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Abstract. Dental tomographic cone-beam X-ray imaging devicesrecord truncated
projections and reconstruct a region of interest (ROI) inside the head. Image
reconstruction from the resulting local tomography data is an ill-p osed inverse
problem. A newBayesianmultiresolution method is proposedfor the local tomography
reconstruction. The inverse problem is formulated in a well-posed statistical form
where a prior model of the target tissues compensates for the incomplete X-ray
projection data. Tissues are represented in a wavelet basis, and prior information
is modeled in terms of Besov norm penalty. The number of unknowns in the
reconstruction problem is reducedby abandoning �ne-scale wavelets outside the ROI.
Compared to traditional voxel based models, this multiresolution approach allows
signi�cant reduction of degreesof freedom without loss of accuracy inside the ROI,
as shown by 2D examplesusing simulated and in vitr o local tomography data.

1. In tro duction

We propose a Bayesian multiresolution method for three-dimensional dental X-ray
imaging. Dental structures are represented in a reducedwavelet basiswith �ner details
available only inside the region of interest (ROI). This way the computational e�ort is
greatly reducedwhile accuracyis retained in the ROI.

Several diagnosticand operative tasksin dentistry requireprecisethree-dimensional
(3D) information of dental structures,and often two-dimensional(2D) X-ray imagesare
not su�cien t. For example,dental implantology is basedon accuratemeasurements for
the optimal depth, sizeand angle of the screwhole. The hole should be deepenough
for �rm attachment of the implant while avoiding damageto the mandibular nerve or
penetration to the maxillary sinus (Ekestubbe et al 1997,Rameshet al 2002).

In recent years, tomographic devices dedicated to dental imaging have been
introduced, see for example (http://www.soredex.com). This imaging modality is
called dental cone beam computed tomography (CBCT); typically a C-arm with X-ray
sourceand digital detector rotates full circle around the patient's head and collects
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2D projection data. CBCT imaging is an exampleof local tomography: the aim is to
reconstruct a ROI from a set of truncated projection images(Smith and Keinert 1985,
Faridani et al 1992,1997).See�gure 1 for an illustration of the geometry. Comparedto
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Figure 1. Global (left) and local (right) tomography. The sourceand detector panel
rotate around the object along the dotted circle. 
 FS represents the subdomain that
is present in all of the projection images in the local tomography case. Usually the
region of interest in chosento be 
 FS .

traditional CT scanners,the dental CBCT devicesprovide higher resolution, lower cost,
and reducedradiation doseto the patient. However, CBCT producessparse projection
data as opposedto global and denseCT data, sincethe projections are truncated and
possiblycoarselysampledin the angular variable. Imagereconstructionfrom such data
is an ill-p osedinverseproblem.

Bayesian inversion is a well-suited framework for the reconstruction from sparse
projection data and it often outperforms traditional methods; the key idea is to
formulate the inverseproblem in a well-posedstatistical form wherea prior model of the
tissuescompensatesfor the limited information in the data. See(Siltanen et al 2003)
for a review and (Hanson and Wecksung 1983, Saueret al 1993, Bouman and Sauer
1993,Freseet al 2002,Kolehmainenet al 2003) for examplesof Bayesianmethods for
tomography.

The attenuation coe�cien t in X-ray tomography is often represented in piecewise
constant voxel basis,seee.g. (Hanson and Wecksung 1983,Saueret al 1993,Bouman
and Sauer1993,Zhenget al 2000). Voxel-basedtotal variation (TV) priors have been
applied to dental X-ray imaging using sparseprojection data in (Kolehmainen et al
2003, Kolehmainen et al 2006). TV priors were introduced originally for modeling
blocky objects (Rudin et al 1992,Dobsonand Santosa 1994,1996)and they have been
found to perform well for dental structures which consistof a few di�eren t tissuetypes
(soft tissue,bone,enamel)with crisp boundaries.

Voxel-basedmodelsare problematic for dental CBCT imaging becauseof the high
resolution requirement. The dentist needsto seedetails of size � 0:1mm inside the
ROI, but covering a volume 
 containing a cross-sectionof the headwith voxels of size
0:1 � 0:1 � 0:1mm3 leadsto an impractically large number of unknowns in the inverse



Bayesianmultiresolution local tomography 3

problem. Oneoption could be to cover only the ROI with voxelsand not to model other
tissueat all. However, this typically leadsto severe reconstructionartefacts.

We propose a Bayesian multiresolution method for dental X-ray imaging. We
use a wavelet basis for the multiresolution representation of dental structures. The
key idea is to use high resolution inside the ROI and coarserresolution elsewherein
the reconstruction volume 
. Compared to voxel-basedmodels, this multiresolution
representation reducesthe number of unknowns signi�cantly without compromising
reconstruction quality in the ROI. The reduction also leads to a less ill-p osed
reconstructionproblem.

Our method usesa Besov spaceprior for the dental structures. The unknowns in
the inverseproblem are the wavelet coe�cien ts, and the reconstructionis the maximum
a posteriori (MAP) estimate for the coe�cien ts. We test our method on 2D local
tomography problemsinvolving simulated CBCT data from phantoms and measuredin
vitro data from dental specimens.The 2D situation correspondsto CBCT reconstruction
in the planeof rotation; we do not discussthe additional problemsin 3D reconstruction
from conebeam data. �-tomograph y and MAP estimateswith TV-priors are given as
references.

Let us review previous multiresolution approaches to tomography. In (Steinberg
and Heyman 1993,Olson and DeStefano1994,Delaneyand Bresler 1995,Bhatia et al
1996,Zhao et al 1997,Rashid-Farrokhi et al 1997,Maydych 1999,Bonnet et al 2000)
�ltered backprojection type methods with the help of wavelet transform are used to
recover the ROI in full angle local tomography. A set of sparsemeasurement far from
the ROI is addedto recover the low-resolution components of the imagein (Olson and
DeStefano1994,Delaneyand Bresler1995). (Sahinerand Yagle1994)combine wavelets
and �ltered backprojection to recover an image from limited angle tomography data.
In (Zhong et al 2004) wavelets are usedfor denoisingthe projection imagesin CBCT
imaging of breast tissues. Bayesian inversion methods with wavelet basedpriors have
beenproposedin (Freseet al 2002)and (Rantala et al 2006), the former using wavelet
graph prior model and coarse-to-�nestrategy for full angleglobal tomography data and
the latter using Besov spaceprior and a prethresholding procedure for limited angle
tomography.

2. Wavelets and Besov Spaces

Our discussion follows standard referencessuch as (Daubechies 1992, Meyer 1992,
Keinert 2004,Vidakovic 1999).

Let � and  denotesomecompactly supported scalingand wavelet functions in a
one-dimensionalorthonormal multiresolution analysis(MRA). Then su�cien tly regular
functions f : [0; 1] ! R can be expandedas follows:

f (x) =
K 1 (J0 )X

k= K 0 (J0 )

hf ; � J0 k i � J0 k +
1X

j = J0

K 1 (j )X

k= K 0 (j )

hf ;  j k i  j k ; (1)
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where� j k(x) = � (2j x � k) and  j k(x) =  (2j x � k). The index j describesthe scaleof
details and k represents translations; basisfunctions with �xed j represent details of f
at �xed scale.The scale-dependent upper and lower limits K 0(j ) and K 1(j ) aredictated
by the sizeof the supports of � and  : we take careof boundary e�ects by including in
expansion(1) only thosebasisfunctions whosesupport intersectsthe interval [0; 1].

Supposeour starting point is a �nite collectionof function valuesf (x � ) on a regular
grid x1; : : : ; xm . With suitable choice of � and  the coe�cien ts hf ; � J0 k i and hf ;  j k i
can be computed very e�cien tly as convolutions with �nite impulse responses. Note
that the sumover j in (1) is then taken up to J � 1 with someJ > J0 determinedby the
number m of samplepoints. One possiblechoiceof � and  with the above properties
is to take them from the Daubechies family.

There are several ways of constructing MRA and wavelets in two dimensions.We
usethe standard tensor product construction with the scalingand wavelet functions

� (x) = � (x1)� (x2);

 1(x) = � (x1) (x2);  2(x) =  (x1)� (x2);  3(x) =  (x1) (x2): (2)

Similarly to the one-dimensionalcase,let us denote

� j k(x) = 2
j
2 � (2j x � zj k);  j k` (x) = 2

j
2  ` (2j x � zj k); (3)

where index j 2 Z refers to the scale and ` to the wavelet type: ` = 1 being the
horizontal details wavelet, ` = 2 vertical details and ` = 3 diagonaldetails. The index k
refersto the spatial location zj k of the form (� 12� j ; � 22� j ) with � 1; � 2 2 Z. We include
only basis functions whosesupport intersects [0; 1]2 and number the spatial locations
with just one index k.

Assumegiven a function f : [0; 1]2 ! R in the form of a discrete image with m
pixels. Similarly to the 1D case,f can now be expandedas

f =
K 1 (J0 )X

k= K 0 (J0 )

cJ0k � J0k +
J � 1X

j = J0

K 1 (j )X

k= K 0 (j )

3X

`=1

wj k`  j k` ; (4)

wherecJ0k := hf ; � J0k i and wj k` := hf ;  j k` i . Again, the coe�cien ts cJ0k and wj k` allow
fast computation when Daubechieswaveletsare used. We write (4) in matrix form as

f = Bw = B

"
(cJ0k)
(wj k` )

#

2 Rn f ; (5)

whereB is the m � nf matrix implementing (4).
Besov function spacesB s

pq(R
2) with parameters1 � p;q � 1 and smoothnessindex

s 2 R canbe usedto model piecewisesmooth targets such asdental tissue. If the chosen
wavelet system if su�cien tly smooth, a Besov spacenorm can be written in terms of
the wavelet coe�cien ts (Daubechies1992,Meyer 1992,H•ardle et al 1998,Ja�ard 2004,
Choi and Baraniuk 2004,Chambolle et al 1998):

kf kB s
pq

=

0

@
K 1 (J0 )X

k= K 0 (J0 )

jcj 0k jp

1

A

1
p

+

2

6
4

1X

j = J0

0

B
@2j (s+ 1

2 � 1
p )

0

@
K 1 (j )X

k= K 0 (j )

3X

`=1

jwj k` jp

1

A

1
p

1

C
A

q3

7
5

1
q

:
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In this work we take p = q and usethe computationally e�ectiv e norm kf kps de�ned by

kf kp
ps :=

K 1 (J0 )X

k= K 0 (J0 )

jcj 0k jp +
J � 1X

j = J0

K 1 (j )X

k= K 0 (j )

3X

`=1

2j p(s+ 1
2 � 1

p ) jwj k` jp: (6)

3. Bayesian inversion with wavelets and Besov norm prior

3.1. Bayesianinversion

In Bayesian inversion approach the inverse problem is consideredas a problem of
statistical inference (Kaipio and Somersalo2005). All the unknown variables are
modeled as random variables. The statistical modeling of these variables re
ects
our uncertainty of their actual valuesand the degreeof uncertainty is coded in their
probability distributions.

Let y denotethe measureddata and f the unknown parametersto be determined.
Bayes' theoremyields the posterior distribution

� post(f ) = � (f jy) =
� (yjf )� pr (f )

� (y)
(7)

that represents the completesolution of the inverseproblem. In equation (7) � (y j f ) is
the likelihood function, � pr (f ) is the prior densityand � (y) is a normalization constant.

The likelihood function is a statistical model for the observations; it describesthe
probability that the measureddata y is observed from a given realization f . The prior
density � pr (f ) is statistical model for the unknown f basedon a priori information.

The solution � post(f ) can be summarizedand visualizedby various statistics. The
most commonchoicefor the estimatethat is displayed asthe reconstructedimageis the
maximum a posteriori (MAP) estimate

f MAP = argmax
f

� post(f ): (8)

For further detailson Bayesianinversion,see(Hanson1987,Kaipio andSomersalo2005).

3.2. Bayesianmodel for X-ray tomography with waveletsand Besovnorm prior

The X-ray projection imagesof the target canbeconsideredasline integralsof the tissue
attenuation density along the lines betweenthe sourceand detector points. Within the
discreteframework theseobservations are represented by the model

y = Af + �; � � N (0; � � ); (9)

wherey 2 Rq is the vector of measuredprojection data (all the projectionsconcatenated
into single vector), f 2 Rm is a vector that represents the attenuation function (pixel
values) at given locations in the image domain 
 and A is a matrix that implements
the transformation from the pixel valuesto the projection data. The discretization is
assumedto be appropriately denseand such that the whole object is embeddedinside
the imagedomain 
, sothat Af canbeconsideredasan accuratemodel for the noiseless
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measurement. Vector � 2 Rq represents the measurement noise,which is assumedzero
mean Gaussian with covariance matrix � � . The validit y of this noise model (9) is
discussedin (Bouman and Sauer1993,Siltanen et al 2003).

With the above model, the likelihood function becomes

� (yjf ) = C1 exp
�

�
1
2

kL � (Af � y)k2
2

�
; (10)

whereLT
� L � = � � 1

� and C1 is a normalizing constant. Using (5), the observation model
(9) can be written as y = AB w + � , leading to the likelihood model

� (yjw) = C1 exp
�

�
1
2

kL � (AB w � y)k2
2

�
: (11)

As the prior model for the unknown imagef we usea density that preferssmall Besov
norm. Using equations(6) and (5) the prior model can be written as

� pr (w) = C2 exp
�
� � kBwkp

ps

�
: (12)

The posterior distribution for the wavelet coe�cien ts of the unknown f is now

� post(w) = C exp
�

�
1
2

kL � (AB w � y)k2
2 � � kBwkp

ps

�
: (13)

3.3. Computation of the MAP estimate

To obtain a singlerepresentativ e of the solution, we compute the MAP estimate

wMAP = argmax
w

� post(w); (14)

and display the image BwMAP as the tomographic reconstruction of the target. The
maximizer wMAP can be obtained by minimizing the functional in the exponent:

wMAP = argmin
w

F (w) := argmin
w

1
2

kL � (AB w � y)k2
2 + � kBwkp

ps: (15)

If p > 1 then F (w) is di�eren tiable, strictly convex, and hasa unique minimum.
The minimization is realized using nonlinear conjugate gradient Polak-Ribi�ere

optimization method, which can be written as

w(k+1) = w(k) + s(k)d(k) ; (16)

wheres(k) is the step parameter,d(k) is the search direction and k is the iteration index.
The search direction is calculatedat each step by

d(k+1) = � g(k+1) + � (k)d(k) ; (17)

whereg(k) is the gradient of F (w) at w(k) and

� (k) =
gT

(k+1) (g(k+1) � g(k))

kg(k)k2
: (18)

The initial search direction is d(0) = � g(0) (Dai and Yuang 1999). The step parameter
s(k) is found by an explicit line search algorithm.
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4. Multiresolution mo del for local tomograph y using wavelets

The key idea in the multiresolution model is to reducethe number of unknowns in the
local tomography problem using high resolution only in the region of interest 
 ROI and
lower resolution elsewherein the imagedomain. The wavelet representation (5) is well
suited for this becauseof its locality and scalingproperties(Daubechies1992,Aboufadel
and Schlicker 1999): all the wavelet coe�cien ts up to the �nest available scaleJ are
usedinside the ROI (i.e., Jroi = J ) and only a partial number (Jout < J ) of the scaling
levels are usedelsewherein the imagedomain.

Let I = f 1; 2; : : : ; nf g denote the indexing of the basis in the wavelet expansion
w 2 Rn f whenall the J scalesare usedeverywherein the imagedomain 
, seeequation
(5). Now, by denoting by S � I the set of basisindicesthat contain i) all the scalesup
to J in 
 ROI , and ii) the scalesup to Jout in 
 n 
 ROI , we can (formally) write

f = ~B ~w; ~w = Pw 2 Rn ; ~B = BPT ; n � nf (19)

for the desiredmultiresolution representation of the image f . In equation (19) P is a
n � nf model reduction matrix with elements of the form

Pi;j =

(
1 ; Si = j
0 ; otherwise

;

whereSi denotesthe i :th element of set S.
Usingthe equation(19), wewrite the reducedmodel y = A ~B ~w+ � for the projection

measurements in the multiresolution approach. Using this model and following the
section3.2, we obtain the posterior model

� post( ~w) = ~C exp
�

�
1
2

kL � (A ~B ~w � y)k2
2 � � k ~B ~wkp

ps

�
(20)

for the multiresolution problem. The computation of the MAP estimate in this
framework results to solving the minimization problem

~wMAP = argmin
~w

F ( ~w) := argmin
~w

1
2

kL � (A ~B ~w � y)k2
2 + � k ~B ~wkp

ps; (21)

wherethe functional F ( ~w) is di�eren tiable and strictly convex for p > 1.

5. Materials and metho ds

The performanceof the multiresolution method is evaluated with 2D examplesusing
simulated and in vitro data. Two di�eren t test casesare considered:

i) Simulated local tomography data from a jawbonephantom. The data consistsof 187
projections from a total opening angleof 187� (projection interval 1� ). This is an
exampleof dental CBCT imaging.

ii) Experimental local tomography data from a jawbonespecimen.The projection data
wascollectedfrom sparselydistributed directions(23 projectionsfrom total opening
angle of 187� , projection interval 8:5� ). This is an exampleof dental CBCT with
small number of projections.
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We use the maximum available number J of scaling levels inside 
 ROI and study the
e�ect of decreasingthe number Jout of scalinglevels outside the ROI. We measurethis
e�ect quantitativ ely using the following relative errors:

� G(f ) =
kf true � f kL 2 (G)

kf true kL 2 (G)
� 100% (22)

either in the whole imagedomain (G = 
) or in the ROI (G = 
 ROI ).
As a referencemethod for the multiresolution reconstructionwe usethe pixel based

MAP estimate with the total variation prior. TV-prior is known to produce good
reconstructionsin dental applications (Kolehmainen et al 2003,2006).For examplesof
TV-priors in other applications and imaging problems, see(Dobson and Vogel 1997,
Vassilevskiand Wade 1997,Delaneyand Bresler 1998,Kaipio et al 2000,Perssonet al
2001).

The (approximate) total variation (TV) for the pixel imagef can be written as

TV � (f ) =
mX

i =1

X

j 2N i

q
(� + (f i � f j )2); (23)

whereN i denotethe usual four-point neighborhood for the pixel i and � is a smoothing
parameter. The total variation prior can be written as

� pr (f ) / exp(� � TV � (f )) : (24)

When the noise model (9) is used, the computation of the MAP estimate with the
TV-prior amounts to minimizing

FTV (f ) =
1
2

kL � (Af � y)k2
2 + � TV � (f ): (25)

The key idea in the multiresolution method is reducingthe number of unknownsby
using accurateresolution only inside 
 ROI . In the pixel domain, a brute force way for
analogousreduction is to use
 ROI asthe whole imagedomain in the model and neglect
the contribution of the tissuesoutside the ROI to the projection measurements. Let J
denotethe index set of pixels inside the 
 ROI in the measurement model (9). Then the
measurement model for the ROI-only model (
 = 
 ROI ) can be obtained as

y � AROI f ROI + �; AROI := A(:; J ); f ROI := f (J ): (26)

The total variation reconstructions using the model (26) are also given as reference
reconstructionsfor the proposedmultiresolution method in both examples.

In test caseii) wealsocompareour newmethod to the �-tomograph y reconstruction
in (Kolehmainen et al 2003) using the same in vitro local tomography data. �-
tomography is a reconstruction method that has been speci�cally designedfor local
tomography, see(Smith and Keinert 1985,Faridani et al 1992,1997).

All computations are donewith a desktop PC (model: Intel r
 Pentium r
 4 CPU
3.2 GHz with 4 GB RAM) using Matlab r
 version7.2 (R2006a).
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6. Results and discussion

We usethe following choicesin all computations. Daubechies6 waveletsare usedin the
multiresolution model (20). The parameters(p;q; s) are chosenas p = 1:5, q = 1:5 and
s = 0:5. Thesevaluesare well suited for dental imaging (Rantala et al 2006). The value
� = 30 is usedfor width parameter of the Besov prior in all the reconstructions. The
parametersof the TV prior are � = 0:1 and � = 10� 4.

6.1. Simulated local tomography data from a jawbone phantom

The jawbonephantom that wasusedfor the simulation of the projection data is shown
on the left in �gure 2. The size of the phantom was 300 x 300 pixels. The local
tomography data was simulated using a small detector panel, leading to a projection
geometrywherethe subdomain 
 FS, i.e., the subdomain that is visible in all projections
enclosesthe three teeth on the right hand side of the jawbone. The region of interest
in the local tomography problem waschosenas 
 ROI = 
 FS (the ROI is denotedby the
white circle). The number of line integrals in each of the 187projections waschosenas
300, leadingto projection data vector y 2 R56100. Additiv e Gaussiannoise� � N (0; � 2)
with standard deviation of 1 % of the maximum of the computedprojectionswasadded
to the simulated data.

In the inverseproblem, the sizeof the pixel grid over the whole image domain 

waschosenas256� 256,leadingto number of unknownsm = 65536in the pixel domain
reconstructions.

Figure 2 shows reconstructionsof the jawbone phantom with the multiresolution
model from the simulated local tomography data. The imageon the secondcolumn in
�gure 2 shows the MAP estimate when all J = 5 scaling levels were used inside the
ROI but only Jout = 1 scaling level was usedelsewherein the imagedomain 
. In the
third and fourth column, the number of scaling levels outside the ROI were Jout = 3
and Jout = 5 , respectively. Table 1 shows the relative errors (22) in the whole image
domain (G = 
) and in the ROI (G = 
 ROI ) with respect the varying number of scaling
levelsoutside the ROI. The computation times for the MAP estimateswere3 min 18 s
for the full wavelet reconstruction(Jout = 5) and 1 min 40 s for the reconstructionusing
only the coarsest(Jout = 1) scalinglevel outside the ROI.

The reconstruction with the referencemethod is presented in �gure 3. The image
in the middle shows the MAP estimate with the TV prior (m = 65536, the relative
error � 
 ROI = 23:68%, computation time 2 min 55 s). The right image shows the
MAP estimate with the multiresolution model when only the coarsestscaling level
(Jout = 1) wasusedoutsidethe ROI (number of unknown wavelet coe�cien ts n = 14070,
� 
 ROI = 23:96%,computation time 1 min 40s). The ROI details from the imagesin �gure
3 are displayed in �gure 4

The left imagein �gure 5 shows reconstructionwith the TV-prior when the partial
measurement model (26) is used (i.e, whole image domain is modeled as 
 = 
 ROI ).
The number of unknown pixels in this casewas m = 7484and the reconstruction error
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Figure 2. MAP estimateswith the multiresolution model from the local tomography
data of the jawbone phantom (in the �rst column). The ROI is marked with white
circle. In all the reconstructions, the number of scalinglevelsinside the ROI wasJ = 5.
The number of the scaling levels outside the ROI was from the secondto the fourth
column Jout = 1, Jout = 3 and Jout = 5, respectively.

Table 1. The e�ect of the number (Jout ) of scaling levels outside the ROI on the
relative reconstruction error (22) in the local tomography reconstructions with the
multiresolution model. The number of scaling levels inside the ROI was J = 5 in all
cases.n is the number of unknown wavelet coe�cien ts in the inverseproblem.

Jout 1 2 3 4 5
n 14070 15120 18800 31470 76990

� 
 (%) 36.6 36.6 36.4 36.4 36.3
� 
 ROI (%) 24.0 23.9 23.8 23.7 23.7

Figure 3. Reconstructions of the jawbone phantom from local tomography data.
Column from left to right; the phantom, the MAP estimate with the total variation
prior, the MAP estimate with the multiresolution model using Jout = 1 scaling levels
outside the ROI while the number of scaling levels inside the ROI was J = 5 (right).
The ROI (
 ROI ) is denoted by the white circle.

� 
 ROI = 123:65%. Notice that the imagehas high amplitude errors near the boundary.
Theseerrorsare due to neglectingthe contribution of the tissuesoutsidethe ROI to the
measuredprojections; loosely speaking, the estimation algorithm tries to compensate
this discrepancybetweenthe model and measurements by introducing spuriousdetails
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Figure 4. The ROI from the local tomography reconstructions in �gure 3. Columns
from left to right; the phantom, the MAP estimate with the total variation prior, the
MAP estimate with the multiresolution model using Jout = 1 scaling levelsoutside the
ROI while the number of scaling levels inside the ROI was J = 5.

near the boundary @
 ROI . The right imageshows the reconstruction from the right in
�gure 4, that is, the MAP estimate with the multiresolution model using all the J = 5
scalinglevels inside the ROI and only the coarsestlevel Jout = 1 elsewherein the image
domain 
 (number of unknown wavelet coe�cien ts n = 14070,� 
 ROI = 23:96%).

Figure 5. Local tomography of the jawbone phantom. Left; MAP estimate with the
total variation prior when the matrix AROI is used as forward model (i.e., the whole
imagedomain 
 = 
 ROI ). Right; MAP estimate with the multiresolution model using
Jout = 1 scaling levels outside the ROI while the number of scaling levels inside the
ROI was J = 5. (notice that each image has own gray scale)

The results in �gure 2 - 5 and table 1 show that the proposedmultiresolution model
performs well in local tomography. From �gure 2 and table 1 it can be seenthat the
ROI is reconstructedwith very similar accuracy despite the number of scaling levels
usedoutside the ROI. Also, another apparent feature is that the reconstructionquality
outside the ROI remains similar with the di�eren t number of scaling levels used; this
can be viewed as indirect evidencethat the multiresolution model reducessuccessfully
the redundancy from the local tomography problem. Further, �gures 3 - 4 and the
computed error estimatesshow that the reconstruction of the ROI domain with the
multiresolution model is very similar to the reconstruction with the TV priors despite
using only the coarsestlevel of scaling outside the ROI. Also, to reduce the number
of unknowns to a level comparableto the multiresolution model in the pixel domain,
the MAP estimate with the TV-prior using the partial measurement model AROI (i.e.,
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truncated computation domain 
 = 
 ROI ) was computed, see�gure 5. The use of
the truncated image domain resulted in an inferior reconstruction quality compared
to the multiresolution model. Theseresults suggestthat the proposedmultiresolution
model o�ers tools for high quality reconstruction of the ROI in local tomography with
signi�cantly smallernumber of unknownsthat areneededin the conventional pixel based
models.

6.2. Experimental local tomography data from a jawbone specimen

The projection radiographsof the jawbonespecimenwereacquiredusing a commercial
intraoral x-ray detector(Sigma)and a dental x-ray source(Focusz). The Sigmadetector
is a 872� 664-pixelCCD-detector with imaging areaof 34mm� 26mm. The projection
images of the jawbone specimen were acquired using similar cone beam computed
tomography geometry that is used in the commercial dental CBCT scanners. This
experimental setupwasconstructedasfollows: The x-ray sourceand the CCD-detector
wereplacedinto �xed positionssuch that the sourcedirection wasnormal to the detector
plane. The distancefrom the focal spot to the detector array was138cm. The jawbone
specimenwasplacedon a rotating platform sothat projections from di�eren t directions
can be taken. The distance from the center of rotation to the detector was 8:8cm. A
photograph of the experimental setup is shown in the left imagein �gure 6. Using this
setup,23 projection imagesfrom a total view angleof 187� weretaken. The right image
in �gure 6 illustrates the projection geometryfor the experiments. Figure 7 shows three
of the projection imagesof the jawbonephantom.

Jawbone
Detector

Platform

W
FS

X�ray source

X�ray detector array

Jawbone

Figure 6. Left; a photograph of the measurement setup. Right; an illustration of the
measurement geometry for the experiment with the jaw bone specimen.

Onerow from theseprojection images(matrices)wasusedfor the 2D reconstruction.
The number of data with this arrangement was 23� 664= 15272(i.e., y 2 R15272). In
the computations, a squaredomain 
 with side length equivalent to three times the

z Sigma and Focus are registeredtrademarks of PaloDEx Group, Finland
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Figure 7. Projection imagesof the jawbonephantom. The locations of the legsof the
electrical resistor that is seenin the projections wereusedfor determining the accurate
location of the center of rotation in the projection geometry. The three projections
displayed are taken with approximately 90� intervals.

detector width (3 � 26 = 78mm) was chosenas the image domain 
, which was then
divided to 498 x 498 pixels. With this discretization, the number of unknowns in the
pixel basedreconstructionbecomesm = 498� 498= 248004.

Figure 8 shows the reconstructionsfrom the experimental projection data with the
multiresolution model. The ROI is marked with the white circle in the images. In all
the reconstructions, the number of scaling levels was J = 6 inside the ROI and the
number Jout of the scalinglevelsoutside the ROI werevaried between(1; 2; : : : ; 6). The
left image in Figure 8 shows the reconstruction using Jout = 1 scaling levels outside
the ROI (number of unknown wavelet coe�cien ts n = 29130),the middle imageshows
reconstructionwith Jout = 3 (n = 34380)and the right imageshows reconstructionwith
Jout = 6 (n = 269310)The computation times were 14 min 54 s using the full wavelet
model (Jout = 6) and 2 min 14 s using the multiresolution representation with only the
coarsestscalinglevel (Jout = 1) outside the ROI.

Figure 8. MAP estimates with the multiresolution model from the measuredlocal
tomography data of the jaw bone specimen. In all the reconstructions, the number
of scaling levels inside the region of interest (ROI) was J = 6. The number of the
scaling levels outside the ROI was from left to right Jout = 1, Jout = 3 and Jout = 6,
respectively. The ROI is marked with white circle.

Figure 9 shows the reconstructionswith the referencemethods. The top row shows
the whole image domain 
 and the bottom row the ROI details. The result of the
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�-tomograph y (number of unknown pixels m = 248004)is shown in the left image in
�gure 9 and the MAP estimatewith total variation prior (m = 248004)is shown in the
middle. On the right is the MAP estimate with the multiresolution model using only
the coarsestscaling level (Jout = 1) outside the ROI while the number of scaling levels
inside the ROI was J = 6 (number of unknown wavelet coe�cien ts n = 29130). The
computation time for the MAP estimate with TV-prior was 12 min 36 s and 2 min 14
s with the multiresolution model.

Figure 9. Reconstructions from the measuredlocal tomography data of the jawbone
specimen. Top row; whole image domain 
. Bottom row; the ROI detail. Columns
from left to right; the �-tomograph y, the MAP estimate with the total variation prior,
the MAP estimate with the multiresolution model using Jout = 1 scaling levelsoutside
the ROI while the number of scaling levels inside the ROI was J = 6.

The left imagein �gure 10 shows the MAP estimate with the total variation prior
when the truncated measurement model AROI , equation (26), is employed. In this case,
the number of unknown pixels is m = 19044.The right imageshows the MAP estimate
with the multiresolution model when only the coarsestscaling level Jout = 1 is used
outside the ROI. As can be seen,the reconstruction with truncated model has again
severeartifacts near the boundary @
 ROI and is inferior to the reconstruction with the
multiresolution model.

The results in �gures 8 - 10 have very similar trend comparedto those in section
6.1 with simulated local tomography data; the results suggestthat the multiresolution
model can be usedfor high quality reconstructionof the ROI with signi�cantly smaller
number of unknownscomparedto the conventional pixel basedmodels. Notice alsothat
the computation time with the multiresolution model wasclearly shorter than with the
TV-model in the comparisonin �gure 9.
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Figure 10. Reconstructionsfrom the measuredlocal tomography data of the jawbone
specimen. Left; MAP estimate with the total variation prior when the matrix AR OI

is usedas the forward model (i.e., the whole image domain 
 = 
 ROI ). Right; MAP
estimate with the multiresolution model using Jout = 1 scaling levels outside the ROI
while the number of scaling levels inside the ROI was J = 6.

7. Conclusions

We proposea Bayesianmultiresolution model for local tomography in dental radiology.
The model usesa Besov norm prior and a wavelet representation of the tissuestructures.
All the available scaling levels of the wavelets are used inside the region of interest
(ROI), and a smaller number of scaling levels outside the ROI. A gradient-based
optimization algorithm is implemented for the computation of the MAP estimate,which
is then displayed as the reconstruction. The feasibility of our model is evaluated using
simulated and in vitro data in local tomography settings. Our model allows high quality
reconstructionof the ROI in a computationally e�cien t form; the model producessimilar
image quality in the ROI than the current state-of-the-art pixel basedmethods while
signi�cantly reducingdegreesof freedom. In the test casewith realdata the computation
time is reducedto lessthan 20%.

Here the method is evaluated with 2D examples. The signi�cance of the
dimensionality reduction is expected to be even more important in the 3D casewhere
the ratio of the ROI volume to the whole image volume is typically smaller than in
2D. Thus our model is a promising platform for 3D local tomography reconstruction in
dental conebeamcomputed tomography.
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