INVERSE PROBLEMS FOR TIME-DEPENDENT SINGULAR HEAT
CONDUCTIVITIES — ONE-DIMENSIONAL CASE

P. GAITAN*, H. ISOZAKI®, O. POISSON?#, S. SILTANENS, AND J. P. TAMMINENY

Abstract. An inverse boundary value problem for the heat equation is considered on the
interval (0, 1), where the heat conductivity v(¢, z) is piecewise constant and the point of discontinuity
depends on time: v(t,z) = k2 for 0 < = < s(t) and y(t,z) = 1 for s(t) < < 1. It is shown that
k and s(t) on the time interval [0,T] are determined from the partial Dirichlet-to-Neumann map:
u(t,1) = Oyu(t,1) for 0 < ¢ < T, where u(t,z) is the solution to the heat equation, independently
of the initial data u(0, x).
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1. Introduction.

1.1. Inverse heat conductivity problem. Let 2 = (0,1), and consider the
following initial boundary value problem

Opu(t,x) — 0y (v(t, 2)0zu(t,z)) =0 in (0,T) x Q,
u(t,0) = fo(t), wu(t,1)=fi(t) for 0<t<T, (1.1)
u(0,2) = up(xz) in €,

where (¢, z) € L*°((0,T)x ) having the following properties : There exist a constant
k> 0 and s(t) € C*([0,T]) such that

0< inf s(t) < t) <1, 1.2
0<lrtl<T8()_Oiltl§T8() (1.2)

() = { k2 if 0<x<s(t), (1.3)

1, if s(t)<z<l1.

Let u(t,x) be the solution to the above equation. The Dirichlet-to-Neumann map,
henceforth called the D-N map, A(fo, f1,uo) is then defined by

A(fo, f1.u0) = (fo, f1,u0) = (—=k*0zu(t,0), dpu(t, 1)). (1.4)

Physically, the region D(t) = (0, s(¢)) in the domain € corresponds to some inclusion
in the medium with heat conductivity different from the one in the background. The
problem we address in this paper is to detect s(¢) and k with the aid of the D-N map
A.
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As a matter of fact, we shall show that (¢, z) can be determined from the partial
knowledge

Ao (00) := A(0, f1,u0) : fi1(t) = Opu(t, 1)

without taking into account of the information of the initial data ug. Physically, this
corresponds to maintaining zero temperature at the point x = 0 and temperature
f1(t) at point = 1 for the finite time 0 < ¢t < T, and measuring the resulting heat
flux at the point x = 1. Theoretically, this infinite-precision measurement needs to
be repeated infinitely many times to recover D(t) and ~(¢,x) perfectly. However,
approximate recovery should be possible from a finite number of finite-precision mea-
surements similarly to [8, 6, 7], but this is outside the scope of the present paper.

1.2. Main theorem. Take a large parameter A > 0, and put
hew (B, 5 A) = e’\Qt'Mx, B (t, 23 N) = e~ NtHhe, (1.5)
They solve the forward and the backward heat equation, respectively:
(0 — 83) he =0, (0p+ 92) hy, = 0. (1.6)

Let u(t, z; A) be the solution to (1.1) with fo =0, f1 = he(¢,1;A), and define

. (1.7)

=1

T
Lnd(T;A):/ M hy (8, 1; )0, (u(t, 3 \) — he, (t, 23 X))
0

THEOREM 1.1. Assume that k # 1. Fiz v such that

1- %D sup |s(t)}

vV > max (2,
0<t<T

Then for A — oo, we have

2(k—1) AT i _
I (T:\) ~ vT+2As(T)=3(T)(1-s(T))
wa(T52) w+ 25Tk +1)°

COROLLARY 1.2. For any initial data ug(z) € L%(0,1), one can determine k and
s(t), 0 <t < T, from the partial Dirichlet-to-Neumann map

Apartial(uo) : fl(t) — Bmu(t, 1), 0<t<T.

The issues on uniqueness, stability and reconstruction of the inclusion-identification
problem have been centered around the case in which s(¢) is independent of ¢. Bell-
out [1] proved the local uniqueness and stability. Elayyan and Isakov [5] proved the
global uniqueness of the inverse problem using the localized Neumann-to-Dirichlet
(N-D) map. In [3], Di Cristo and Vessella gave logarithmic stability estimates of the
inclusion from the Dirichlet-to-Neumann map. Ikehata [9], and Tkehata-Kawashita
[10] developed the probe method for the heat equation with time-independent inclu-
sions. In [6], the case of time-independent inclusions was treated and a numerical
computation result was given. The idea is based on the complex spherical wave given
by Ide-Isozaki-Nakata-Siltanen-Uhlmann [8] for the elliptic case. The work of Daido,
Kang and Nakamura [4] may be the closest to the present paper. They studied the
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case of moving inclusions D(t) = {0 < ap(t) < & < a1(t) < 1} using the probe
method, which is based on the explicit form of the heat kernel, and Runge’s approx-
imation therorem, and proved that ai(t) is obtained from the whole knowledge of
Neumann-to-Dirichlet map. Their initial data is assumed to be 0 : ug(z) = 0, and
the computation of k£ was not done. As for the recent works on the inverse problem
for the parabolic equation, see Bacchelli-Cristo-Sincich-Vessella [2] for the corrision
problem, and Vessella [14] and Kawakami-Tsuchiya [11] for the time-varying domain
problem.

We use two main tools in this paper: the approximate solution of the heat equation
to be constructed in §3, and the energy inequality in §4. Although the approximate
solution is based on the standard construction of parametrics for the parabolic equa-
tion, a delicate choice is necessary for amplitude functions due to the discontinuity
of the coefficient. The energy inequality is also a familiar tool, however, we need a
careful choice of the auxiliary function to be multiplied by the equation. Our method
can be extended to multi-dimensions, which will be discussed elsewhere.

Throughout the paper, we only deal with real-valued functions.

2. Existence theorem.

2.1. A Theorem of J. L. Lions. Let H be a Hilbert space equipped with inner
product (, ) and norm ||-||. Suppose there exists another Hilbert space H; with inner
product (, ); and norm || - ||; such that H; is a dense subset of  and there exists a
constant C' > 0 such that

lull < Cllully, Vu e M. (2.1)
Then we have the following inclusion relations
Hi CH CH. (2.2)
For t € [0,T], let a(t, -, ) be a quadratic form on H; x H; such that
a(t,u,v) = a(t,v,u), Yu,v€Hy, Vtel0,T]. (2.3)
We also assume that there exist constants 6 > 0, Cy > 0 such that

la(t,u,v)| < Collull1||v]l1, Yu,v e Hq, Vtel0,T], (2.4)

a(t,u,u) > 6|jul|? — Coljul|?, VuecHi, Vtel0,T). (2.5)
The last assumption is :
For any w,v € H1,[0,T] 2 t — a(t, u,v) is measurable. (2.6)

These assumptions imply that there exists a unique self-adjoint operator A(t) such
that D(A(t)) C Hy and

(A(t)u,v) = alt,u,v), Yue D(A(t)), VYveH. (2.7)

With this operator A(t), we consider the following evolution equation on # :

oru(t) + A@)u(t) = f(t) in (0,7),
u(0) = ug € H.
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The theorem of J. L. Lions asserts as follows (see [12], [13]).

THEOREM 2.1. Let ug € H and f € L*((0,T);H}). Then there exists a unique
u(t) having the following properties.
(1) u(t) € C([0,T);H) N L2((0,T); Ha)-
(2) u(t) is Hi-valued and absolutely continuous on [0,T], dyu(t) € L?((0,T);H}), and
u(t) satisfies (2.8).
(3) u(t) satisfies the following (in)equalities :

t

I + [ ot u)u)as = Gl + [ (e uenas, (29)

t t
Jute)1? 45 [ Juolds < JuolP + 5 [ 176 g (2.10)

2.2. Heat equation. We take H = L2((0,1)) and H; = H}((0,1)) = the
Sobolev space of order 1 with 0 trace on the boundary 02 = {0,1}. For w,v €
H}((0,1)), we put

a(t,u,v) = (y(t, 2)0pu, Ov)

, s(t) 1 (2.11)
=k Oru(z)0pv(z)de + Oru(z)0yv(z)de.
0 s(t)

Then the above assumptions (2.4) ~ (2.6) are satisfied, and the associated A(t) is
given by

DM@»BU¢${ueﬂamJ»mgﬂmﬁ@»mH%@wJ», o1
Ou(s(t) +0) = k“0u(s(t) — 0),
- E20%u, on (0,s(t)),

Alt)u = { —9%u, on (s(t),1) 213)

In the following sections, we also use the notation A(t) to denote the formal
differential operator (2.13).

3. Approximate solutions.

3.1. Ansatz. We shall construct an approximate solution of the equation (1.1)
for large A. As can be imagined easily, the first approximation will be

heo (3 X)), s(t) <x <1,
Vot A) =Y 2042 (ama(e)) st
et TR sV 0 <z < s(t),
which satisfies vg(t, s(t) + 0; \) = vg (¢, s(t) — 0; A). Although the other conditions are
not satisfied, this suggests the introduction of the factor e*@=5(t) In the following,

we use the notation @ = dyu, v = d,u. Our ansatz is

vt A) = vp(t, 2 A)x+ (6 x) + v_(t, 23 M) x=(t, x), (3.1)
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0 (1,25 0) = B (25 0) + B (50805 1) [ (1) exp{ (A + $(0) (@ — 5(2))}

(3.2)
b1 (62) exp{—(A + 5() (@ — s(6)}]
v (t, 25 N) = he (8, 8(8); Na— (¢, 25 X) exp {()\ +:(t) )@ —s(t)}, (3.3)

where x4 (t,z), x—(t,z) are the characteristic functions of the sets {z; s(t) < z},
{z; x < s(t)}, respectively. Note that ay(t; A) and by (¢; ) do not depend on z.

The intuition for this ansatz is as follows. The heat flow h, given on the boundary
x = 1 is transmitted and reflected at the inner boundary x = s(t), which gives rise

;: i (x —s)) and by exp(—(A+ §)(x — s)). This latter is again reflected at

the boundary x = 1 and produces a exp((A + $)(z — ).
It must be subject to the following conditions

A
to a— exp(

V4 (t, 15 A) = he (8,15 0),
vy (t, s(t); A) = v_(t, s(t); A), (3.4)
VL (t s(1); N) = k20 (8, s(t); N).

Using the abbreviation
ar =ay(t;A), by =byi(t;N), a_(z)=a_(t,z;)), s=s(t),
we can rewrite (3.4) as

a eQTHA=9) 4 p o~ (AF8(=s) —
1+ar +br =a_(s), (3.5)
A (A +38)(ay —by) =k _(5) + k(A + 8)a_(s).

We put

= otz A) = (A+5())(z — (1)), (3.6)

p1=p1(t;A) = (A+8())(1 — 5(t)). (3.7)

By a direct computation, we have for x > s(t)

by v T . co ) o2 ®
OS] —[ 2Xsa4 + aq + (8(x — 5) — 2§%)aq |e (33)
+ [b_,_ — §(x — s)b_,_] e %,
and for z < s(t)
- — k2" 1 S(x —s) 1
o A(2kd + (14 —)sa (14 )8%)a_
T (6,5 V) | AR (L e + (S = (1 )8 (3.9)

+a_ —2ksa — kga'i}ewk.
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3.2. Construction. By the 1st equation of (3.5), we have
ay = —bre %, (3.10)
By the 2nd equation of (3.5), we have
a_(s) =1+by(1—e %), (3.11)

We take a_ to be the solution of the differential equation

1 1
T+ =14 —)sa_ = 12
a_ + 2k( + k)sa 0, (3.12)
satisfying (3.11), i.e.
a_(z) = e”wATRI@=9) (1 4 p, (1 — e72¢1)). (3.13)

Plugging them to the third equation of (3.5), we get

1-k

by = ——
Y

(14 e 2y~ 1 (3.14)

Note that sup s(t) < 1 by our assumption. Hence e~2%! is exponentially decreasing
in A. Therefore, we have

T TP
b= 1o + O, (3.15)

k-1 _ .
ay = me 2p1 (]. + O(e 24)1))’ (316)
a(z) = Hike—ﬁﬂ%)é(w—s) + O, (3.17)

and these expansions can be differentiated term by term. By (3.8) and (3.10), we
have

’l-)+—'l}i

NSy ('3'(2 —s—x)by — b+) P21 4 <6+ — §(x — s)b+) e (3.18)

In view of (3.18) and (3.9), we then have

|op — V]| < Che(t,s;0)e™ %, s<z <1, (3.19)
[0 — k%" | < Che(t,s;\)e?’* 0<z <s, (3.20)

where the constant C' is independent of 0 < ¢ < T and A > 0.
The above v(t, z; \) does not satisfy v(t,0; \) = hg, (¢,0; A). We modify it in the
following way: Let

= inf : 21
= o o) (321
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By our assumption, 0 < sp < 1. Pick x(z) € C*°(R) such that

0, z< 50/4,
= 3.22
x(@) {1, S0/2 < x, (3.22)
and put
w(t,z; N) = vp(t, 25 A) + x(x)v_(t, 23 A). (3.23)

LEMMA 3.1. Let w(t,z; A) be defined by (3.23). Then w satisfies
w(t, 1;A) = he (8, 1;2),  w(t,0; ) = 0. (3.24)
Moreover, we have

e’ s(t) <z <1,

3.25
e?/F om0 0 <z < s(t), (3.25)

i — A(tyw| < CeNtHA) {

where C, 09 > 0 are constants independent of t, A > 0.
Proof. (3.24) follows directly from (3.23). Since

W — A(t)w = x(x) (0 — A(t)v) + 2x"(2)v] + X" (¥)v-,

and z < sg/2 on the support of x’(z), we obtain (3.25). O
4. Proof of the main theorem.

4.1. Estimates for boundary integrals. Let us first prepare an elementary
lemma.

LEMMA 4.1. Let0 < § <1 and I = [1—6,1]. Suppose that u(z) € C1(I) satisfies
u(1) = 0. Then for any nonnegative function a(z) € C(I), we have

limiuf /1_6a(13)|u ()| R de > a()|u' (1)),

Proof. We have only to consider the case u/(1) # 0. Shrinking I if necessary, we
can assume that u(x) > 0 on [1 —4J,1) and adopt u = u(x) as a new variable. Letting
¢ =wu(l—-90) and a(u) = a(xz(u)), we have

1 c
du‘2 € / - dr |1 €
a(z)|—| ————=dz = alu —’ ———du.
Rl T R

By the change of variable u = /ey, this is equal to

/C/ﬁa(x/éy)’dx(ﬁy)‘ 73
0 du (1+y2)3/%

which tends to

a(0) Zz(())‘_l/ow O;lyyz)m — a(1) %(1)‘. 0
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We put
D_={(t,x); 0<t<T, 0<z<s(t)}
Dy ={(t,x); 0<t<T, s(t)<x <1}, (4.1)
and also
[y = F(s(t) +0) = F(s(t) - 0). (4.2)

LEMMA 4.2. Let U = U(t,z) be a solution in the sense of Theorem 2.1 with
H1 = HL((0,1)) to the equation

U+A®)U=F in (0,T)x (4.3)
satisfying
U(s(t)+0)=U(s(t)—0), 0<t<T,

U'(s(t) +0) = K*U'(s(t) —0), 0<t<T, (4.4)
Ut,0)=U(,1)=0, 0<t<T,

where F = F(t,r) € L*>((0,T) x Q). Let H = H(t,x) € C([0,T] x Q) be such that
H(t,x) >0 on [0,T] x Q, and H € C?*(D1) N C?*(D_). We assume that there exists
a constant K such that

H+~(t,2)H" < —KH on D_UD,. (4.5)
We put

BE(U, H:t) = / Ut )| H (2, 2) da. (4.6)
Q
Then we have

EWU,H:T)<e XTE(U,H;0) + // KD\ F(t, 2)|H(t, x) dtdx
(0, T)xQ

T
+/ eK(th)\U(t,S(t)M’Y(t»')Hl(t")]s(t)dt (4.7)
0

T
_ / KT 0774 1) H (£,1) d.
0

Proof. Let x.(x) = z(e + 22)~1/2 for € > 0, and note the following properties :

xxe(x) = |z, €—0, (4.8)

Xe(z) >0, |zxi(z)] <1/2, zxi(x) =0, €—0. (4.9)

In fact, (4.9) follows from x’(z) = e(e + 22)7%/2, and the fact that, putting = = /ey,
jaxe(z)] = [y(1+y*) 72 < 1/2.
Integration by parts using (4.4) yields

1 1
/ (AWU) ve(U) Hder / Ux(U) (A(H)H) dx
0 0 (4.10)

- / U AU Hds — U(s)x (U (s)) [YH'], — / VUL (U)U' H d.
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where U = U(x) = U(t,z) and H = H (t, ), and we have used x.(U(0)) = x(U(1)) =
0, since x(0) = 0. We put

E.(t) = /O Ut 2)x(U (. ) H (¢, z)da.

Then we have

1 1
/ (u)Hda + / Uxe(U) (AW H) da
0

0

+

/1 Fx(U)Hdz + /1 Ux.(U)(H — A(t)H)dx

0 0

1
+/ Ux.(U)UHdz.
0

Plugging this with (4.10), we have
B0 =~ [ 0P + U O T,
0
1 1
+/ YUXL(U)U'H' dx +/ Fx.(U)Hdx
0 0

+/0 UXE(U)(H—A(t)H)da:—I—/O Ux.(U)UHdz.

By (4.9), the integrals containing the term Ux’.(U) vanish as e — 0. Using (4.5), we
then have

1
B+ KE() + [ |UPx.(0)Hda
0
1
<UGNUEDH], + [ Fr0)Hds + o).
0
Integrating this inequality, we have
T 1
+/ / KT U X L(U) H dtdx
0 0
T
<e "TE(0) + / DU, (1) xe (Ut s(8) [vH]  , dt (4.11)

/ / K1) py (U)H dtdz + o(1).

By Lemma 4.1, we have
1
H(t, DU (t,1)] < limigf/ ANU'(t,2) Pxe(U(t,z)) Hdz.
€E— 0

Taking the inferior limit in (4.11) and noting (4.8), we obtain the lemma. O
LEMMA 4.3. Let U be as in Lemma 4.2, and take

Hy(t,z) = e N0 (), (4.12)
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01 (t,z) = m(x — s(t)) + As(t) + v(1 - s(1)), (4.13)
1.
v > suwp ] (1- E)s(t)’. (4.14)

Then, there exists a constant C' > 0 such that if A > max (1/, SUPgcte \s(t)|)

T
/ AU (8, 1) [ (£, 15 A) dt
0

1
<c (/ 1U(0, )| Hy (0, 2) da + // M E(t, )| Hy (¢ ) dtdx) .
0 (0,T)xQ

Proof. We consider the case k > 1. We have for A > v

[VH] ) = (L= ) = ) Hi (1, 5(1) < 0. (4.15)
Moreover,
Hy +~HY I
— =+ - r-(1-—7)5).
Therefore by (4.14),
Hy +~H" < —\vH;. (4.16)

Note that this also holds for the case 0 < k < 1. We can then apply Lemma 4.2 with
K = \v to obtain

T
E(U,H;T) + / AED U (¢, 1) Ho (¢, 1) dt
0

<e M E(U, Hi50) + / / N (t,2)| Hy(t, x) dida.
(0,T)xQ

Omitting the first term of the left-hand side, and noting that Hi(t,1) = hy. (¢, 1; ),
we have proven the lemma.
Let us next consider the case 0 < k < 1. In this case

[’VH{]S(t) = (1 =k)(A—v)H(t,s(t)) > 0.

Then we have by (4.7)
T
/e’\”t|U’(t,1)|H1(t71)dt
0
< B(U, Hy:0) +// NF(E, )| Hy (1, ) dtda (4.17)
(0, T)xQ

(- B — y)/o MU (2, 5(8) [ Hy (£, 5(8)) dt.
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To estimate the last term, we put
Hy(t, ) = e N0,
As(t) +v(l —s(t), = > s(t),

92(25,1})2 A—v
k

(@ — s(t)) + As(t) + v(1 — s(t)), < s(t).
Then
[HS], ) = —k(A = V) Ha(t, 5(1)) < 0.
We also have
oy [ A=A s0), > s(0)

Hy —Ay—(A—u)(u—k(%—l)é(t)), z < s(t).

Hence we have, by the assumption,
HQ + ’}/Hél S —>\Z/H2.

We can then apply Lemma 4.2 to have
T
k(A — u)/ AU, s(t)) | Halt, (1)) dt
0
< B(U, H5:0) + / / M E(t, )| Ho(t, 7) didz.
(0,T)xQ2
Since Hi(t, s(t)) = Ha(t, s(t)), we have using (4.17)
T
/ MU (t,1)|Hy (¢, 1)dt
0

< BE(U, Hy:0) + / / M E(t, )| H (t, 7) dtda
(0,T)xQ

L1k E(U,H2;0)+// MY F(t, )| Ho(t, x) dtdz | .
k (0,7)xQ

Since Ha(t,z) < Hy(t,x), we have completed the proof. O
4.2. Proof of Theorem 1.1. Using w(¢, x; \) from (3.23), we put
U(t,x) = u(t,z; ) —w(t, z; \).
Then we have using (3.15), (3.16), (3.17), |w(0,2; \)| < Ce**©) | hence
U(0,2)| < |ug(x)] + Ce* ),
which implies

U0, )| Hy(0,2) < (|lug(2)| + Ce)e™,

11

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)
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where we have used (4.13). Letting F(t,z) = U + A(t)U, and in view of (3.25), we
also have

|F(t,z)|Hy(t,z) < Ce? M) (4.25)

|F(t,z)e Nt < Cets®), (4.26)

Then in view of Lemma 4.3, we have
T
/ N TNU (8, 1) | o (8, 1; Nt
0

T T
<C ()\63)\ + / e/\VtJrZ)\s(t)dt + A / e)\ut+)\s(t)dt> )
0 0

If v > 2supg.,.r|5(t)], we can make the change of variable y = ¢ + 2s(t)/v to see

that
/T ves2 gy /T+2s(t)/u v dy
0 25(0) /v L+28(t)/v
T+2s(t)/v e)\uT+2)\s(T)
<C eMVdy < C ,
2s(0) /v Av
and similarly
T eAVT+)\s(T)
/ e)\ut+>\s(t)dt <C
0 - Av
This yields
T C
/ M (t, 1; V)| U (¢, 5(2))|dE < reM“AS(T). (4.27)
0 14

On the other hand, by using (3.2), (3.15) and (3.16), we have

P (8, 1; 0) 05 (w(t, 25 A) — Rey (t, 25 X))

=1

L 2A(k - 1)62>\s(t)—s'(t)(1—s(t))
T k+1 '

By integration by parts, we then have

T
/ M hy (t, 15 0)0, (w(t,x; A) — heo (5 /\))
0

r=1

(4.28)
- 2(k—1) AVTH2A8(T) = 5(T) (1-s(T))
(v +25()(k+1)

This proves Theorem 1.1. [J

4.3. Proof of Corollary 1.2. By Theorem 1.1, we have for any 0 <t < T
IOg Iind(t; )‘)
A

The knowledge of I,,,(¢; A) then gives s(t) and $(¢). Again looking at the behavior of
Tina(t; N), we recover k. O

— vt — 2s(t), X — oc.
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