 0.
We wish to apply the nonlinear Fourier transform 7+ to the function ¢,. By
Theorem 5.1 we know that ¢, is of conductivity type:

_ Apf(z,0)
(6.3) ¢-(2) = F02.0)

and does not have exceptional points. Thus there exists for any & € C\ 0 a unique
solution of the partial differential equation

(6.4) (—A — 4ikD. + g ()it (2, K) = 0

with large |z| asymptotics pf (-, k) — 1 € WHP(R?).
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If we had additional decay in ¢,(z) as |z| — oo, then we could construct T g,
by the integral

(6.5) / Ty ()t (2, ),
R

which would be absolutely convergent. Furthermore, we could make use of 20,
Theorem 2.1], stating that the D-bar derivative (0/0k) uf(z, k) is equal to

+(O+t _
(6.6) (TH(Q Er))<k>€fi(kz+k2)m.
Ak
Furthermore, in view of Lemma 5.1, the unique solutions of equations (6.2) and
(6.4) are the same functions. Therefore, comparing (6.2) and (6.6) would yield the
desired identity 7+ (Q%t]) = t}.

However, we do not have available any extra decay in ¢,.(z) as |z| — oo; we just
know that |¢,(2)] < C(z)72. Therefore, at this point it is even unclear whether
formula 7H(Q*"t1) is well-defined.

To analyse TH(Q*t1), we add and subtract the constant 1 in (6.5), write

Thq. = / 0= () (it (2, k) — 1)dz + / b=tk g (2)dz
R? R?2
(6.7) = Ti(k) + To(k),

and interpret 77 and 75 as follows.

For fixed k € C\ 0 the term Ti(k) in (6.7) is bounded in absolute value by
the Holder inequality because put(-,k) — 1 € LP(R?) and ¢, € L” (R?). Note that
1 < p/ <2since 2 < p < oo. Furthermore, the norm |[zf (-, k) — 1| 15wz depends
continuously on k. This can be seen as follows. The unique solution of the partial
differential equation (6.4) with appropriate asymptotics is given by

(6.8) (2, k) —1=[I+ g * (¢ )] (gr * qr),

as shown in [20, p.82]. Note that we have the estimates

(6.9) g * allwrsmey < Cillalrome),
(6.10) gk * (@ Mleowrowey < Crllalloem)-
By [20, formula (1.6)] we have for any h € LP(R?)

R IR |
g *h = 4ik[az (0, +ik)="00 ]h,

and by [20, formula (1.2)] we know that ||(0. + ik) 'h| sre) < c||hllLrge) With ¢
independent of k. Hence the constants C and Cj, in (6.9) and (6.10) and the norm
|pi (-, k) — 1| 15wy depend continuously on k. Thus Ty € L (C\ 0).

The second term T5(k) in (6.7) can be interpreted as the Fourier transform of an
LP(R?) function, the result belonging to L” (R?) by the Riesz-Thorin interpolation
theorem. Here p' is defined by 1 =1/p+ 1/p’. Therefore Ty € L{ .(C\ 0).
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We can conclude from (6.7) that 7 g, € Ll _(C\ 0), and consequently it can be
interpreted as a distribution: T*¢, € D'(C\ 0).

Having established the existence of T (Q*t}) in the sense of distributions, we
proceed to show that it equals t. As mentioned above, we cannot apply [20, Theo-
rem 2.1] to show that (9/0k) u (2, k) equals (6.6) because there is not enough decay
in ¢,(z) available as z — 0o. We overcome this problem by generalizing [20, The-
orem 2.1]. The crucial new technique is to approximate ¢, = uf(z,0) ' Aut(z,0)
with a rapidly decaying conductivity-type potential in the norm of L?(R?) space so

that the function pf(z,0) is approximated simultaneously.

Lemma 6.1. Let g : R? — C be a continuous, real-valued, conductivity type potential
of the form q(z) = u(z)"'Au(z). Assume that these estimates hold for all = € R? :

(6.11) (=) < i,
(6.12) =) > >0,
(6.13) uz) -1 < O,
(6.14) V() < Ol
Set o(2) = exp(—|2]?) and p.(2) = p(ez) for all e > 0. Define an approzimation to
by
(6.15) P (2) =1+ 0 (2)(u(2) — 1),
and an approrimation to q by
. Apl(z
(6.16) ¢ (2) = M(T(i))

Then for any exponent 1 < p < 2 we have

(6.17) lim [l — gllge2) = 0.
e—0

The proof of Lemma 6.1 is postponed to Appendix B. We are ready to prove the
main theorem of this section.

Theorem 6.1. Let gy € LP(R?) with 1 < p < 2 be a real-valued potential with no
exceptional points. Assume that the scattering data T*qy = tg satisfies
to (k to (k
[t5 (k)| < C|k|? for small |K|, % e S(0), % e S(C).
Assume that ¢, = QTtH = Q+(eiT(k3+E3)t8’(l€)) is real-valued.
Then (TH(QTt1))(k) = t1(k) for allk € C\ 0.

Proof. By [19, Theorem 1.2] we know that ¢, : R?> — C is a continuous function
and satisfies |¢,(z)| < C(z)2. Thus ¢, belongs to LP(R?) for any 1 < p < 2. By
Theorem 5.1 and [20, Lemma 1.5] we may conclude that ¢, does not have exceptional
points and we can write ¢,(2) = (Auf(z,0))/ul(z,0).
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Define for all € > 0 the approximate potential
A (2,0

(6.19 (z) = S 20
Hr (Z,O)

where the function ,use) is given by

(6.19) P9 (2,0) == 1+ @o(2) (1f (2,0) = 1).
Now the approximate potential qf) decays exponentially when |z| — oo. Thus, since

wi(z,0) is real-valued, the function qf)(z) satisfies the assumptions of [20, Theorem

1.1]. There are no exceptional points for q&e)(z) with any € > 0, and we can define

forall ke C\ 0
(6.20) p (2 k) = 1= [I + g * (¢ )] g *4).
Furthermore, by [20, Theorem 2.1] the functions 7S (z k) satisfy the d-equation

200ty = T )

with the asymptotic condition ,ﬁ’(z, )—1e L"NnL>C).

How are the functions u\”(z, k) related to the solutions pF(z,k)? It is clear

from (6.19) that u(e)(z,O) tends to uf(z,0) as € — 0, but how about nonzero k?
Subtracting (6.20) from (6.8) and using the resolvent equation

[T+ g% (g )7 = [T+ ge % (¢
= —[+gi* (g )] o * (- — @) T + g * (¢ )]
together with (6.9) and (6.10) yield
1t (2, k) — 1 (2, k) lw

= |+ g * (g )] grxqr) — [I + gk x (@) gk * ) lwrs
17+ gr* (g )] (gk x (g0 — )|l
I+ g * (g )] = [+ ge * (¢ )] (g * ¢9) s
I+ gi * (0 )] lnwrayll (g = (g — @) [l
HI + g (g )] g * (g = @) + gix (@) (gr % ¢ lwrs
Ck”(gk % (g — 41)) lnrs

CAIT + g (¢ eowrnllge * (¢ — ¢
< C”’(l + T+ gr * (@] s llgr * 68 ||w1p> lgr — 4|10

From Lemma 6.1 we know that

(6.21)

IN

IN

IN

) M zoviallge * @2 lws

(6.22) lim ¢ = - || zo@e) = 0.
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Therefore, recalling that the constants Cy and C}, in (6.9) and (6.10) depend con-
tinuously on k, we can conclude that

(6.23) lim [|f (- k) = @ () lwrseey = 0,

where the convergence is uniform for k¥ € K C C\ 0 with any compact K. We
remark that since W1?(R?) functions are continuous by the Sobolev imbedding
theorem, equation (6.23) implies uniform point-wise convergence as well.

Now we can use (6.7) and (6.23) to calculate

im 7 (¢®) = lim | e® & ()0 (2, k)dz

e—0 e—0 R2

= lim [ NG () (4 (2, k) — 1)z

e—0 R2
+lim ilkz+kz) qf) (2)dz
e—0 R2

= m T (k) + lim 747 (k)
e—0 e—0
= Ti(k)+ Ta(k)
= T (a)
(6.24) = THQt)),
Note that lim._, Tl(g) = T in the topology of Li (C\ 0) because of (6.23) and

loc
lim, 0 ¢ = ¢, in L7 (R?) by Lemma 6.1. Also, lim,_,o TQ(E) = T5 in the topology of
LP'(R?) because lim._,q qf) = ¢, in LP(R?) by Lemma 6.1. Thus the convergence in
(6.24) happens in particular in L (C\ 0), and consequently in D'(C \ 0).
We know by construction that the unique solutions p satisfy

0 tH(k) i
6.25 — ut(z, k) = etk tk2) (2 ),

(6.25) (k) = HEGE)

The above analysis shows that equation (6.21) converges in the sense of distributions

D'(C\0) to

0 (THQENH) _ers

6.26 — (2, k) = - it (z, k
(6.26) %m(z ) ik (i (2, k)

as ¢ — 0. Thus right hand sides of the d equations (6.25) and (6.26) must be the
same elements of D'(C \ 0):

) -3
(THQ N R) iteeey 5057 — e WHRIEL (k)
7 :u’r (Z7 k) - 7
4rk 4k
kz+kz)

e—i(kz-}—EE)m.
Since e~ never vanishes, we get for k # 0

(THQ ) (k) (=, k) = 67 (k)puf (=2, k).
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Now the function pf( -, k) cannot be identically zero since puf (-, k) —1 € WP(R?).
Furthermore, t is a smooth function and 7+(Q"t1) € D'(C). We may conclude
that (7T(Q1t1))(k) = tf (k) for all k # 0.

UJ

7. CONCLUSION

The following Corollary is the main result of this paper.

Corollary 7.1. Let gy € C5°(R?) be a real-valued, smooth, compactly supported con-
ductivity-type potential (in the sense of Definition 1.1) with v =1 outside supp(qo).
Assume the rotational symmetry qo(z) = qo(|2]). Denote tF (k) = eiT(k?’*kS)(TJrqo)(k).
Then q, := QTt! is for all T > 0 a real-valued, continuous, conductivity-type poten-
tial in LP(R?) with any 1 < p < 2 satisfying the following estimate: |q,(z)| < C(z)72.
Moreover, q, has no exceptional points and (T (Q7t]))(k) =t (k) for all k # 0.

Proof. We know from [24, Thm 3.1] and [19, Thms 2.1 and 2.2] that

ty (k) ty (k)
. € S(0), - e S(C).

[t (k)| < C|k[? for small |k|,

The evolving potential is a well-defined continuous function ¢, : R? — C satisfying
|- (2)] < C{z)72 by [19, Thm 1.2].

The analysis in Section 4 above shows that ¢, is real-valued. Then the assump-
tions of Lemma 5.1 and Theorem 5.1 are satisfied and we may conclude that ¢, is
of conductivity type in the sense of Definition 1.1 for all 7 > 0 and that ¢, has no
exceptional points. Furthermore, the assumptions of Theorem 6.1 are fulfilled, and
so (TH(Q7th))(k) =t (k) for all k # 0. O

Our results do in fact apply to more general initial data than the rotationally
symmetric cases of Corollary 7.1. Namely, Sections 5 and 6 only assume that g
has nicely behaving scattering data and that the inverse scattering evolution stays
real-valued. (The latter assumption is natural: the right-hand side of the Novikov-
Veselov equation (1.1) is real-valued, so real-valuedness of g implies that of ¢XV as
well. If ¢, had nonzero imaginary part, the identity ¢~V = ¢, could not hold.)

Actually, we can already describe a class of nonsymmetric initial data for the
inverse scattering evolution. Let ¢, be an evolution with rotationally symmetric
initial data satisfying the assumptions of Corollary 7.1, and fix 7/ > 0. Define
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Go(z) := ¢+(z) and note that the following diagram is well-defined:

exp(i7/ (k3 + Eg))- exp(iT(k® + Eg))'

tg (k) t5 (k) tr (k)

T+ T+ | of T+ | ot

qo(2) g (2) Grr47(2)
Efol(lz) cyT(Hz)

Now go(z) is valid initial data (if we substitute 71 (qo(2))(0) := Tt (¢~ (2))(0) =
0 making the initial scattering data smooth) and leads to a real-valued inverse
scattering evolution ¢,. But what do we know about symmetries of ¢.? The analysis
in Section 4 implies that

57(2) = ar(ch) = fl}(zw)a @}(2) = 57(5)

for ¢ = 27/3. But our theoretical results do not rule out the possibility of rotational
symmetry of ¢.. However, in Part II of this paper we compute ¢, (z) numerically for
several rotationally symmetric initial data and observe that for 77 > 0 we have in
general ¢./(z) # ¢, (|z|); this is verified numerically beyond doubt. (In addition, ¢,
appears not to be compactly supported, but the numerical evidence is non-conclusive
due to the finite computational domain.)

Finally, we mention that the numerical evidence presented in Part II of this
paper strongly suggests that ¢~V = ¢, for evolutions with initial data satisfying the
assumptions of Corollary 7.1.
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APPENDIX A. CONNECTIONS TO PREVIOUS WORK

A.1. Remarks on the results of Boiti, Leon, Manna and Pempinelli. It was
shown in [8] that if a function p(z,7) does not have exceptional points and evolves
according to the evolution equation

(A.1) 2_1: = —apd’p — agd-p + 300, (p 9.0, ) + 3a00:(p -0 'p),
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where ay € R is a constant, then the scattering data

(A.2) Fi (k) ! /R 2 e p (2, 7)p (2, k)dw

T 4r

evolves in 7 as follows:

0

(A.3) - Fi (k) = i(aok® + @k ) Fi (k).
The function ¢(z, k) appearing in (A.2) is a solution of the Schrédinger equation

Formula (A.1) corresponds to [8, formula (2.12)], formula (A.2) corresponds to [8,
formula (3.26)], formula (A.3) corresponds to [8, formula (5.7)], and formula (A.4)
corresponds to [8, formulae (2.3),(3.1),(3.4)].

Set ¢-(z) = p(2/2,7). Then equation (A.1) takes the form

9¢-
or

Further, noting that 9.0, = 1A and comparing (2.1) and (2.2) with (A.4) shows
that

(A.5) = —8ap0?q, — 8a052qT + 6a0.(q, 825;1977) + 6000 (g- 0.0 q,).

(A.6) o2 k) = 0 (22, /2).
Thus we can use (A.6) and (A.2) to compute
Rk = — [ T Pp(/2 1)4(2/2, kyds
& R2
— o [ G2
& R2
1
(A7) = —t1(k/2).
8m
A combination of (A.3) and (A.7) then yields
(A.8) aﬁtj(k:) — i(Sapk® + 8ak ) (k).
T

The desired evolution of scattering data is achieved by the choice ap = 1/8. Then
equation (A.5) takes exactly the form (1.1).

A.2. Remarks on the results of Tsai. It would be tempting to follow Tsai’s
proof in [27] to show that the inverse scattering evolution ¢, actually coincides
with ¢V in diagram (1.2). However, the class of initial data used in [27] excludes
conductivity-type potentials, which in turn are the only known initial data with
no exceptional points. The specific problem with Tsai’s proof is the requirement
my(z,0) = 0 on the line following equation (3.12) in [27]. In our notation this
would mean 17 (z,0) = 0 which never holds for conductivity-type potentials because
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ut(z,0) = \/v(2) > ¢ > 0. Finding such assumptions on ¢y that ¢, = ¢~V in
diagram (1.2) remains an open theoretical problem.

Tsai gives in [25, 27] a formal derivation of a hierarchy of evolution equations
(parametrized by n = 1,3,5,...) using the maps T+ : ¢ — t* and Q" in the
following inverse scattering scheme:

exp(—i" (k" +k")7T)-

ta t
al Je
qo — qr

The non-periodic version of the Novikov-Veselov equation (1.1) appears as the case
n = 3. We remark that all the results in this paper hold for the cases n > 3 as well.
We just need to replace the angle ¢ = 27/3 by ¢ = 27 /n in Section 4.

APPENDIX B. PROOF OF LEMMA 6.1

Clearly ¢ € LP(R?) with any 1 < p < 2. Note that assumption (6.12) and formula
(6.15) imply (for the same constant ¢, independent of ¢)

(B.1) 0 << )]
so there is no division by zero in the definition (6.16). Write
1 1 1
©(z) - =A — - (A — Ap®® :
(9 = ale) = 8(e) (7 = 5 ) = (Bute) = A2

Then (6.17) follows from the triangle inequality and (B.1) if we prove the following
two equations:

1 1
€0 I /| e (r2)
(B.3) tim | A — Ap|aez) = 0.
Let us prove (B.3) first. Calculate

(B.4) Ap© = (= 1)Ag. + 2V, - Vi + 9. Ap,
and further, with the notation (z,y) = z = = + iy,

e
(B.5) )]

0pe(z
(B.6) 835 } —2eype(2),

(B.7) Ap.(2) = 420 + %% — D (2).
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Direct computation shows that for any s > 0 we have

li=reell, = (/Rz |Z|p8¢(ez)pd2)1/p

. dw 1/p
= ([ polreretorty)
R2

(B.8) = e r|[lwle(w)]),.
Here and below we use the sorthand notation || - ||zo@2) = || - ||
By (B.4) we see that
(B.9) Ap—Ap® = =2V, - Vi — (n— 1) Ap. + (1 — ) Ap.

Using (B.5), (B.8) and assumption (6.14) we get

Ha% o - 0.t ( /R IO %(Z)pdz)””

or Ox
1/p
22 ( / <z>2p\z|psoe<z>pdz)
]R2

ox
< 20 pellp < 2CE2P o),

IN

and the same estimate holds for = replaced by y. Therefore, since p > 1 implies
2 —2/p > 0, we have proved the convergence

(B.10) lim ||V, - V||, = 0.
e—0
Using (6.13), (B.7) and (B.8) with s =0 and s = 1 we get

1= 1) Apell, = 4e?[[(u — 1)(% + %” — Dl
4% (1 — e’z eellp + 4271 (1 — Deel
Ot |2l (2) llp + 411 = Lo <l
O 2Plll, + Ce* 7|y,

and it follows from 2/p < 2 that
(B.11) lim | (11— 1) Agelly = 0.
e—0

IA A A

We denote the characteristic function of the disc B(0,e~/4) by X|s|<e-1/4(2) and
will use the inequality

(B.12) 1fllp < 1IX12i<em17afllp + X )212e-172 1o

in the sequel. Note that 1 — p.(2) = 1 — ¢.(]2]) is monotonically increasing in |z|
and that the area of the disc B(0,e/4) is me~1/? and that by assumption (6.11) we
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have
Ap -2
(B.13) [Ap(2)] < [lplls i 1llscla(z)] < C(2) 7"
Estimate using Taylor expansion of the exponential function near ¢ =0
IXjsces (L= ) At < e AR oo X ces]1 = @elPlloo

Ce™'?|1 — exp(—ee /)|
Ce(gp_l)/Q

IN

(B.14)

IN

In the unbounded set {z : |z| > e~} we use (B.13) and the fact |1 — p.(2)] < 1
to compute

IX2ze-1a (1 — @) Aplll < Cllx|use-/alz) 2|0
< C’/ r~2Prdr
€

—1/4
Clg(p_l)/Q

(B.15) STESE

Now (B.14) and (B.15) together with (B.12) and p > 1 give
(B.16) lim [[(1 = @) Apll, = 0,

and (B.10), (B.11), (B.16) and (B.9) imply (B.3).
It remains to prove (B.2). The lower bound (B.1) gives for any z € R?

1 1 . N—N(e) -9 ()] _
(B.17) ’w‘ﬁH L ]9: = 1) = C (1= 9 (- 1))

We compute first inside the disc B(0,e~1/4) using (B.17):

p

11
HX'Z'QIMM (u(” - ﬁ) »

Cre—1/2 H(Au)pr H (/~L — 1)pHOO HX|2|<571/4‘1 — 0elP|loo
(B.18) < Cebrb/2,

IA
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where the second inequality follows as in (B.14). In the complement of the disc
B(0,e7Y4) we use (3.1), (B.13), (B.17) and |1 — ¢.| < 1 to get

1 1\ ||P
Hxlzlzs”‘*A” (,u(e) - E) . < OlXgepmeralAuf (n = 1)
= O N G [
<

o0
C’ r~3Prdr
e—1/4

CreBr-2)/4
3p—2
Now (B.2) follows from (B.12), (B.18) and (B.19).

(B.19)
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