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Abstract

Diagnosticand operationaltasksbasedon dental radiology often require three-dimensional(3D)

information that is not available in a single x-ray projectionimage.A computerizedtomography (CT)

scancan provide the dentistwith comprehensive three-dimensionaldata.However, in many situations

a completeCT-scanmay not be available or practical becauseof high radiation doseor the cost of

the CT-scannerequipment.In this paper, we considera novel type of 3D imaging modality for dental

radiology. We considersituationsin which projectionimagesof the teetharetaken from a few sparsely

distributed projectiondirectionsusing the dentist's regular (digital) x-ray equipmentand the 3D x-ray

attenuationfunction is reconstructed.A complication in theseexperimentsis that the reconstruction

of the 3D structurebasedon a few projectionimagesbecomesan ill-posed inverseproblem.Bayesian

inversionis a well suitedframework for reconstructionfrom suchincompletedata.In Bayesianinversion,

the ill-posed reconstructionproblemis formulatedin a well-posedprobabilisticform in which a priori

information is usedto compensatefor the incompleteinformation of the projectiondata.In this paper

we proposea Bayesianmethodfor 3D reconstructionin dentalradiology. The methodis partially based

on [Kolehmainenet al. Physicsin Medicineand Biology 48 (2003),1465–1490].The prior model for

dental structuresconsistof a weighted `1 and total variation (TV)-prior togetherwith the positivity

prior. The inverse problem is statedas �nding the maximum a posterior (MAP) estimate.To make

the 3D reconstructioncomputationallyfeasible,a parallelizedversion of an optimization algorithm is
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implementedfor a Beowulf cluster computer. The methodis testedwith projection data from dental

specimensandpatientdata.Reconstructionswith traditionalbackprojectionmethodaregivenasreference

for the proposedmethod.

Index Terms

Inverseproblem,Bayesianinversion,x-ray imaging, tomography, total variation, dental radiology,

parallelcomputing.

I . INTRODUCTION

Themaintool in dentalradiologyis thex-rayprojectionimage,whichrevealsthestructureof bone,soft

tissuesandteeth.However, certaindiagnosticandoperative tasksoftenrequiremorepreciseknowledgeof

thethree-dimensional(3D) structureof oral tissuesthanis availablein a singlex-ray projectionimageor a

panoramicimage.For example,in dentalimplantologyit is critical for the �rm attachmentto useoptimal

screw sizeandthereforemeasureoptimal depthandanglefor the screw hole; if the boneimplant screw

is too short, the implant will be loose.On anotherhand,if the hole is drilled too deep,the mandibular

nerve couldbedamaged.Othertasks,in which 3D informationis needed,include,for example,detection

of boneloss betweenteeth,detectionwhethertwo roots have grown togetherwith commonroot canal

or not, and�nding out whethercertainrootshave an intimaterelationshipwith the inferior dentalcanal,

leadingto possiblenerve damageduring a tooth removal operation[1]–[3].

Comprehensive 3D informationaboutthe tissuescanbe obtainedby computerizedtomography (CT)

imaging.The basicphilosophy of CT-imaging is to usea large, decicatelybuilt scannerto measurean

extensive set of projectionsfrom all aroundthe body for the 3D reconstruction.The disadvantagesof

CT-imaging are high radiationdoseand high cost. Therefore,the useof CT-imaging hasbeenmainly

limited to diagnosticsof seriousdiseasesand it is typically utilized in large hospital units. Recently,

there has been increasinginterest in dedicateddental cone beamCT-basedsystems(CBCT) [4]–[6].

SincethesedentalCBCT systemsarebasedon the samephilosophy thannon-dedicatedCTs, the CBCT

systemsprovide good quality 3D information but they also have similar limitations than non-dedicated

CTs; i) the high radiationdoseandii) the total costof the dentalCBCT devicesis typically muchmore

than the costof a standarddigital panoramicdevice.

Becauseof the limitationsdescribedabove, we have considereda novel type3D imagingmodality for

dentalradiology. The modality canbe viewed asan intermediatebetweentraditionalx-ray imagingand

CBCT-imaging; the main idea is to constructa systemwhich could provide the needed3D information
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about the tissuesbasedon a small numberof projection imagesand could handleincompleteimaging

geometry. With this kind of construction,the projection imagescould be taken by any existing digital

x-ray system,including dental panoramicand intraoral systems.To be more speci�c, the experiments

we have consideredcan be divided into the modalitiesof intraoral and extraoral imaging. In intraoral

imaging, the projectionradiographsare taken with a small digital sensorthat is in �x ed position inside

the patient's mouth and the x-ray sourceis mountedon a foldable arm that can be usedto move the

sourceto differentpositions.Becauseof having the detectorin �x ed position,the x-ray sourcepositions

are limited to a conewith openinganglesigni�cantly lessthan180� . This restrictionleadsto a limited-

angletomography problem.In extraoral imaging,a few projectionradiographsof the region of interest

(ROI) are taken throughthe headfrom sparselydistributedprojectiondirections.The imaginggeometry

in extraoral imaging is typically similar to conventional CT-geometry, and therefore,the experiments

can be viewed as a limited data version of the CBCT-experiments.In both modalities,the projection

imagesareoften truncatedbecauseof the small detectorsizeor to minimize doseto vital organsoutside

the region of interest.The truncationof the projectionsleadsto the additional complicationof local

tomography problem[7], [8]. In local tomography the region of interestis surroundedby tissuethat is

not reconstructed.In this problemclassthe goal is to reconstructthe attenuationfunction in the region

of interestusingonly x-rayspassingthroughthe region of interest.As opposedto conventionalCT data,

we refer the above type of limited dataassparseprojectiondata.

A complication in theseexperimentsis that the set of a few projectionsthat are collected from

sparselydistributed directionsdoesnot containsuf�cient information to completelydescribethe 3D x-

rayattenuationfunction.In otherwords,thereconstructionproblembecomesanill-posedinverseproblem.

It is well-known that traditional reconstructionmethods,suchas �ltered backprojection(FBP), do not

performwell whenappliedto sparseprojectiondata[9]–[11].

Bayesianinversionis a naturalframework to tacklethe reconstructionproblemwith sparseprojection

data.In Bayesianinversion,a priori knowledgeof the tissueis usedin the imagereconstructionproblem

to compensatefor the incompleteinformation of the sparseprojectiondata.For example, in dentalx-

ray imaging we know that the attenuationfunction is a nonnegative, piecewise regular function, and

different tissuetypesareseparatedby well-de�ned boundaries.The unknown x-ray attenuationfunction

and projection data are consideredas random variables,and separatestatistical models (probability

distributions)areformulatedfor (1) theacquisitionof theprojectiondataand(2) thea priori information.

Basedon thesemodelsandthe Bayesformula, the completesolutionof the inverseproblemis provided

by the posteriorprobability distribution. Final imagesof the tissueare then obtainedas point estimates
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from theposteriordistribution.Bayesianmethodshavebeenfoundto give improvedreconstructionquality

over traditionalmethodsin several studies,seee.g. [12]–[18].

A major practicaldif�culty in applyingBayesianmethodsto 3D x-ray imaging is the heavy compu-

tational requirements.For this reason,most of the previous studieson the topic have concentratedon

2D problems.If realistic resolutionin a 3D problemis used,the numberof unknown voxel valuesis

typically in the range106 � 107, andthus,the computationof the posteriorstatisticsleadsto large-scale

optimizationor integration problems.Thus, powerful computersand ef�cient numericalalgorithmsare

requiredto computethe 3D reconstructionin clinically acceptabletime.

In this paper, we proposea Bayesianmethodfor 3D reconstructionin dentalx-ray imagingwith sparse

projectiondata.Themethodis partially basedon therecentwork [17], [18] in which reconstructionswere

computedusing2D forwardmodelsand3D reconstructionswereconstructedasstacksof 2D slices.In the

presentwork, the reconstructionproblemis implementedwith full 3D models.In theBayesianmodelwe

usea weighted`1 andtotal variation(TV) prior, togetherwith the positivity prior, asthe prior modelfor

the 3D x-ray attenuationfunction.This modelis qualitatively in accordancewith our a priori knowledge

aboutdentalstructures.A parallelizedversionof a gradient-basedoptimizationmethodis implemented

for thecomputationof themaximuma posterior(MAP) estimateof the3D x-ray attenuationfunction.The

resultsarecomputedon a 13 nodeBeowulf clusterthat wasconstructedfor the purposeof 3D imaging

problems.The performanceof the methodis testedwith sparseprojectiondatathat werecollectedusing

commercialdentalx-ray imaging equipment.Traditional tomosynthetic(backprojected)reconstructions

areshown asreferenceimagesfor the assessmentof the statisticalmodel.

We notethatparallelizationof thex-ray tomography problemhasbeenpreviously discussedin [19]. In

thatarticlea parallelizedversionof an iterative coordinate-descentfunctional-substitution(ICD/FS)algo-

rithm for BayesianMAP-estimationwasderived.In theICD/FS-methodthe imageis updatedsequentally

onepixel at time by minimizing quadraticapproximationsof the original one-dimensional(conditional)

optimizationfunctionals.

This paperis organizedasfollows. In SectionII we discussthe forward model for x-ray imaging.In

SectionIII we discussthe Bayesianmodelandmethodsthat areusedin this paper. We alsodescribethe

algorithmfor computationof theMAP estimates.In SectionIV we discusstheparallelimplementationof

themethodsfor theBeowulf computercluster. Resultsbasedon experimentaldataaregivenin SectionV.

In SectionVI we discusssomefuture topicsandopenproblems,andin SectionVII we give conclusions.
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I I . FORWARD MODEL

In x-ray imaging, an almost point-like x-ray sourceis placedon one side of an object. Radiation

passesthroughthe object and is detectedon the other side.SeeFigure 1. In digital x-ray imaging, the

unscatteredradiationis detectedwith a digital sensorthat canbe thoughtof asan 2D arrayof point-like

detectors.The volumebeingimagedis modelledby a boundedsubset
 � R3 with a nonnegative x-ray

attenuationfunction x : 
 ! [0; 1 ). For the projection measurement,we use the usual pencil-beam

model

mj = � log
�

I j

I 0

�
=

Z

L j

x(s)ds; (1)

wheremj is the valueof the projectionmeasurementfor the j th sourceto detectorpixel line L j in the

setof projectiondata,I j is the measuredx-ray intensityand I 0 is the intensityof the x-ray source.

In the discretizationof the attenuationmodel(1) the domain
 is divided into a lattice of M disjoint

3D voxels 
 i and the lengthof the pathL j insideeachvoxel 
 i is computed,seeFigure1. Assuming

that the attenuationfunction x(s) is constantwithin eachvoxel 
 i , the projectionmeasurementm j can

be approximatedin the form

mj =
Z

L j

x(s)ds �
MX

i =1

x i j
 i \ L j j : (2)

wherej
 i \ L j j denotesthe lengthof ray L j throughvoxel 
 i . Arrangingthe whole setof N projection

measurementsinto a vectorm = (m1; m2; : : : ; mN )T 2 RN , we obtain

m = Ax; (3)

where x = (x1; x2; : : : ; xM )T 2 RM is the vector of attenuationvalues in the voxels and matrix A

implementsEq. (2).

Object

x-ray source

L
j

Detector

Fig. 1. Left: Schematicillustration of the pencil-beamattenuationmodelfor x-ray imaging.Right: The domain
 � R3 under

investigation is discretizedinto a lattice of M voxels 
 i .
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I I I . INVERSE PROBLEM

A. Bayesianinversion

The main idea in Bayesianinversion is to considerthe inverseproblem as a problem of Bayesian

inference.All unknown variablesaremodelledasrandomvariables.The probabilisticmodellingof these

variablesre�ects our uncertaintyof their actual valuesand the degree of uncertaintyis codedin the

probability distributionsof theserandomvariables.

In the Bayesianframework the posteriordistribution, which is obtainedby Bayestheorem

p(x j m) =
ppr (x)p(m j x)

p(m)
; (4)

representsthe completesolution of the inverseproblem.In Eq. (4), p(m j x) is the so-calledlikelihood

function, ppr (x) is the prior density and p(m) is the normalizationconstant.The likelihood function

p(m j x) is a statisticalmodel for the observations.Typically, it is interpretedas a model that describes

the likelihoodthat the measureddatam would have beenobserved from a given realizationx. The prior

densityppr (x) is statisticalmodel for the unknown x. It is designedbasedon the a priori information

aboutthe object.

Typically, in inverseproblemsthe posterioris a probability densityover a high-dimensionalspace.

Thus, to summarizeand visualize the solution, variousposteriorstatisticscan be computed.The most

usualchoiceis the MAP estimate

p(xMAP j m) = maxp(x j m); (5)

which is then shown as the reconstructedimage.For further detailson Bayesianinversion theory, see

e.g. [11], [17], [20], [21].

B. Bayesianmodelfor 3D dental imaging

The natureof the x-ray attenuationmeasurementsis a countingprocessthat obeys Poissonstatistics.

However, in x-ray imaging a large amountof photonsare usually detectedin eachdetectorpixel, and

thenthe logarithm of the numberof observed countsareusedas the projectiondata.It hasbeenshown

in [14], [17] that in such casethe value of the likelihood can be well approximatedwith a Gaussian

noisemodel.Thus,we write the model

m = Ax + �; (6)

for the x-ray projection data. In Eq. (6), the observation noise is assumedto be independentof x,

zero meanGaussian� � N (0; C) with an invertible covariancematrix C. With theseassumptions,the
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likelihood function takes the form

p(m j x) / exp(�
1
2

kL(m � Ax )k2); (7)

whereL T L = C � 1 andk � k is the usualEuclidian(`2) vectornorm.

As the prior model for the attenuationfunction of the dentalstructures,we write

ppr (x) / p+ (x) exp(� W(x)) ; (8)

where

p+ (x) =
MY

k=1

� (xk ) (9)

is the positivity prior, � is the Heaviside function

� (t) =

8
<

:

1; t � 0

0; t < 0
(10)

and the functionalW(x) is of the form

W(x) = � 0kxk1 + � 1TV (x)

= � 0

MX

i =1

jx i j + � 1

MX

i =1

X

j 2N i

jx i � x j j; (11)

whereN i denotestheusualsix-pointneighborhoodfor voxel i in the3D lattice,TV (x) is thediscretized

total variationfunctionalandkxk1 denotesthe `1-normof thevectorx. Thetotal variationprior is known

to favour piecewise regular solutions,in which different tissuesare separatedto a few subregions with

short boundariesand small variation in the attenuationparameterwithin eachsubregion. The `1-prior

is known to favour solutionswhich consistof a few small high-attenuationtargetson low-attenuation

background.The parameters� 0 and � 1 play the role of regularizingparametersandthey canbe usedto

tunetherelative weightingof the`1 andTV-functionals.Theprior model(8-11)correspondsin qualitative

sensecloselyto oral structures,which areexpectedto consistof a few well-de�ned subregionsof different

tissues(enamel,bone,softtissue)on zero attenuationbackground(air). The featuresand the useof TV

and `1 priors in inverseproblemsand imageenhancementhave beendiscussed,e.g. in [21]–[24].

Using Bayestheoremandthe models(7) and(8), the posteriordensityassumesthe form

p(xjm) / p+ (x) exp
�

�
1
2

kL(m � Ax )k2 � W(x)
�

; (12)

whereproportionalityis becauseof omitting the normalisationconstants.
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The computationof the MAP estimatefrom the posterior(12) amountsto solving the optimization

problem

xMAP = argmin
x� 0

�
1
2

kL(m � Ax )k2 + W(x)
�

C. Computationof the MAP estimate

Oneof the major dif�culties in applyingBayesianinversionto 3D x-ray imaging is the scaleof the

problem.Whenclinically relevant resolutionis used,thenumberM of unknown voxel valuesis typically

in the range106 � 107. Thus,the computationof the MAP estimateor any otherposteriorstatisticsis a

computationallyintensive task becauseof the large scaleof the problem.Thus, the implementationhas

to be ef�cient to achieve clinically acceptablecomputationtimes.

To make the computationreasonablyfast, we computethe MAP-estimateby gradient-basedopti-

mization techniques.There is a variety of optimization methods,such as steepest-descent,nonlinear

conjugate-gradientsand Newton methods,that could be usedfor the solution. In this study, we usethe

methodfor unconstrainedlarge-scaleoptimizationintroducedby Barzilai and Borwein [25], [26]. This

methodwaschosenbecausei) the computationof the gradientfor the objective functional is reasonably

fast,enablingrelatively quick computationof multiple iterationsand ii) the methodcan be parallelized

ef�ciently .

In applying the gradient-basedmethods,we face two dif�culties. First, the functional W(x) in the

prior density(8) is non-differentiablebecauseof thepresenceof theabsolute-valuefunction.To overcome

this problem,we usethe smoothapproximation

jt j � h� (t) =
1
�

log(cosh(� t)) ; (13)

where� > 0 is aparameteradjustingtheaccuracy of theapproximation.In thefollowing, theapproximate

differentiableprior functional is denotedby W� (x). The seconddif�culty arisesfrom the positivity

constraint.The use of constrainedoptimization methodsis slow in high-dimensionalproblems.Thus,

we take the positivity prior into accountby applying the exterior-point searchmethods[27]. In the

exterior-point search,the original constrainedproblemis approximatedby a sequenceof unconstrained

problems

x(j )
MAP = argmin

�
1
2

kL(m � Ax (j ) )k2

+ W� (x(j ) ) + E (j ) (x(j ) )
o

; (14)
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wheresuperindex j is usedto denotethe j th problemin thesequenceandE (j ) (x(j ) ) is apenaltyfunctional

that is usedto penalizethe negative componentsof the solution x (j ) . In this study we usea functional

of the form

E (j ) (x(j ) ) =
MX

k=1

� (j ) (x(j )
k ); (15)

where

� (j ) (x(j )
k ) =

8
<

:


 j (x(j )
k )2 ; x(j )

k < 0

0 ; x(j )
k � 0

; (16)

and f 
 j ; j = 1; 2; : : : ; Nsg is a sequenceof increasingpositive penaltyparameters.It shouldbe noted

that the exterior point methodsguaranteethe non-negativity of the solutiononly in the asymptoticlimit

j ! 1 .

The Barzilai-Borweingradient-descentmethodconsistsof two steps:the updateof the estimateand

the computationof the step-lengthparameter. In the caseof solving the problem(14), the updatestep

assumesthe form

x(j ;t+1) = x(j ;t ) � s� 1
t g(j ;t ) (17)

wherethe updatedirection is the gradientof the argumentin equation(14)

g(j ;t ) = � AT L T L(m � Ax (j ;t ) ) + r W� (x(j ;t ) ) + r E (j ) (x(j ;t ) ) (18)

and the secondsuperindex t denotesthe iteration index. The secondstep,the computationof the step

lengthparameterst is of the form

st =
(x(j ;t ) � x(j ;t � 1))T (g(j ;t ) � g(j ;t � 1))

kx(j ;t ) � x(j ;t � 1)k2
: (19)

The stoppingcriteria for the optimizationproblem(14) is basedon the magnitudeof the gradientand

the decreasein the optimizationfunctional.Oncetheseareunderpredeterminedthresholdsor maximum

numberof iterationsis reached,the iterationprocess(17)-(19) is terminated.

In this study, the resultsare computedwith a parallelizedversion of the algorithm (17)-(19). The

computationaltechniquesand implementationarebrie�y describedin the next section.

IV. PARALLELIZED IMPLEMENTATION

In this study, a Beowulf cluster[28] wasconstructedfor 3D imagingproblems.Theclusterconsistsof

thirteen3.0 GHz Pentium4desktop-PCshaving 4 gigabytesof memoryon eachnodeandthe nodesare

interconnectedby astandard1 Gbethernetswitch.Theoptimizationalgorithm(17)-(19)wasimplemented
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usingtheANSI-C programminglanguageandPETSc[29] applicationlibrary, which in turn usesMPICH

[30] for interprocesscommunicationandATLAS [31] for linear algebraroutines.

In the �rst stageof the parallel algorithm, the observation matrix A is constructed.PETScprovides

a parallel compressedsparserow matrix format, whoserows are distributed acrosscomputationnodes.

Observation matrix creationis easilyparallelizedby distributing the x-ray sourcelocationsanddetector

arraygeometriesamongthecomputationnodes,eachof which calculatestherespective ray lengthsinside

the voxel grid and insert the resultingrows in the matrix A independentlyof othernodes.

The secondstageof the parallelalgorithmimplementsthe iteration(17)-(19) for the sequenceof the

exterior point problems(14). At this stage,thevalueandgradientof themodi�ed prior functionalW� (x)

needto be evaluatedandnew updatedirectionscalculated.The PETSclibrary providesa framework for

distributing theimagevectorx acrossthecomputationnodes.Theframework hidesthedetailsof fetching

the neighboringvoxels that possibly resideon other nodesand hencethe implementationof the prior

functionalW� (x) or othersimilar type Markov RandomField (MRF) functionalsis straighforward.The

evaluationof the likelihood gradient,which is the �rst term in Eq. (18), and the evaluationof residual

kL(m � Ax )k2 for stoppingcriteria includematrix-vectorproducts.Theseareimplementedby thePETSc

tools that distribute the computationof a matrix-vectorproductevenly on the computationnodes.

Computationally, the mostdemandingpartsin the implementationof the algorithm(17)-(19)are the

evaluation of the likelihood gradientand the residualfor the stoppingcondition. In the test problems

with which we have experimented,thesetake approximately40% and 20% of the computationtime,

respectively. The restof the time goesmainly to the constructionof the matrix A and the evaluationof

the prior functional and gradient.A more detailedbenchmarkingof the cluster implementationwill be

given for the last testcasein the next section.

V. RESULTS

In this section the proposedmethod is testedwith projection data from dental specimensand a

male patient.The �rst test caserepresentslimited-angletomography of a tooth specimen.To make the

assessmentof the resultseasier, full-angle reconstructionsof the tooth specimenare given as “ground

truth” in the�rst testcase.Thesecondtestcaseinvolvesintraoral3D imagingof a realisticheadphantom,

andthe last testcaseis basedon extraoralprojectiondatafrom a malepatient.In eachof the testcases,

reconstructionswith the traditional tomosyntheticmethodareshown asreferencefor the reconstructions

with the Bayesianmethod.Tomosynthesis,which is basicallyequivalent to un�ltered backprojection,is

currentlythe mostwidely usedreconstructionmethodfor 3D dentalimagingwith just a few projections.
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For details,see[32], [33].

A. Case1: Limited angledata from a tooth specimen

The projectionradiographsof the tooth specimenwere acquiredusing a commercialintraoral x-ray

detector(Sigma) and a dental x-ray source(Focus1). The Sigma detectoris a charge coupleddevice

(CCD). The sizeof the imagingareais 34mm� 26mm. The resolutionis 872� 664 pixels, with pixel

size0:039mm� 0:039mm.

The projectionimagesof the tooth specimen,which is an extractedanddried mandibular tooth,were

acquiredusing the conventionalconebeamCT-geometry. This geometrywas chosenso that we could

provide a full-angle reconstructionas“ground truth” for the limited anglereconstructions.The Focusx-

ray sourceandtheSigmadetectorwereplaceinto �x edpositionssuchthat thesourcedirectionis normal

to the detectorplane.The distancefrom the focal spot to the detectorarray was 840mm. The tooth

specimenwas placedon a rotating platform so that projectionsfrom different directionscan be taken.

The distancefrom the centerof rotation to the detectorwas 56mm. A photographof the experimental

setupis shown in the left imagein Figure2.

source

tooth

detector

X-ray source

CCD detector array

Tooth

Fig. 2. Left: Photographof the experimentalsetup.The Focus x-ray sourceis seenon the left and the CCD detectoron

the right. The tooth specimenis locatedatop the rotating platform. Right: Illustration of the projectiongeometry. The source

locations(23 projectionsspanninga view-angleof 187� ) are shown with circles. The projection interval is 8:5� . For clarity,

the detectorlocation is shown only for one sourcelocation. The projectionsthat are usedin limited angle computations(9

projectionsspanninga view-angleof 68� ) aredenotedby black dotswithin the circles.

Using themeasurementsetup,23 equispacedprojectionimagesof the toothphantomweretaken from

1Sigmaand Focusare registeredtrademarksof InstrumentariumCorp. Imaging Division (InstrumentariumCorp. is part of

GE-Healthcare)
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a total view angleof 187� . In the limited-anglecomputations,we usednine projectionswith a total view

angleof 68� . A 2D illustration of the projectiongeometryis shown in the right imagein Figure2. The

left imagein Figure3 shows the upper580� 664-part from oneof the raw projectionimages.The lower

partsof the raw images,which show the platform for the tooth, werenot includedin the reconstruction

data.Theprojectionimagesweredownsampledto thesize290� 332 (i.e., half of theoriginal size)before

the transformationto tomographicdata,leadingto numberof dataN = 23� 290� 332 � 2:2 � 106 for

the full-angle data,and N = 9 � 290� 332 � 0:8 � 106 for the limited-angledata.The downsampling

of the projection imagescan be justi�ed by the redundancy of the data; the size of the detectorpixel

is small comparedto the resolutionthat is typically usedin the 3D reconstruction.Thus, a signi�cant

decreasein the computationalload can be achieved at the cost of a small loss in signal-to-noiseratio

of the data. The middle image in Figure 3 shows one 2D slice of the full-angle projection data in

traditionalsinogramform. The right imageshows the correspondingsinogramfor the limited angledata

(9 projectionsspanninga view angleof 68� ).

Fig. 3. Left: A projectionradiographof the tooth.Middle: One2D slice of the full-angle data(23 projectionsspanninga view

angleof 187� ) in sinogramform. Right: Correspondingslice of the limited-angledata(9 projectionsspanninga view angleof

68� ) in sinogramform. The black partson left andright denotethe missingpartsof the sinogram.

Theresultsfor the toothspecimendataareshown in Figure4. Thetop row shows onehorizontalslice

andthebottomrow onevertical sliceof the3D reconstruction.The left columnshows theMAP estimate

from the full-angle data(23 projectionsspanninga view angleof 187� ), the middle column shows the

tomosynthetic(backprojected)reconstructionfrom the limited-angledata(9 projectionsspanninga view

angleof 68� ) andthe right columnshows MAP estimatefrom the limited angledata.The volumeof the

reconstructiondomain
 in thecomputationswasapproximately26mm� 26mm� 22mm, andthesizeof

thecubicvoxelsin thereconstructionwas0:23mm� 0:23mm� 0:23mm. With this resolution,thenumber

of unknowns in the inverseproblemwasM = 112� 112� 95 � 1:2 � 106. For the observation noisewe
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Fig. 4. Reconstructionsfrom the projectiondataof the tooth specimen.Top row shows one horizontalslice and bottom row

shows one vertical slice from the 3D reconstructions,respectively. Left column: MAP estimatefrom the full-angle data (23

projectionsspanninga view angleof 187� ). Middle column:Backprojectionfrom the limited-angledata(9 projectionsspanning

a view angleof 68� ). Right column:MAP estimatefrom the limited angledata.

madethe simpleassumptionthat the observation errorsareindependent,zeromeanGaussian-noisewith

covariancematrixC = I . In practice,abettermodelfor thenoisestatisticscanbeobtainedfrom arepeated

set of phantommeasurementsor careful analysisof the measurementsystem.For the prior parameters

we usedvalues � 0 = 10 and � 1 = 1 in both, full and limited-angle,reconstructions.The smoothing

parameterfor the approximationof the absolutevalue function was � = 200 and the sequenceof the

exterior point parametersf 
 j ; j = 1; : : : ; 5g were in the rangefrom 3000 to 10. The parametervalues

werechosenmanuallyfrom a setof reconstructionswith differentvalues,andthe sameprior parameters

are also usedin the remainingtest cases.It is our experiencethat a �x ed prior usually performswell

for similar experimentswith the sameimaging equipment.Each problem in the sequenceof the � ve

exterior-point problemswas iterateduntil convergence.The convergencewasveri�ed by monitoring the

normof thegradientg(j ;t ) andthechangein the residual(i.e., thevalueof theoptimizationfunctionalin

Eq. (14)); the iterationwasstoppedonceeitherof thesewent below prede�nedthresholds,or maximum

numberof iterationswasreached.For thenormof thegradientwe usedthresholdvalue1, for thechange

in residualthresholdvalue0:1 andthe maximumnumberof iterationswasset to 6. With thesechoices,

eachsubproblemtook typically 2-6 iterations.Thecomputationtimesfor theMAP estimatein the�rst test

June13, 2005 DRAFT



IEEE TRANSACTIONS ON MEDICAL IMAGING 14

casewas96 secondsfor the full-angle caseand52 secondsfor the limited-anglecase.The computation

of the backprojectedreconstructiontook only a few seconds.

As canbeseen,the limited angleMAP estimateis betterthanthe reconstructionwith thebackprojec-

tion method.A notablefeaturein the limited-angleMAP estimateis that it hasless“bleeding” thanthe

backprojectionreconstructionin the depthdirection wherethe information contentof the limited-angle

datais poor. The MAP reconstructionalsoconformwell to the expectedfeaturesof the tooth specimen,

which consistof enamel,boneandair.

B. Case2: Intraoral data from a headphantom

In intraoralx-ray imaging,the measurementgeometryis suchthat the detectoris in a �x ed position

inside the patient's mouth and the dentistcan move the x-ray source,which is mountedon a foldable

arm, with respectto the intraoraldetector. A 2D illustration of this projectiongeometryis shown in the

left imagein Figure5.

Dental arc

Intraoral detector

x-ray source positions

source

detector

Fig. 5. Left: Geometryfor intraoralmeasurements.The detectoris in a �x ed position inside the patient's mouth.The source

locationsaredenotedby black dots (7 projectionsspanninga view-angleof 59:7� ). Right: Experimentalsetup.

In the experimentswith the headphantom,the CCD detectorwas placedin a �x ed position inside

the mouth of the headphantomsuchthat it was right behindthe teethwhich were to be imaged.The

headphantomconsistsof a dry skull which is coveredwith plasticskin. The x-ray sourcewasmounted

on a foldablearm which wasusedto move the sourceon an approximatelycircular arc with distanceof

� 590mm from the detector. A photographof the experimentalsetupis shown in Figure5. Note that a

full-angle datacannotbe measuredfor referencepurposesbecauseof the �x ed detectorgeometry. Using

themeasurementsetup,sevenprojectionimagesweretakenwith approximatelyequalprojectionintervals
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from a total view angleof 59:7� . This representsroughly the maximumview anglethat canbe usedin

practicewith this kind of �x ed detectorgeometry. A metalball wasattachedin front of the teeth,14mm

from thedetectorarray, andtheprojectionangleswereestimatedon thebasisof theobservedshift of the

referenceball in the images.The left imagein Figure6 shows oneprojectionradiographfrom this data

set. The location of the imageof the metal ball is indicatedby a small black arrow above the middle

tooth.The right imagein Figure6 shows oneslice of the datain sinogramform. Note that the sinogram

is truncatedfrom the upperside(i.e, it doesnot go to zeroin the upperside).Thus,in additionof being

a limited anglecase,the problemcontainsfeaturesof a local tomography problem[7], [8].

Fig. 6. Left: Intraoral projectionradiographof the headphantom.The location of the imageof the metal ball that was used

to estimatethe projectionanglesis indicatedby a small arrow above the middle tooth.Right: One2D slice of datain sinogram

form. The projectionswere collectedfrom a total view angleof 59:7� . The black partson left and right denotethe missing

partsof the sinogram.

Theresultsfor theheadphantomcaseareshown in Figure7. Theleft columnshows two verticalslices

from the backprojectedreconstruction,and the right column shows the respective slicesfrom the MAP

estimate.The volumeof the domain
 in the computationswasapproximately61mm� 25mm� 26mm

and the voxel size in the reconstructionwas 0:23mm � 0:23mm � 0:23mm. With this resolution,the

numberof unknowns in the inverseproblemwas M = 265� 108� 112 � 3:2 � 106. The numberof

projectiondatawas N = 7 � 436� 332 � 1 � 106 and the model parameterswere the sameas in the

�rst test casewith the tooth phantom.The computationof the MAP estimatetook 76 seconds.As can

be seen,the featuresof the dry skull (bone,enamel,air) areseenmoreclearly in the MAP estimatethan

in the backprojectionreconstruction.

C. Case3:Extraoral patientdata

Thethird testcaseis basedon extraoralprojectiondatathatwereacquiredfrom a malepatientusinga

commercialx-rayscanningdevice.Thetestcasecanbeconsideredasasimpleexamplefor theapplication
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Fig. 7. Limited angledatafrom the headphantom(7 projectionsspanninga view angleof 59:7� ). Left column:Vertical slices

of a backprojectionreconstruction.Right column:Correspondingslicesfrom the 3D MAP estimate.

of limited angle3D imagingin implant planning.In suchsituations,it is often importantto get accurate

measurementfor the depthand locationof the mandibular nerve canal.In extraoral imaging the source

anddetectorarerotatedaroundtheheadandimagesof the region of interest(ROI) aretaken throughthe

head.The experimentalgeometryfor extraoral imagingandthe projectiondirectionsfor the experiment

are illustratedin Figure8. In this case,the projectiondirectionswerechosensuchthat the crosssection

of the nerve canalwould be approximatelyperpendicularto the projectiondirectionsand doseto vital

organs(brains,medulla)would be assmall aspossible.

ROI

X-ray source

CCD detector

Jaw bone

Fig. 8. Left: Geometryfor extraoraldentalimaging.The sourcepositionsaredenotedby circles.The thick arc illustratesthe

jaw boneanddentalarc. The region of interest(ROI) is denotedby thin line. For clarity, the detectoris depictedonly for one

sourcelocation.
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Usingtheexperimentalgeometryin Figure8, 11 equispacedprojectionradiographsof thepatientwere

acquiredwith a total view angleof 40� . The left imagein Figure9 shows oneextraoralprojectionimage

of thepatient.Thesizeof projectionimageis 876� 876with pixel size0:09mm� 0:09mm. Theprojection

imageswere downsampledto half the original size also in this examplebeforetransformingthem into

tomographicdata.Thus,the numberof datain the inverseproblemwasN = 11� 438� 438� 2:1� 106.

The right imagein Figure 9 shows one slice of the 3D datain sinogramform. Note that the sinogram

revealsclearly both the limited angleand local tomography aspectsof the problem.

Fig. 9. Left: Oneextraoralprojectionradiographof the patient.Right: Oneslice of the 3D datain sinogramform.

The resultsfor the extraoraldataareshown in Figure10. Left columnshows a vertical slice from the

backprojectedreconstruction,andtheright columnshows therespective slicefrom the3D MAP estimate.

The volumeof the domain
 in the computationswasapproximately79mm� 79mm� 63mm and the

voxel size in the reconstructionwas0:38mm� 0:38mm� 0:38mm. With this resolution,the numberof

unknowns in the inverseproblemwas M = 207� 207� 167 � 7:2 � 106. The model parameterswere

the sameas in the �rst testcasewith the tooth specimen.The computationof the MAP estimatetook 3

minutes26 seconds.The location of the mandibular nerve canal in the MAP reconstructionis denoted

by an arrow. As can be seen,the nerve canal is seenmore clearly in the MAP estimatethan in the

backprojectionimage.

The scalingof the computationtime in the clustercomputerwas investigatedfor the test casewith

extraoral patientdata.The investigatedquantitiesare the scalingof the computationtime with respect

the numberof centralprocessingunits (CPUs)in the computationwith �x ed numberof unknowns, and

thescalingof thecomputationtime with respectthenumberof unknowns in theproblemwhenall the13

CPUsof theclusterareused.The top imagein Figure11 shows thecomputationtime with respectto the
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Fig. 10. Reconstructionsfrom extraoralpatientdata(11 projectionsspanninga view angleof 40� ). Left column:Vertical slice

of a backprojectedreconstruction.Right column:Correspondingslice from the3D MAP-estimate.Thearrow denotethe location

of the mandibular nerve channel.

numberof CPUs.Thecomputationtimesarefor theMAP estimatein Figure10with numberof unknowns

M = 7155783. Note thata minimumof � ve CPUsareneededfor the reconstructionwith this resolution.

It can be seenthat the computationtime doesn't scalewell with the numberof CPUs.The bottleneck

is the relatively long latency of the network interconnectionbetweenthe CPUs,which leavesprocessors

idle while waiting for more data to process.However, the computationtime as a function of number

of unknowns (bottomimagein Figure11) scaleswell, which suggeststhat slightly larger reconstruction

grids could be usedwithout the computationtime becomingunacceptablelong in a clinical setting.

VI . DISCUSSION

We have proposeda Bayesianmodel for 3D dental imaging with sparseprojectiondata,and imple-

mentedthe computationof the MAP estimatefor the 3D attenuationfunction with parallel computing

techniquesin a Beowulf clustercomputer. The resultsshow that the proposedmethodgives improved

image quality over the traditional backprojectiontechniques,which are currently most widely used

methodsfor 3D dentalimagingwith limited data.

In the experimentsthe computationalload was reducedby downsamplingthe projection data.The

downsamplingwas reasonabledue to the much �ner resolutionof the projection imageswith respect

to the clinically suf�cient resolutionfor the 3D reconstructions.However, the reconstructionscould, in

principle, be computedusing full resolutiondataeither by using a larger clustercomputeror by using

someapproximate,lessmemoryintensive datatypesfor the projectiondataand forward matrix. It was

found that the computationtime doesnot scalewell with respectthe numberof CPUs in the current
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Fig. 11. Top: Scalingof the computationtime with respectto the numberof CPUs.The computationtimesare for the MAP

reconstructionfrom theextraoralpatientdatawith numberof unknownsM = 7155783. Note thatat least� ve CPUsareneeded

for reconstructionwith this resolution.Bottom: The scalingof computationtime with respectthe numberof unknowns, when

the numberof CPUsis held constantat 13.

setup.However, the scalingand executionspeedcan be improved by installing a low-latency network

interconnectionbetweenthe nodes.

In a more thoroughBayesiananalysis,one shouldcomputeseveral estimatesand con�dence limits

from the posteriorto make properstatisticalinferencefrom the solution.However, the computationof

the other estimatestypically involve integrals in high dimensions,which, in principle, could be treated

by the Markov chainMonte Carlo (MCMC) techniques.However, in caseof voxel basedmodelsfor 3D

imaging, thesetechniquesarecomputationallyso demandingthat they arenot likely to be realizablein

thenearfuture.However, theuseof MCMC methodsfor caseswith higherlevel prior modelsandwhere

structureof the tissuecan be well representedin a low-dimensionalparametricbasisis an interesting

topic for future research.Suchmethodswith deformablesurfacerepresentationshave beenconsidered

previously in [34].

In this study, all testcasesconcerneddentalradiology. However, it shouldbenotedthat thedeveloped
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computationalframework can be easily modi�ed to other imaging modalitiesdue to the modularity of

the Bayesianinversionmethods:

� If different typesof tissueare imagedwith the samemeasurementsetting(samex-ray device and

sameprojectiondirections),only the prior distribution needsto be changedin the computation.

� If themeasurementsetupchanges,only the likelihooddistribution needsto bechanged.This change

is accomplishedby (i) computingmatrix A in Eq. (3) for the new geometryand(ii) approximating

the noisecharacteristicsfor the new imagingequipmentor imagingparameters.It shouldnotedthat

any projectiongeometrycanbe employed equallyeasily in the Bayesianframework.

VI I . CONCLUSIONS

Considerthe following clinical exampleof 3D x-ray imaging.A dentistwantsto know whetherthe

roots of a certain tooth are close to the inferior dental canal. This questionis relatedto the risk of

damagingnerves when removing the tooth. Often a single radiographis not enoughfor answeringthis

questionbecauseof overlappingof structures.Thus,he takes six digital projectionradiographsusing a

regular x-ray sourceanda digital x-ray sensor, choosingthe directionsof the imagesso that the images

of the roots and the nerve canal are clearly separatedin someof the images.The projection images,

togetherwith knowledge of imaging geometry, are given as input to a reconstructionalgorithm. The

resulting3D reconstructionis examinedon computerscreenand the diagnosticquestionanswered.

The above type of 3D imagingwith sparseprojectiondatais not standardpracticetoday. Onereason

for this is thelack of a �e xible, fast,high-qualityreconstructionalgorithmfor suchimaging.In this paper,

we proposeda Bayesianapproachfor 3D dental imaging with sparseprojectiondata.The methodwas

testedwith datafrom dentalspecimensanda patient.In all testcases,the methodgave improved image

quality over the traditionalbackprojectedreconstructions.With the ef�cient parallelizedimplementation,

the computationtimes were in the classof a few minutes.Basedon the results,we expect that the

proposedmethodcould improve the diagnosticvalueof the novel type 3D imaging in dentalradiology.
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