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Abstract

A fast method for solving @equations of the form @ = TV is preseried, where v
and T are complex-valued functions of two real variables. The multigrid method of
Vainikko [Dir ect and inverse problemsof mathematial physics Int. Soc. Anal. Appl.

Comput., 5, Kluwer 2000]is adapted to the problem with a FFT implemertation.

Convergencewith rate O(h) is proved for the method applied to equations of the
form above. One{grid and two{grid versionsof the method are implemented and
their e ectivenessis demonstrated on an application arising in electrical impedance
tomography (EIT).
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1 Intro duction

In this paper we considerthe numerical computation of the solution v : R? !
C to the @equation

@k = T(KV(k) (1.1)
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with the asymptotic condition limj;;  v(k) = 1. Here the @operator is de-

ned by |

-_@_1 @ . @

0 a2 &'

and the multiplier T : R2! C is assumedto have compact support. In the

sequelwe identify k 2 R? with k 2 C and usek = (ki; k) and k = k; + ik,
interchangeably

(1.2)

By convolving in (1.1) with the Green'sfunction 1= k for @ it follows that
the equation (1.1) together with the asymptotic condition is equivalernt to the
integral equation

Z
vk =1 X T (k9

. kov(kO)dkg’dkg; k=k{+ik32 C; (1.3)

or
V=1 T (TRVK) (1.4)

where denotesconvolution. We consider(1.4) asan equationin an appropri-
ate function spaceon a boundeddomain cortaining the support of T; and to
solwe this equation numerically we adapt the multigrid method intro duced by
Vainikko [37]. This method is a fast method basedon FFT for solvingintegral
equationswith weakly singular kernels.

The equation (1.1) arisesin connectionwith problemsin inverse scattering
and nonlinear ewlution equations.In the context of inverse scattering, the
idea behind the @method is to apply the @operator to an integral equation
that governs the solution of the scattering problem and derive a @equation
that the solution satis es. This method leadsto linear integral equationsfor
reconstructing the eigenfunctionsand the potential and also provides neces-
sary conditionswhich the scattering data must satisfy. The @method was rst
usedby Bealsand Coifman [6] for the quantum inversescattering problemin
1-D and wasextendedto 2-D problemsin [2]in the context of the Kadomtsev-
Petviashvili (KP) equation which has applications in water waves, strati ed
uids and plasmaphysics.Seealsothe reference$7,8,18,28,31{or applications
to multidimensional problems.More recenly, the @method hasbeenusedin
inverseproblemsin medicalimaging including in electricalimpedancetomog-
raphy (EIT) by Nachman [26,27]and Brown{Uhlmann [11] and in positron-
emissiontomography (PET) by R. Novikov [29,30].0ut of the numerousnon-
linear ewlution equationswhere equation (1.1) is useful, we single out the
Novikov{V esele equationsintroducedby Novikov and Vesele [40] and con-
sideredby Boiti et al. [10] and Tsai [36] and the Davey{Stewartson equations
[15,1].

The numerical solution of equation (1.1) was consideredby Siltanen, Mueller
and Isaacson[34] for EIT in the numerical algorithm basedon Nadiman's



uniquenesgroof for the 2-D inverseconductivity problem[26].In [34,35,24,25]
equation (1.1) was solved numerically by a 2-D adaptation of the method of

product integrals [4]. The numerical solution of equation (1.1) has also been
applied to EIT by Knudsen[20] in the numerical algorithm basedon the

Brown-Uhlmann uniquenessproof for the 2-D inverse conductivity problem

[11]. A fast, direct algorithm for the Lippmann{Schwinger equation in two

dimensionsis found in [13].

We descrike both one{ and two{grid implemenations of Vainikko's method.
Details of this method for the Lippmann{Schwinger equation can be found
in [38,33].This method has beenimplemerted in [24] for the computation of
Faddeev'sexponertially growing solutions [17] and in [19] for the numerical
computation of the solution to a scattering problem. Furthermore, we will dis-
cussthe complexity and accuracyof the method and show that the complexity
of the method is O(M 2 log(M)) for obtaining the solution with accuracyorder
O(h); h= C=M; on a plane grid of sizeM 2:

This paper is organized as follows. In section 2 we give the details of the
fast algorithm and in section 3 we descrike the two{grid extension.Then in
section4 we analyzethe accuracyand complexity of the method. Finally in
section5 we provide an exampleof the application of the method to electrical
impedancetomograpkhy.

2 The fast algorithm

In this sectionwe descrike a fast algorithm for numerical solution of the inte-
gral equation (1.3). The method is basedon the work of Vainikko [37].

We wish to considerthe equation (1.3) in the spaceC%(R?); the spaceof
Lipschitz cortinuous and boundedfunctions on R?: A suitable assumptionon
the function T is then the following:

Al Properties of T. We assumethat T is compactly supported in an open set
andthat T 2 C%(R?).

With sud T the equation (1.3) is uniquely sohable:

Lemma 2.1 AssumeT satis es assumption Al. Then (1.3) has a unique
solution v 2 C%1(R?) with the property thatv 12 LP(R?); 2< p< 1 :

Pro of. It is well known that when T 2 L?(R?) is compactly supported then
the integral equation (1.3) hasa unique solution v which satis es the condition
(v 1)2 LP(R? for 2< p< 1 (seefor instance[22, Proposition 2.2] for a
proof of this fact).
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Fig. 1. The large squareS determinesthe periodization of the @equation. The circle
and both of the squaresare certered at the origin, and the radius of the circleis .

Concerningthe smaoothnessof v we note that Tv 2 LP(R?); andhencev 1=

(k)! (Tv)2 C% (R? forany < 1;see[39, Thm. 1.21].From this fact
we deducethat Tv 2 C% (R?)\ LP(R?) and hencefrom [39, Thm. 1.34]we
concludethat v. 1= ( k) * (Tv) 2 C¥ (R?): The claim now follows from
the cortinuousenmbeddingCt (R?) CY%Y(R?): 2

The fast algorithm is basedon the following crucial obsenations:

If we know v(k) for k 2 supp(T), we can compute v in the whole plane by
v=1 (k) (Tv).

Let > 0 besud that supp(T) B(0; ), whereB(0; ) is the open disc
with radius and certer at the origin. If k 2 supp(T) then the integral
in (1.4) does not involve the values of the corvolution kernel ( k9 * for
ki 2.

We will considera periodic equation allowing fast solution and giving the
solution to the full-plane equation. Chooses > 2 and setS := ( s;s)?; see
Figure 1. Considerthe following equation for functions that are 2s-periodic in
ki and ks:
Z S Z S
w(k) = f (k) gk KIT(KYw(k)dkidks; (2.1)
S S

or more brie 'y
[ +g (T )w=f; (2.2)

where denotescorvolution on the torus and f satis es the following:
A2 Smamthnessof f . We assumethat f 2 C%1(R?) is 2s-periodic in kq; k:

Clearly, f 1 satis es A2. The 2s-periodic function g appearingin (2.1) and
(2.2) is given by g(k) = ( k) ! for k 2 S. (It is also possibleto truncate g



sharply or smaothly at jkj = 2 ). It is easily chedked that

Visuppm) = Wisuppr):
and that unique sohability of (1.3) is equivalert to that of (2.1) with f 1.

Next we discretize equation (2.2). Choosea positive integer m, denoteM =
2" and seth = 2s=M . Note that the choiceof M is takenmainly for simplicity;
the algorithm would work just aswell when M is a product of small primes.
Dene agrid G, S by

Gn=fjhjj 2 Z2g; (2.3)
Z2=1j = (uj22% 2"' ji<2"%lI=12g

Note that the number of points in G, is M 2. To eat grid point x 2 G, we
attach a cell, an open setthat cortains x. The cellsare given by

. 1 . 1
Bin = f(x1;%2) 2 R?j (i é)h <x < (it é)hi =129 (2.4)
forj 2 2.

Let' : R?! C bea 2s-periodic function that is cortinuous, and de ne the
grid approximation '  : Z2 ! Cof' by

"n() =" (h): (2.5)

Howeer, the Green'sfunction ( k) ! is singular at k = 0, and (2.5) cannot
be readily used.We set

8

<g(jh); forj22Z2n0;

2.6
- 0 forj = 0, (2.6)

o (i) =

and since the singularity at k = 0 is integrable, the error causedby (2.6)
becomessmall when the discretization is re ned.

We discretizethe periodic corvolution operator

Z S Z S
(A" )k)=(g ")k)= . sg(k k%' (k9)dkidk? (2.7)
with the formula
Ay w=F *Fg, F'h; (2.8)

whereF is the discrete Fourier transform and denotescomponert-wise mul-
tiplication. The practical value of formula (2.8) is that application of the op-
erator Ay, can be implemerted using the fast Fourier transform.



The discreteversionof (2.2) is now
[| ht Ah(Th )]Wh = fu; (29)

wherel,, denotesthe idertity matrix of sizeM? and T, denotescomponert-
wise multiplication by the matrix [T(j)]. Sohability of this equation (for
su ciently large m) is a consequencef the sohability of (2.1). To avoid ex-
plicit represemation of the inverseoperator [I, + An(T, )] ! in the numerical
solution of (2.9) we employ an iterative method, sud as GMRES [32].

Note that sincethe operator [I, + An(T, )] is real-linear but not complex
linear, the real and imaginary parts of the complex solution vector w, must
be kept separatewhen using GMRES. An algorithm which avoids the use of
the equivalert linear systemof doubled sizeis found in [16].

3 Two{grid extension of the algorithm

We shov how a two{grid method givesextra resolution with reasonablecom-
putational expensecomparedto solving (2.9) iterativ ely on one grid. We con-
struct a two grid schemewith one ne grid and onecoarsegrid. We then solve
(2.9) on the coarsegrid and re ne the solution on the ne grid.

Choose0 < m < m andde ne the ne grid G, by (2.3) and its cellshy (2.4).
We next introducethe coarsegrid G, and its panelsB; ., (we call the cells
of the coarsegrid panels). The following two requiremenis must be ful lled
[37, section5.12]:

R1 Every point of the coarsegrid must belongto the ne grid: G, Gn.

R2 Every cell Bj, ofthe ne grid must be cortained in somepanelB;  , and
cornversely the closureof any panel must be the union of somecollection of
closuresof ne grid cells.

DenoteM = 2" andseth = 2s=M ; then 0< h < h . De ne the coarse
grid G, equivalertly to (2.3):

Gn =fjhjj 222 g (3.1)

Requiremen R1 clearly holds: the coarsegrid is an equispacedcollection of
points in G,,. The de nition of panelsmust, howewer, be di erent from the def-
inition of ne grid cells:the coarsegrid points cannotbe certerpoints of square
cellswithout violating R2. We give the following de nition asa compromise:

: —
B, = int( Bin); (3.2)
j23



whereint denotestopologicalinterior and
J =fj22Z%jj, h<j +2™"™h =12

An illustration of the coarseand ne grids is found in gure 2. De nitions
(2.5) and (2.6) apply for the coarsegrid just by changingj toj andhto h .

Fig. 2. Left: coarseand ne grid of the two{grid method correspondingto m = 2
and m = 4. Small dots denote the points of the ne grid and big dots denote
the points of the coarsegrid. Star denotesthe origin (that belongsto both grids).
Lines indicate boundariesof panels.Note that the coarsegrid collocation points are
regularly distributed but are not at the certer of panels. Right: sameas left plot
butm = 3andm= 6.

We require operators for transitions from one grid to the other. The operator
pnn taking functions Z2 ! C on the coarsegrid to functions Z2, ! C on
the ne grid is de ned by piecewiseconstart interpolation:

(Prh Wh )(j) = Wy (j ) for uniquej 2 ZZ forwhich By, B, : (3.3)
The ne-to-coarseoperator py, 1, is simply restriction:

(pr nWh)(j ) = Wa(j) for uniquej 2 Z2 for whichjh=j h : (3.4)

The two{grid sthemeis basedon the obsenation that the solution wy, of (2.9)
satis es
wh = fan  Tip Wh (3.5)
where
fo =fn Pon (n +An (Th ) P vAn(Th s
and the operator T, is de ned by

TE =0n P (Un A (Tn ) Prnlln+ An(Tn DIAK(TH  ):
(3.6)

The point is that whenh is su cien tly smallthen the operator norm of T2}
is small (see(4.15) below), and hencel + T,\® canbeinverted by a Neumann



series,and the solution to (3.5) can be computed by
*»
Wh = (In+ Tin ) o = (T n )"fn
n=0

By using again (4.15) it is easyto verify that the Neumann seriescan be
approximated by using the recursive formula

N _ 00 N 1
Wp = T pp Wy —+ fp

with any given initial choice for w?: For our purposethe natural choice for
wp is the coarsegrid solution. This givesthe following two{grid scheme for
computing an appraximate solution to (2.9):

Wﬁ = Pnh Wh ;
For n=0:(N 1)
I’ﬂ = WH + Ah(Th W_ﬂ) fh

Wit =wloorl pen (h + A (Th ) 2o nAR(Th 1)

(3.7)

Note that m hasto belarge enoughfor the inverseof the coarsegrid operator
(Ih + An (T ) to exist. This operator is then inverted using the one{grid
sthemedescribed in section 2.

When we want to apply the two-grid method for solving (2.9) on a grid of size
given by the parameterm; the sizeof the coarsegrid given by the parameter
m and the iteration number N hasto be chosen.Thesechoicesare related to
the accuracyof the method and will be discussedn section4.

4 Accuracy and complexit y of the metho d

The one{grid method described in section 2 is inspired by method (5.13) in
[37], but sinceour assumptionsare slightly di erent, the corvergenceratesin
[37, Theoremb5.1]are not immediate. Howe\er, the expectedcorvergencerates
follow from a proof analogousto that of [37, Theorem 5.1]. We will outline
the main stepsbelow.

The theory of discrete corvergenceis usedin [37]to analyzethe corvergence
of the discretization method. We alsoadopt this languagefor the proofs. The
following de nitions are taken from [37].

De nition 4.1 Let E be a Banach space and let E,, be a family of Ba-
nach spaces parameterizel by h 0 (all spaces real or all complex). Let



pn 2 B(E; Ep) be the so-alled connection operators satisfying
kpnhuke, ! Kuke:

A family fungo<h<q Of elementsuy, 2 E;, is called discretely convelgentto an
elementu 2 E if kup phukg, ! Oash! O.

De nition 4.2 A family fu,g of elementsuy, 2 E,, is called discretely com-
pact if any sequene f u,g formed by the elementsof the family with h, ! 0
contains a discretely convelgent subsguene.

De nition 4.3 A family of linear boundel operators T, 2 L(En; Ey) is called
discretelyconvemgentto T 2 L(E; E) if the followingimplication holds:discrete
convelgene of a family of elementsfu,g 2 Ey to an elementu 2 E implies
discrete convelgene of Thu to Tu.

De nition 4.4 The boundel linear operator Ty, conveigesto T discretelycom-
pactly if the implication in de nition 4.3 holdsand

lim supkupke, <1 implies fT,ung is discretely compact: (4.2)
hi 0

We extend de nitions 4.3 and 4.4 to include conjugatelinear operators. Note
that Lemmas4.1, 4.2 and Theorem4.1 of [37] hold for conjugatelinear oper-
ators aswell.

For our purposewe let E = C(S), the set of cortinuous functions on the set
S equipped with the suprermrum norm, and let E, = M ,m ,m be the spaceof
2™ 2™ matrices equipped with the supremum norm. Further, we de ne the
connectionoperatorsp, 2 B(E;En) by (pn )(j) = (jh); j 2 Z3:

Theorem 4.1 Let conditions A1l and A2 hold for equation (2.2). Then there
exists mg > 0 suchthat for m > mg the system(2.9) has a unique solution
W, with

jrga%(jwh(j) w(jh)j Ch; (4.2)

where h = 2s=2™ and w is the unique solution to (2.2).

Pro of. De ne the operators T 2 B(E); Ty; T,2°2 B(E) by

Z
Tugk) = < J(kzou(k(bdk‘l’dko; K2'S
S
1 X % Tk I

Thun(j) = — .h( ?(c)dk;’dkguh(l);
|2X2m BI;hJ

T Un() = h? on(  DTh(Dun(l):
12 2



Note that theseoperators are compact. The proof is divided into three steps:

(1) Show the existenceof hy > 0 sud that for 0 < h < hy the system(2.9)
has a unique solution wy, with

eraZXjWh(j) w(ih)ji  CKTbaw  pnTwke,: (4.3)

(2) Shaow that
KThpnw  pnTwkg, Ch (4.4)

for the solutionw 2 E to (2.2).
(3) Show that

KTh T KsE, Ch: (4.5)
It is clearthat (4.2) follows from (4.3) { (4.5) by the triangle inequality.

Claim (1) follows from [37, Theorem4.1],sinceT, ! T discretely compactly.
For a complete proof of this fact we refer to the proof of [37, Lemma 5.2],
which is easily adaptedto our setting.

To prove (4.4) we usethe fact that the solution w to (2.2) is Lipschitz cortin-
uousin S: Henceit follows that

X 2 T(K9
Biw jh kO
Z

KThpaW  pnT WKe, = max (paw(l)  w(k9)dkddkd

M2 2
- . 1 0 0 . .
maxjT (k)] Sjk—kqdkldkz max jw(zi)  w(z)j
21;,222Bp
C max jz; 2z
12 2;

&
21;,222Bp

Ch:

Concerning(4.5) note that

X - -
KTh Tho?(B(Eh):JnZ]aZX iTitn  Tivhis

wherefor j; 1 2 72

z
_ T(K) o0
Tjin = T kOdkldkz,
). .
T = <h?il 16
e | = j:

10



By usingthe Lipschitz cortinuity of T it canthen be proved that
!
2 TKY  T(h)

X X
iTi. TOO = - - dkodko
|6jJ i ej B Jh k% jh h o
Ch:
Moreover,
z z
- - — T(k(b O 0 - - 1 O 0 .
iTijni = - mdkldkz kngaj.;(jT(k)J 3<P 21 J.?(]dkldkz Ch:
Hence

- - X - -
kTh  Toke,) = er21a2X(JTjj;hJ + T T
m 6]
Ch:
2

Concerningthe complexity of the one{grid method we note that with an FFT
implemertation one application of the discrete corvolution operator (2.8) is
donein O(M?2logM) arithmetical operations. Henceto sole (2.9) using an
iterativ e solver with a xed upper bound on the numbers of iterations also
requiresO(M ?logM) arithmetical operations.

Recall the de nition of the operator T,X from (3.6) and note that
T = (n P Prn) T pon (In + 7299 H(pn n T T0%n n)T°
Dene Thn by
Ton = [n Pon (Un + To ) 'pron(ln + To)lTh

=(n P Phn)To+Pon (n +Tw) *PnnTh ThPrn)Th (4.6)
We rst prove a lemmaneededto establishthe convergencerate of the two{
grid method.
Lemma 4.1 For h suciently smal and0< h< h wehave

kTh;h kB(Eh;Eh ) Ch |Ogh .

Pro of. We want to prove that

K(Ih ~ Poh P n)ThkeEe,) Ch logh ; 4.7)
K(Ph n T Th Pn n)ThkeE,) Ch logh : (4.8)

11



Then the conclusionfollows from (4.6) and the fact that for h su ciently
small, the operator I, + Ty, isinvertible with uniformly boundedinverse(see
[37,Lemma4.2]).

For wy, 2 Ey, de ne the piecewiseconstart function Wy, 2 E by

W)= wn) gn (0 (@.9)

iz &

where 8
21, if k2Bjn;

. (4.10)
7 0; otherwise.

ih (K) =
Then kwWhke = kwyhKg, and

Z
. 1 T(kY) ——
TGy = 120D g

= L ’ T(k% 0O I
) _|2 2 Bin deldkzwh(|)

Thwi(j):

From [39, Theorem 1.22]it is known that
jTu(x) Tu(y)j Ckukgjx yjlog(x yj):
In particular we have
iTWh(Ih)  Twh(jh)j Ckwnkejlh jhjlog(lh jhj); (4.11)
which implies
iTawn(1)  Tawn(j)i  Ckwnke,jlh  jhjlog(jth  jhj): (4.12)
By (3.3) and (3.4) we seethat

J(n Pon P ) TaWn(3)i = JTaWn(J)  Prn P n TaWh(j )]
= JTawn(J)  Tawn( )i;

wherej isthe uniquej 2 ZZ sud that Bj, B, ., - Then by (4.12)
J(ln Pon Pn ) TaWn(j)j  Ckwhkeh log(h );

sincej andj arein the samepanel. This gives(4.7).

12



Now let v, denote T,w;,. Then

((Ph v Th Th Pa VR ) = Teve( ) Th ProaVe( )

Z
X
1 T eoeikov, (1

12 r2n Bl;hj h kO
1 x Z T(K9
= — - dk3dkSvn (I
| 2 r2n B J h ke h( )
1x 2 TKY
= = : dk%kd(vn(1) (I
22 B i h ko 1 2( h() h( ))

wherel is de ned by (3.4). Sincel and| arein the samepanel we conclude
that

Z TK9
dkodko Ckwike, h log(h );

J((Ph hTh Th Pr n)Wh)( )i SUp g
which proves(4.8). 2
The following theorem givesthe corvergencerate of the two{grid method.

Theorem 4.2 Let conditions A1 and A2 hold for equation (2.2). Then for
suciently smalh > 0and0< h< h, the function w) in (3.7) satis es

jn;a}jWhN () wn(j)] jrga}jwﬁ(j) wi(j)i(Ch log(h )™; (4.13)

whee N = 0;1;2;:::; and w;, is the unique solution to the discrete equation
(2.9).

Pro of. It follows asa consequencef (4.5) that
KT.%%  Thn Kee,) Ch: (4.14)

Thus, (4.14) and Lemma4.1imply that

KT Keeny KTh Thn Keen) + KThn Kee,) Ch log(h):  (4.15)
If Ch log(h ) < 1, then kT,% k < 1 and (3.5) is uniquely sohable. Thus, the
iteration stheme(3.7) corvergeswnh rate of corvergence

kwh  whke,  kwd  wpkg, (Ch logth )N; N =012 :::

whereC is independent of h and h . This provesthe theorem. 2
Sincethe solution wy, to the discreteequation (2.9) corvergesby Theorem4.1

to the solution w to the cortinuous equation (2.1) with rate O(h); and the

13



appraximate solution w) to (2.9) computedby the two{grid method converges
to w,, with the rate givenin Theorem4.2, we can by choosingthe parameters
m andN ensurethat alsow]) corvergesto w with rate O(h): This is achieved
when

jrgazxjwﬁ(j) wi(j)i(Ch logth )™  Ch:

The choice of the initial guessin (3.7) givesby Theorem4.1
jn;a%(jwﬁ(j) Wh(j)j = jn;azi(jphh Wh (7))  wWa(j)j
Ch;
and hencewe considerthe inequality
h N*logth )N Ch
for N and h : A reasonablechoicefor h ish  h'=3; which implies that the

desiredaccuracywill be reached asymptotically in N = 3 steps.Note that the
choiceh  h¥® implies that m should be chosenas

The complexity of the two{grid method is alsoO(M 2 log(M)); sincethe algo-
rithm (3.7) involvesthe application of the discrete corvolution operator (2.8)
on the ne grid.

5 Application to the inverse conductivit y problem

The inverseconductivity problemis the mathematical problembehindarecen
method for medical imaging called Electrical ImpedanceTomograplty (EIT).

The problem is to recover a bounded and strictly positive conductivity in
a body from static electric measuremets on the boundary of the body.
See,for example, [14] for further information about EIT. We considerhere
the two-dimensionalproblem, i.e. R?: If we apply a voltage potertial
f 2 H¥(@ on the boundary of ; a voltage distribution u 2 H() is
inducedin  descriked uniquely asthe solution to the conductivity equation

r ru=0in ; u=f on@: (5.1)

14



The voltage potential in  givesriseto a current ux through the boundary
given by

@ .
@®"
which canbe measuredat the boundary. All possibleboundary measuremets
are encaled in the map

@ .
@

the so-calledDirichlet-to-Neumannmap or voltage-to-currert map that maps
any voltage distribution on the boundary to the resulting current ux.

f 7!

The inverseconductivity problem as consideredby Calderon [12] consistsof
two questions.First, doesthe Dirichlet-to-Neumann map determine the
conductivity  uniquely, and then if so, how can the conductivity be recon-
structed?

For su cien tly regular conductivities having essetially two derivativesNad-
man [26] gave a uniquenesroof and a reconstructionalgorithm, and for less
regular conductivities with only one derivative Brown-Uhlmann [11] general-
ized the uniquenesgesult. Both methods are basedon solving @equationsof
the type (1.1). In this sectionwe will outline a reconstruction method based
on the latter approad and shov how the implemertations descriked above
can be usedin this cortext.

Let u be a solution to the conductivity equation(5.1) and identify (z;;z,) 2

with the complex number z = z; + iz,: Then (v;w) = 2(@u; Qu) solves
the system

@v = qw;

5.2

@Qw = qv; 62

where
q= = ¥ (5.3)

If we assumethat = 1 near the boundary of then g can be extended

smaoothly to R? by settingg= 0in R?n : The ideain the @method of inverse
scattering theory is then to look for a special exponertially growing solution
( k)= (1, 2)(z;K) in R? to the system(5.2) with

( z;Kk) = m(z; k)€?; jZIji'rln m(z; k) = jZIji'rln (my;my) = (1;0):  (5.4)
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To construct m let e(z; k) = exp(i(zk + zk)) = exp(i2Re(k)) and de ne
m (z;k) = my(z; k)  ma(z;K)e(z; k): (5.5)
This function satis es by (5.2) and (5.4) the @equation

@m (z;k) = q@)e(z; k)m (z;k); jzIJ,i!rln m (z;k) = 1, (5.6)

from which m canbe recovered uniquely both theoretically and numerically.
This alsogivesm(z; k) by (5.5).

Asscciated with q is then the function
. Z
Sk =+ ez K)u)my(z K)dzdz; (5.7)

the so-callednon-physical scattering transform of the potential g

The usefulnessof introducing the scattering transform in the solution of the
inverseproblem is two-fold. First, the scattering transform can be computed
from boundary data [20,22],and second,the conductivity can be computed
from S: This givesa reconstruction procedureconsistingof the two steps

It s1?

Note that the stability analysisin [23,5] shows that the EIT problemsis ill-
posedand that the ill-p osednessomesfrom the rst step. The secondstepis
actually well-posed.Here we will only considerthe numerical implemertation
of the secondstep. Seereferenceqd20,21,34,35,24jor complete implemerta-
tions.

To compute from S considerthe @equationin the parametric variable k;
@m*(z;k) = S( K)e(z; kym* (z;k); Jim m*(z;k) = 1 (5.8)
This equation has the unique solution m* (z; k); which is highly related to
m(z; k) (see[20,22]). Moreover, from this solution we can compute
(2) = (Re(m* (z; 0)))*: (5.9)
Henceby knowing S; we can solwe (5.8) and then obtain the from (5.9).

In the next subsectionswe will usethe implemertations described in section
2 and 3 to compute the scattering transform for a particular potential and
reconstruct the conductivity from the scattering transform. First we will by
solving (5.6) and using (5.7) compute the scattering transform of a particular
potertial de ned from a conductivity by (5.3). Then we considerthe inverse
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problem and computethe conductivity from the scattering transform by solv-
ing (5.8) and using (5.9).

5.1 Testexample

Our test exampleis a numerical chest phantom consistingof a heart and two

lungs, wherein onelung there is an abnormality. To simulate a cross-section
of the chest during expiration, the conductivity of the phantom lungs was
taken to be 1 mS/cm, the conductivity of the phantom heart was taken to

be the approximate longitudinal conductivity of heart muscle,6 mS/cm, and

the badkground conductivity was chosento be 3 mS/cm. The conductivity of

the abnormality was taken to be 4 mS/cm to simulate a tumor. Thesecon-

ductivities were then scaledby dividing by 3 mS/cm sothat the badkground

conductivity is 1, the conductivity of the phantom heart is 2, the conductivity

of the phantom lungs is .33, and the conductivity of the phantom tumor is

1.33. The phantom was then mollied so that the resulting conductivity is

a smooth function on the unit circle; seethe top row of Figure 3. For this

conductivity we have computed the correspnding potential g by (5.3) using

numerical di erentiation.

We now computethe scattering transform S(k) ona 60 60 uniform k-mesh
in the square[ 20;20F: First we solve the equation (5.6) for eah k in the
grid. Sincethe potertial qis supported inside[ 1;1J? the equivalert periodic
integral equationis

2222 o(29e(z%k)

k=1
m (z;K) 2 2 z 20

m (z%k)dz,dz; (5.10)
which can be solved numerically by the one{ and two{grid implemertations

descrited in section2 and 3. In the one{grid implemertation we have chosen
the grid-sizem = 7; and in the two{grid implemertation we have chosenm =

3:m= 7andN = 3: Next, to computeS we usethe known function &(z; k)q(z)
and the computed function m;(z;k) = m,(z;k) + m (z;k) to ewaluate the
integral (5.7) by the trapezoidrule. Since(5.6) was solved both usingthe one-
and two{grid implemenations, we get two discrete approximations S;; S, of
S. The relative I* -di erence of the two functions is approximately 1%.

Having computedthe scattering transform we now considerthe secondstepin
the reconstructionalgorithm for the inverseconductivity problem,the compu-
tation of from S: First, we want to sole (5.8) for m* (z; k): Note that since
S is not compactly supported, the equation (5.8) is not readily in the form
(1.1). HenceS hasto be truncated beforethe numerical implemenations can
be usedand this cut-o will introducea systematicerror. Howeer, sinceS is
a rapidly decaing function, the error can be neglected.In our computations
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we have chosento cut-o the scattering transform at jkj = 20; which re ects
the support of the pre-computedapproximations S; and S,: To compute the
solution to (5.8) we therefore considerthe periodic integral equation

“ 4020 S(K9e(z; K9

40 40 k kO

m*(z;k) = 1+ m* (z; k) dk{dkd;

which is solved using the one{ and the two{grid implemertations. In the one{
grid method we choosethe parameterm = 7 and usethe appraximation S;;
and in the two{grid method we choosem = 7;, m = 3; N = 3; and usethe
appraximation S,: In both casesthe conductivity is computed on a uniform
60 60z-meshin the square] 1;1]°: Next, to computethe conductivity we use
(5.9), i.e. we evaluate the computedsolutionsto (5.8) at k = 0: This givestwo
reconstructionsbasedon the one{ and two{grid methods. The reconstructions
aredisplayedin Figure 3. The relative ! -di erence of the two reconstructions
is 3%; andthe relativel® -error in either of the reconstructionswhencompared
to the true conductivity is approximately 6%

We now comparethe speedand the memory usageof the one{grid and two{
grid method. For di erent valuesof the discretization level (given by the num-
ber m; wherethe sizeof ead cell is h? for h = 2 ™) we have measuredthe
speedand the memory requiremerts for computing m. (z; k) for xed k = 1:
For the two{grid method the number of iterations have beenchosenaccording
to the analysisin section4 asN = 3: Table 5.1 cortains the results for both
methods.

Memory (in megalytes)  Speed(in seconds)

m m  One{grid Two{grid One{grid Two{grid
6 3 106 104 1 1
7 3 120 113 3 2
8 4 173 148 18 8
9 4 386 286 110 43

10 5 1252 836 450 176

Table 1

Speed and memory usage for computing the function m; (z;1) by the one{grid
and two{grid methods, respectively. The quartity m appliesonly to the two{grid
computation.

It is clear that the two{grid is superior both concerningmemory usageand
speed.

Note that for both methods the speeddecreasedy approximately a factor 4;
when going from a grid of size2™ to a grid of size2™**: This is expectedsince
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the the complexity is O(M ?log(M)) = O(m2°™) for M = 2™:

Next we considerthe accuracyof the one{grid method. Sincethe true solution
m. (z; k) is not known explicitly, we have taken the most accurateappraxima-
tion asthe true solution and comparedit to the other approximations. In this
test we have againtaken the parameterk = 1: Let (m. ), denotethe solution
to the discreteversionof (5.10) at discretizationlevelh = 2 ™ and de ne the
error

En = k(M )n  Prno(mMy )noke, ;

whereh® correspndsto the choicem = 10. As before py,o denotesthe transi-

tion operator from the ne grid to the coarsegrid, and E}, is a spaceof matrices
equipped with the sup-norm. Table 5.1 shaws the results of the convergence
analysis.

m Error B, Ratio En=Eq+1
3 0.5274 24

4 02173 2.0

5 0.1109 2.5

6 0.0436 1.6

7 0.0272 25

8 0.0107 2.3

9 0.0048

Table 2
Analysis of the corvergenceof the approximate solution m. ,(z; 1) computed by the
one{grid method to the true solution m (z; 1):

Recallthat Theorem4.1 shows that the one{grid method hasaccuracyO(h):
Sinceh is decreasedy a factor of two whenthe parameterm in Table 5.1is
increasedby one, we would expect the error to be decreasedy a factor two
aswell. Looking at the last column of Table 5.1 we obsene that most of the
numbers are su cien tly closeto two, in order to concludethat the numerical
convergenceanalysisgivesevidencefor the theoretical corvergenceanalysis.

For the two{grid method the relevant error correspnding to (4.13) is
Erﬁ;m = k(m+)l'l\1l (m+)thh;

where (m, )N is the appraximate solution to the discrete version of (5.10)
computed by the two{grid method computed at discretizationlevelh =2 ™
with the iteration number N and the coarsegrid de ned by m : To test the
convergencerate for the two grid method we have for di erent choicesm and
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N computed the error EY.,, . The ne grid parameteris xed at m = 1G
As above, we have chosenk = 1. Table 5.1 cortains the results. As expected

m nN 0 1 2 3 4 5 6 7
6 0.36 0.049 0.014 0.0036 0.00094 0.00037 8.4e-05 2.9e-05
7 0.21 0.025 0.0071 0.0018 0.00045 0.00018 4.1e-05 1.5e-05
8 0.094 0.011 0.0031 0.00078 0.00019 7.6e-05 1.8e-05 6.5e-06
9 0.03 0.0037 0.0010 0.00026 6.2e-05 2.5e-05 6.9e-06 3.0e-06
Table 3

Error E).,, for dierent choicesof N andm for the two{grid method. In eac case
we have chosenthe ne grid parameterm = 10

we seeimmediately from Table 5.1 that the error decreasess the iteration
number N growsandash decgs(m grows). From amoredetailedinspection
we can draw two conclusions:First, the error ratio Ey;i =EN,, seemsto be
independert of m (i.e. h ) and seemsto vary with N in a way which is not
obvious. Second the error ratio E},, =EN., .1 seemgo beindepender of N
and seemsto grow with m : The numerical analysisindicates that there is
an intimate connectionbetweenthe discretization level, the iteration number,
and the error. However, the resultsin Table 5.1 do not explicitly support the

results given in Theorem4.2.

6 Conclusion

We have presertied a method for computing the solution to @equations of
the form @v = T(k)w(k). One{grid and two{grid versionsof the multigrid
method of Vainikko [38,33]are applied with a FFT implemertation. We prove
that the accuracy of the method is order h. We shav that @equationsin
the form above appear naturally in the context of the inverse conductivity
problem, which is the underlying mathematical model in electricalimpedance
tomograply (EIT). With the useof the implemertations we solwed rst the
forward problem of computing the scatteringtransform from a known conduc-
tivit y, and secondthe inverseproblem of computing the conductivity from the
scattering transform. Both problemswere basedon solving a @equation, and
the resultsshowv that we have a fast and reliableimplementation of a solver for
sud equations.Moreover the numerical results give evidencefor the accuracy
of the methods.
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Fig. 3. Top row: original conductivity. Middle row: conductivity 1 reconstructedby
the one{grid method. Bottom row: conductivity 2 reconstructed by the two{grid
method.
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