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Abstract

A fast method for solving �@-equations of the form �@v = Tv is presented, where v
and T are complex-valued functions of two real variables. The multigrid method of
Vainikko [Dir ect and inverseproblemsof mathematical physics, Int. Soc. Anal. Appl.
Comput., 5, Kluwer 2000] is adapted to the problem with a FFT implementation.
Convergencewith rate O(h) is proved for the method applied to equations of the
form above. One{grid and two{grid versionsof the method are implemented and
their e�ectiv enessis demonstratedon an application arising in electrical impedance
tomography (EIT).
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1 In tro duction

In this paper we considerthe numerical computation of the solution v : R2 !
C to the �@-equation

@v(k) = � T(k)v(k) (1.1)

� Corresponding author
Email addresses:kim@math.auc.dk (K. Knudsen),

mueller@math.colostate.e du (J. Mueller), samuli.siltanen@iki.fi (S.
Siltanen).

Preprint submitted to Elsevier Science



with the asymptotic condition lim jkj!1 v(k) = 1: Here the �@-operator is de-
�ned by

�@= @k =
@
@�k

=
1
2

 
@

@k1
+ i

@
@k2

!

(1.2)

and the multiplier T : R2 ! C is assumedto have compact support. In the
sequelwe identify k 2 R2 with k 2 C and usek = (k1; k2) and k = k1 + ik 2

interchangeably.

By convolving in (1.1) with the Green's function 1=� k for �@, it follows that
the equation (1.1) together with the asymptotic condition is equivalent to the
integral equation

v(k) = 1 �
1
�

Z

� 2

T(k0)
k � k0

v(k0)dk0
1dk0

2; k = k0
1 + ik 0

2 2 C; (1.3)

or

v(k) = 1 �
1

� k
� (T(k)v(k)) (1.4)

where� denotesconvolution. We consider(1.4) asan equation in an appropri-
ate function spaceon a boundeddomain containing the support of T; and to
solve this equationnumerically we adapt the multigrid method introducedby
Vainikko [37].This method is a fast method basedon FFT for solving integral
equationswith weakly singular kernels.

The equation (1.1) arisesin connection with problems in inversescattering
and nonlinear evolution equations. In the context of inversescattering, the
idea behind the �@-method is to apply the �@-operator to an integral equation
that governs the solution of the scattering problem and derive a �@-equation
that the solution satis�es. This method leadsto linear integral equationsfor
reconstructing the eigenfunctionsand the potential and also provides neces-
sary conditionswhich the scatteringdata must satisfy. The �@-method was�rst
usedby Bealsand Coifman [6] for the quantum inversescattering problem in
1-D and wasextendedto 2-D problemsin [2] in the context of the Kadomtsev-
Petviashvili (KP) equation which has applications in water waves, strati�ed

uids and plasmaphysics.Seealsothe references[7,8,18,28,31]for applications
to multidimensional problems.More recently, the �@-method hasbeenusedin
inverseproblemsin medical imaging including in electrical impedancetomog-
raphy (EIT) by Nachman [26,27]and Brown{Uhlmann [11] and in positron-
emissiontomography (PET) by R. Novikov [29,30].Out of the numerousnon-
linear evolution equations where equation (1.1) is useful, we single out the
Novikov{V eselov equationsintroducedby Novikov and Veselov [40] and con-
sideredby Boiti et al. [10] and Tsai [36] and the Davey{Stewartson equations
[15,1].

The numerical solution of equation (1.1) was consideredby Siltanen, Mueller
and Isaacson[34] for EIT in the numerical algorithm basedon Nachman's
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uniquenessproof for the 2-D inverseconductivity problem[26].In [34,35,24,25]
equation (1.1) was solved numerically by a 2-D adaptation of the method of
product integrals [4]. The numerical solution of equation (1.1) has also been
applied to EIT by Knudsen [20] in the numerical algorithm based on the
Brown-Uhlmann uniquenessproof for the 2-D inverseconductivity problem
[11]. A fast, direct algorithm for the Lippmann{Schwinger equation in two
dimensionsis found in [13].

We describe both one{ and two{grid implementations of Vainikko's method.
Details of this method for the Lippmann{Schwinger equation can be found
in [38,33].This method has beenimplemented in [24] for the computation of
Faddeev'sexponentially growing solutions [17] and in [19] for the numerical
computation of the solution to a scatteringproblem.Furthermore, we will dis-
cussthe complexity and accuracyof the method and show that the complexity
of the method is O(M 2 log(M )) for obtaining the solution with accuracyorder
O(h); h = C=M ; on a plane grid of sizeM 2:

This paper is organized as follows. In section 2 we give the details of the
fast algorithm and in section 3 we describe the two{grid extension.Then in
section 4 we analyzethe accuracyand complexity of the method. Finally in
section5 we provide an exampleof the application of the method to electrical
impedancetomography.

2 The fast algorithm

In this sectionwe describe a fast algorithm for numerical solution of the inte-
gral equation (1.3). The method is basedon the work of Vainikko [37].

We wish to consider the equation (1.3) in the spaceC0;1(R2); the spaceof
Lipschitz continuousand boundedfunctions on R2: A suitable assumptionon
the function T is then the following:

A1 Properties of T. We assumethat T is compactly supported in an open set

 and that T 2 C0;1(R2).

With such T the equation (1.3) is uniquely solvable:

Lemma 2.1 Assume T satis�es assumption A1. Then (1.3) has a unique
solution v 2 C0;1(R2) with the property that v � 1 2 L p(R2); 2 < p < 1 :

Pro of. It is well known that when T 2 L 2(R2) is compactly supported then
the integral equation(1.3) hasa uniquesolution v which satis�es the condition
(v � 1) 2 Lp(R2) for 2 < p < 1 (seefor instance [22, Proposition 2.2] for a
proof of this fact).

3



supp(T)

(s,s)

S

(s/2,s/2)

Fig. 1. The large squareS determinesthe periodization of the �@-equation. The circle
and both of the squaresare centered at the origin, and the radius of the circle is � .

Concerningthe smoothnessof v we note that Tv 2 L p(R2); and hencev � 1 =
� (� k) � 1 � (Tv) 2 C0;� (R2) for any � < 1; see[39, Thm. 1.21].From this fact
we deducethat Tv 2 C0;� (R2) \ Lp(R2) and hencefrom [39, Thm. 1.34] we
concludethat v � 1 = � (� k) � 1 � (Tv) 2 C1;� (R2): The claim now follows from
the continuousembedding C1;� (R2) � C0;1(R2): 2

The fast algorithm is basedon the following crucial observations:

� If we know v(k) for k 2 supp(T), we can compute v in the whole plane by
v = 1 � (� k) � 1 � (T �v).

� Let � > 0 be such that supp(T) � B(0; � ), where B(0; � ) is the open disc
with radius � and center at the origin. If k 2 supp(T) then the integral
in (1.4) does not involve the values of the convolution kernel (� k0)� 1 for
jk0j � 2� .

We will consider a periodic equation allowing fast solution and giving the
solution to the full-plane equation. Chooses > 2� and set S := (� s;s)2; see
Figure 1. Considerthe following equation for functions that are 2s-periodic in
k1 and k2:

w(k) = f (k) �
Z s

� s

Z s

� s
g(k � k0)T(k0)w(k0)dk0

1dk0
2; (2.1)

or more brie
y
[I + g � (T � � )]w = f ; (2.2)

where� denotesconvolution on the torus and f satis�es the following:

A2 Smoothnessof f . We assumethat f 2 C0;1(R2) is 2s-periodic in k1; k2:

Clearly, f � 1 satis�es A2. The 2s-periodic function g appearing in (2.1) and
(2.2) is given by g(k) = (� k) � 1 for k 2 S. (It is also possibleto truncate g

4



sharply or smoothly at jkj = 2� ). It is easily checked that

vjsupp(T ) = wjsupp(T ) ;

and that unique solvabilit y of (1.3) is equivalent to that of (2.1) with f � 1.

Next we discretizeequation (2.2). Choosea positive integer m, denoteM =
2m ; andseth = 2s=M . Note that the choiceof M is takenmainly for simplicity;
the algorithm would work just as well when M is a product of small primes.
De�ne a grid Gm � S by

Gm = f j h j j 2 Z2
m g; (2.3)

Z2
m = f j = (j 1; j 2) 2 Z2 j � 2m� 1 � j l < 2m� 1; l = 1; 2g:

Note that the number of points in Gm is M 2. To each grid point x 2 Gm we
attach a cell, an open set that contains x. The cellsare given by

B j;h = f (x1; x2) 2 R2 j (j l �
1
2

)h < x l < (j l +
1
2

)h; l = 1; 2g (2.4)

for j 2 Z2
m .

Let ' : R2 ! C be a 2s-periodic function that is continuous, and de�ne the
grid approximation ' h : Z2

m ! C of ' by

' h(j ) = ' (j h): (2.5)

However, the Green's function (� k) � 1 is singular at k = 0, and (2.5) cannot
be readily used.We set

gh(j ) =

8
<

:
g(j h); for j 2 Z2

m n 0;

0; for j = 0;
(2.6)

and since the singularity at k = 0 is integrable, the error causedby (2.6)
becomessmall when the discretization is re�ned.

We discretizethe periodic convolution operator

(A' )(k) = (g � ' )(k) =
Z s

� s

Z s

� s
g(k � k0)' (k0)dk0

1dk0
2 (2.7)

with the formula
Ah ' h = F � 1

�
F gh � F ' h

�
; (2.8)

whereF is the discreteFourier transform and � denotescomponent-wise mul-
tiplication. The practical value of formula (2.8) is that application of the op-
erator Ah can be implemented using the fast Fourier transform.
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The discreteversionof (2.2) is now

[I h + Ah(Th � � )]wh = f h; (2.9)

whereI h denotesthe identit y matrix of sizeM 2 and Th � denotescomponent-
wise multiplication by the matrix [Th(j )]. Solvabilit y of this equation (for
su�cien tly large m) is a consequenceof the solvabilit y of (2.1). To avoid ex-
plicit representation of the inverseoperator [I h + Ah(Th �� )]� 1 in the numerical
solution of (2.9) we employ an iterativ e method, such as GMRES [32].

Note that sincethe operator [I h + Ah(Th � � )] is real-linear but not complex
linear, the real and imaginary parts of the complex solution vector wh must
be kept separatewhen using GMRES. An algorithm which avoids the useof
the equivalent linear systemof doubled sizeis found in [16].

3 Tw o{grid extension of the algorithm

We show how a two{grid method givesextra resolution with reasonablecom-
putational expensecomparedto solving (2.9) iterativ ely on onegrid. We con-
struct a two grid schemewith one�ne grid and onecoarsegrid. We then solve
(2.9) on the coarsegrid and re�ne the solution on the �ne grid.

Choose0 < m� < m and de�ne the �ne grid Gm by (2.3) and its cellsby (2.4).
We next introducethe coarsegrid Gm � and its panelsB �

j � ;h � (we call the cells
of the coarsegrid panels). The following two requirements must be ful�lled
[37, section5.12]:

R1 Every point of the coarsegrid must belongto the �ne grid: Gm � � Gm .
R2 Every cell B j;h of the �ne grid must be contained in somepanel B j � ;h � , and

conversely, the closureof any panel must be the union of somecollection of
closuresof �ne grid cells.

Denote M � = 2m �
and set h� = 2s=M � ; then 0 < h < h� . De�ne the coarse

grid Gm � equivalently to (2.3):

Gm � := f j �h� j j � 2 Z2
m � g: (3.1)

Requirement R1 clearly holds: the coarsegrid is an equispacedcollection of
points in Gm . The de�nition of panelsmust, however, bedi�erent from the def-
inition of �ne grid cells:the coarsegrid points cannotbecenterpoints of square
cellswithout violating R2. We give the following de�nition as a compromise:

B �
j � ;h � := int (

[

j 2 J j �

B j;h ); (3.2)
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whereint denotestopological interior and

Jj � := f j 2 Z2
m j j �

l � j l < j �
l + 2m� m �

h; l = 1; 2g:

An illustration of the coarseand �ne grids is found in �gure 2. De�nitions
(2.5) and (2.6) apply for the coarsegrid just by changing j to j � and h to h� .

Fig. 2. Left: coarseand �ne grid of the two{grid method corresponding to m � = 2
and m = 4. Small dots denote the points of the �ne grid and big dots denote
the points of the coarsegrid. Star denotesthe origin (that belongsto both grids).
Lines indicate boundariesof panels.Note that the coarsegrid collocation points are
regularly distributed but are not at the center of panels. Right: sameas left plot
but m� = 3 and m = 6.

We require operators for transitions from onegrid to the other. The operator
phh � taking functions Z2

m � ! C on the coarsegrid to functions Z2
m ! C on

the �ne grid is de�ned by piecewiseconstant interpolation:

(phh � wh � )( j ) = wh � (j � ) for unique j � 2 Z2
m � for which B j;h � B �

j � ;h � : (3.3)

The �ne-to-coarseoperator ph � h is simply restriction:

(ph � hwh)( j � ) = wh(j ) for unique j 2 Z2
m for which j h = j � h� : (3.4)

The two{grid schemeis basedon the observation that the solution wh of (2.9)
satis�es

wh = f 00
hh � � T 00

hh � wh (3.5)

where
f 00

hh � = f h � phh � (I h � + Ah � (Th � � � )) � 1ph � hAh(Th � � )f h;

and the operator T 00
h;h � is de�ned by

T 00
h;h � = [I h � phh � (I h � + Ah � (Th � � � )) � 1ph � h(I h + Ah(Th � � ))]Ah(Th � � ):

(3.6)

The point is that whenh� is su�cien tly small then the operator norm of T 00
h;h �

is small (see(4.15) below), and henceI + T 00
h;h � can be inverted by a Neumann
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series,and the solution to (3.5) can be computedby

wh = (I h + T 00
h;h � )� 1f 00

h;h � =
1X

n=0

(�T 00
h;h � )n f 00

h;h � :

By using again (4.15) it is easy to verify that the Neumann seriescan be
approximated by using the recursive formula

wN
h = �T 00

h;h � wN � 1
h + f 00

h;h �

with any given initial choice for w0
h: For our purposethe natural choice for

w0
h is the coarsegrid solution. This gives the following two{grid scheme for

computing an approximate solution to (2.9):

w0
h = phh � wh � ;

For n = 0 : (N � 1)

r n
h = wn

h + Ah(Th � wn
h ) � f h

wn+1
h = wn

h � r n
h � phh � (I h � + Ah � (Th � � � )) � 1ph � hAh(Th � �r n

h )

(3.7)

Note that m� hasto be largeenoughfor the inverseof the coarsegrid operator
(I h � + Ah � (Th � � � )) to exist. This operator is then inverted using the one{grid
schemedescribed in section2.

When we want to apply the two-grid method for solving (2.9) on a grid of size
given by the parameterm; the sizeof the coarsegrid given by the parameter
m� and the iteration number N hasto be chosen.Thesechoicesare related to
the accuracyof the method and will be discussedin section4.

4 Accuracy and complexit y of the metho d

The one{grid method described in section 2 is inspired by method (5.13) in
[37], but sinceour assumptionsare slightly di�erent, the convergencerates in
[37,Theorem5.1]arenot immediate.However, the expectedconvergencerates
follow from a proof analogousto that of [37, Theorem 5.1]. We will outline
the main stepsbelow.

The theory of discreteconvergenceis usedin [37] to analyzethe convergence
of the discretization method. We alsoadopt this languagefor the proofs. The
following de�nitions are taken from [37].

De�nition 4.1 Let E be a Banach space and let Eh be a family of Ba-
nach spaces parameterized by h � 0 (al l spaces real or all complex). Let
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ph 2 B(E; Eh) be the so-called connection operators satisfying

kphukEh ! kukE :

A family f uhg0<h<H of elementsuh 2 Eh is called discretely convergent to an
elementu 2 E if kuh � phukEh ! 0 as h ! 0.

De�nition 4.2 A family f uhg of elementsuh 2 Eh is called discretely com-
pact if any sequence f uhg formed by the elementsof the family with hn ! 0
contains a discretely convergent subsequence.

De�nition 4.3 A family of linear bounded operators Th 2 L(Eh ; Eh) is called
discretelyconvergentto T 2 L(E; E) if the following implication holds:discrete
convergence of a family of elementsf uhg 2 Eh to an elementu 2 E implies
discrete convergence of Thu to Tu.

De�nition 4.4 The bounded linear operator Th convergesto T discretelycom-
pactly if the implication in de�nition 4.3 holdsand

lim sup
h! 0

kuhkEh < 1 implies f Thuhg is discretely compact: (4.1)

We extend de�nitions 4.3 and 4.4 to include conjugatelinear operators. Note
that Lemmas4.1, 4.2 and Theorem4.1 of [37] hold for conjugatelinear oper-
ators as well.

For our purposewe let E = C(S), the set of continuous functions on the set
S equipped with the supremum norm, and let Eh = M 2m � 2m be the spaceof
2m � 2m matrices equipped with the supremum norm. Further, we de�ne the
connectionoperators ph 2 B(E; Eh) by (ph � )( j ) = � (j h); j 2 Z2

m :

Theorem 4.1 Let conditions A1 and A2 hold for equation (2.2). Then there
exists m0 > 0 such that for m > m0 the system(2.9) has a unique solution
wh with

max
j 2 �

2
m

jwh(j ) � w(j h)j � Ch; (4.2)

where h = 2s=2m and w is the unique solution to (2.2).

Pro of. De�ne the operators T 2 B(E); Th; T 00
h 2 B(Eh) by

T u(k) =
1
�

Z

S

T(k0)
k � k0

u(k0)dk0
1dk0

2; k 2 S

Thuh(j ) =
1
�

X

l2 �

2
m

Z

B l;h

T(k0)
j h � k0

dk0
1dk0

2uh(l);

T 00
h uh(j ) = h2

X

l2 �

2
m

gh(j � l )Th(l)uh(l):

9



Note that theseoperators are compact.The proof is divided into three steps:

(1) Show the existenceof h0 > 0 such that for 0 < h < h0 the system(2.9)
hasa unique solution wh with

max
j 2 �

2
m

jwh(j ) � w(j h)j � CkT 00
h phw � phT wkEh : (4.3)

(2) Show that

kThphw � phT wkEh � Ch (4.4)

for the solution w 2 E to (2.2).
(3) Show that

kTh � T 00
h kB(Eh ) � Ch: (4.5)

It is clear that (4.2) follows from (4.3) { (4.5) by the triangle inequality.

Claim (1) follows from [37, Theorem4.1], sinceTh ! T discretely compactly.
For a complete proof of this fact we refer to the proof of [37, Lemma 5.2],
which is easily adapted to our setting.

To prove (4.4) we usethe fact that the solution w to (2.2) is Lipschitz contin-
uous in S: Henceit follows that

kThphw � phT wkEh = max
j 2 �

2
m

�
�
�
�
�
�

X

l2 �

2
m

Z

B l;h

T(k0)
j h � k0

(phw(l) � w(k0))dk0
1dk0

2

�
�
�
�
�
�

� max
k2 S

jT(k)j
Z

S

1
jk � k0j

dk0
1dk0

2 max
l2 �

2
m

z1 ;z22 B l;h

jw(z1) � w(z2)j

� C max
l2 �

2
m ;

z1 ;z22 B l;h

jz1 � z2j

� Ch:

Concerning(4.5) note that

kTh � T 00
h kB(Eh ) = max

j 2 �

2
m

X

l2 �

2
m

jTj l ;h � T 00
j l ;h j;

wherefor j; l 2 Z2
m

Tj l ;h =
Z

B l;h

T(k0)
j h � k0

dk0
1dk0

2;

T 00
j l ;h =

8
<

:

h2 Th (l )
j h� lh ; l 6= j ;

0; l = j:
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By using the Lipschitz continuity of T it can then be proved that

X

l6= j

jTj l ;h � T 00
j l ;h j =

X

l6= j

�
�
�
�
�

Z

B l;h

 
T(k0)

j h � k0
�

T(lh)
j h � lh

!

dk0
1dk0

2

�
�
�
�
�

� Ch:

Moreover,

jTj j;h j =

�
�
�
�
�

Z

B j;h

T(k0)
j h � k0

dk0
1dk0

2

�
�
�
�
�
� max

k2 B j;h

jT(k)j
Z

jk0j<
p

2h

1
jk0j

dk0
1dk0

2 � Ch:

Hence

kTh � T 00
h kB(Eh ) = max

j 2 �

2
m

(jTj j;h j +
X

l6= j

jTj l ;h � T 00
j l ;h j)

� Ch:

2

Concerningthe complexity of the one{grid method we note that with an FFT
implementation one application of the discrete convolution operator (2.8) is
done in O(M 2 logM ) arithmetical operations. Henceto solve (2.9) using an
iterativ e solver with a �xed upper bound on the numbers of iterations also
requiresO(M 2 logM ) arithmetical operations.

Recall the de�nition of the operator T 00
h;h � from (3.6) and note that

T 00
h;h � = (I h � phh � ph � h)T 00

h + phh � (I h � + T 00
h � )� 1(ph � hT 00

h � T 00
h � ph � h)T 00

h :

De�ne Th;h � by

Th;h � = [I h � phh � (I h � + Th � )� 1ph � h(I h + Th)]Th

= (I h � phh � ph � h)Th + phh � (I h � + Th � )� 1(ph � hTh � Th � ph � h)Th (4.6)

We �rst prove a lemma neededto establishthe convergencerate of the two{
grid method.

Lemma 4.1 For h� su�ciently small and 0 < h < h� we have

kTh;h � kB(Eh ;E h � ) � Ch� logh� :

Pro of. We want to prove that

k(I h � phh � ph � h)ThkB(Eh ) � Ch� logh� ; (4.7)
k(ph � hTh � Th � ph � h)ThkB(Eh ) � Ch� logh� : (4.8)
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Then the conclusionfollows from (4.6) and the fact that for h� su�cien tly
small, the operator I h � + Th � is invertible with uniformly boundedinverse(see
[37, Lemma 4.2]).

For wh 2 Eh, de�ne the piecewiseconstant function ŵh 2 E by

ŵh(k) =
X

j 2 �

2
m

wh(j )� j;h (k); (4.9)

where

� j;h (k) =

8
><

>:

1; if k 2 B j;h ;

0; otherwise.
(4.10)

Then kŵhkE = kwhkEh and

T ŵh(j h) =
1
�

Z

S

T(k0)
j h � k0

ŵh(k0)dk0
1dk0

2

=
1
�

X

l2 �

2
m

Z

B l;h

T(k0)
j h � k0

dk0
1dk0

2wh(l)

= Thwh(j ):

From [39, Theorem1.22] it is known that

jT u(x) � T u(y)j � CkukE jx � yj log(jx � yj):

In particular we have

jT ŵh(lh) � T ŵh(j h)j � CkŵhkE jlh � j hj log(jlh � j hj); (4.11)

which implies

jThwh(l) � Thwh(j )j � CkwhkEh jlh � j hj log(jlh � j hj): (4.12)

By (3.3) and (3.4) we seethat

j(I h � phh � ph � h)Thwh(j )j = jThwh(j ) � phh � ph � hThwh(j )j
= jThwh(j ) � Thwh(j � )j;

wherej � is the unique j � 2 Z2
m � such that B j;h � B �

j � ;h � . Then by (4.12)

j(I h � phh � ph � h)Thwh(j )j � CkwhkE h� log(h� );

sincej and j � are in the samepanel. This gives(4.7).
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Now let vh denoteThwh. Then

((ph � hTh � Th � ph � h)vh)( j � ) = Thvh(j � ) � Th � ph � hvh(j � )

=
1
�

X

l2 �

2
m

Z

B l;h

T(k0)
j � h � k0

dk0
1dk0

2vh(l)

�
1
�

X

l � 2 �

2
m �

Z

B �
l � ;h �

T(k0)
j � h� � k0

dk0
1dk0

2vh(l � )

=
1
�

X

l2 �

2
m

Z

B l;h

T(k0)
j � h � k0

dk0
1dk0

2(vh(l) � vh(l � ))

wherel � is de�ned by (3.4). Sincel and l � are in the samepanel we conclude
that

j((ph � hTh � Th � ph � h)wh)( j � )j �

 

sup
k2 S

Z

S

�
�
�
�
�
T(k0)
k � k0

�
�
�
�
�
dk0

1dk0
2

!

CkwhkEh h� log(h� );

which proves(4.8). 2

The following theorem givesthe convergencerate of the two{grid method.

Theorem 4.2 Let conditions A1 and A2 hold for equation (2.2). Then for
su�ciently small h� > 0 and 0 < h < h� , the function wN

h in (3.7) satis�es

max
j 2 �

2
m

jwN
h (j ) � wh(j )j � max

j 2 �

2
m

jw0
h(j ) � wh(j )j(Ch� log(h� ))N ; (4.13)

where N = 0; 1; 2; : : : ; and wh is the unique solution to the discrete equation
(2.9).

Pro of. It follows as a consequenceof (4.5) that

kT 00
h;h � � Th;h � kB(Eh ) � Ch� : (4.14)

Thus, (4.14) and Lemma 4.1 imply that

kT 00
h;h � kB(Eh ) � kT 00

h;h � � Th;h � kB(Eh ) + kTh;h � kB(Eh ) � Ch� log(h� ): (4.15)

If Ch� log(h� ) < 1, then kT 00
h;h � k < 1 and (3.5) is uniquely solvable. Thus, the

iteration scheme(3.7) convergeswith rate of convergence

kwN
h � whkEh � kw0

h � whkEh (Ch� log(h� ))N ; N = 0; 1; 2; : : :

whereC is independent of h and h� . This provesthe theorem. 2

Sincethe solution wh to the discreteequation (2.9) convergesby Theorem4.1
to the solution w to the continuous equation (2.1) with rate O(h); and the
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approximate solution wN
h to (2.9) computedby the two{grid method converges

to wh with the rate given in Theorem4.2, we can by choosingthe parameters
m� and N ensurethat alsowN

h convergesto w with rate O(h): This is achieved
when

max
j 2 �

2
m

jw0
h(j ) � wh(j )j(Ch� log(h� ))N � Ch:

The choiceof the initial guessin (3.7) givesby Theorem4.1

max
j 2 �

2
m

jw0
h(j ) � wh(j )j = max

j 2 �

2
m

jphh � wh � (j ) � wh(j )j

� Ch� ;

and hencewe considerthe inequality

h� N +1 log(h� )N � Ch

for N and h� : A reasonablechoice for h� is h� � h1=3; which implies that the
desiredaccuracywill be reachedasymptotically in N = 3 steps.Note that the
choiceh� � h1=3 implies that m� should be chosenas

m� =
� m � 1

3

�

+ 1:

The complexity of the two{grid method is alsoO(M 2 log(M )); sincethe algo-
rithm (3.7) involvesthe application of the discreteconvolution operator (2.8)
on the �ne grid.

5 Application to the inverse conductivit y problem

The inverseconductivity problemis the mathematicalproblembehinda recent
method for medical imaging called Electrical ImpedanceTomography (EIT).
The problem is to recover a bounded and strictly positive conductivity 
 in
a body 
 from static electric measurements on the boundary of the body.
See,for example, [14] for further information about EIT. We considerhere
the two-dimensionalproblem, i.e. 
 � R2: If we apply a voltage potential
f 2 H 1=2(@
) on the boundary of 
 ; a voltage distribution u 2 H 1(
) is
induced in 
 described uniquely as the solution to the conductivity equation

r � 
 r u = 0 in 
 ; u = f on @
 : (5.1)
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The voltage potential in 
 givesrise to a current 
ux through the boundary
given by



@u
@�

j@
 ;

which canbe measuredat the boundary. All possibleboundary measurements
are encoded in the map

� 
 : f 7! 

@u
@�

j@
 ;

the so-calledDirichlet-to-Neumannmap or voltage-to-current map that maps
any voltage distribution on the boundary to the resulting current 
ux.

The inverseconductivity problem as consideredby Calder�on [12] consistsof
two questions.First, does the Dirichlet-to-Neumann map � 
 determine the
conductivity 
 uniquely, and then if so, how can the conductivity be recon-
structed?

For su�cien tly regular conductivities having essentially two derivativesNach-
man [26] gave a uniquenessproof and a reconstructionalgorithm, and for less
regular conductivities with only one derivative Brown-Uhlmann [11] general-
ized the uniquenessresult. Both methods are basedon solving @-equationsof
the type (1.1). In this sectionwe will outline a reconstruction method based
on the latter approach and show how the implementations described above
can be usedin this context.

Let u be a solution to the conductivity equation(5.1) and identify (z1; z2) 2 

with the complex number z = z1 + iz2: Then (v; w) = 
 1=2(@zu; @zu) solves
the system

@zv = qw;
@zw = qv;

(5.2)

where

q = � 
 � 1=2@z
 1=2: (5.3)

If we assumethat 
 = 1 near the boundary of 
 then q can be extended
smoothly to R2 by setting q = 0 in R2 n
 : The idea in the @-method of inverse
scattering theory is then to look for a special exponentially growing solution
	( z; k) = (	 1; 	 2)(z; k) in R2 to the system(5.2) with

	( z; k) = m(z; k)eiz k ; lim
jzj!1

m(z; k) = lim
jzj!1

(m1; m2) = (1; 0): (5.4)
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To construct m let e(z; k) = exp(i (zk + zk)) = exp(i2Re(zk)) and de�ne

m� (z; k) = m1(z; k) � m2(z; k)e(z; � k): (5.5)

This function satis�es by (5.2) and (5.4) the @-equation

@zm� (z; k) = � q(z)e(z; � k)m� (z; k); lim
jzj!1

m� (z; k) = 1; (5.6)

from which m� can be recovereduniquely both theoretically and numerically.
This alsogivesm(z; k) by (5.5).

Associated with q is then the function

S(k) = �
i
�

Z



e(z; k)q(z)m1(z; k)dz1dz2; (5.7)

the so-callednon-physical scattering transform of the potential q:

The usefulnessof introducing the scattering transform in the solution of the
inverseproblem is two-fold. First, the scattering transform can be computed
from boundary data [20,22],and second,the conductivity can be computed
from S: This givesa reconstructionprocedureconsistingof the two steps

� 

1! S 2! 
 :

Note that the stabilit y analysis in [23,5] shows that the EIT problems is ill-
posedand that the ill-p osednesscomesfrom the �rst step. The secondstep is
actually well-posed.Herewe will only considerthe numerical implementation
of the secondstep. Seereferences[20,21,34,35,24]for complete implementa-
tions.

To compute 
 from S considerthe �@-equation in the parametric variable k;

@k ~m+ (z; k) = S(� k)e(z; � k) ~m+ (z; k); lim
jkj!1

~m+ (z; k) = 1: (5.8)

This equation has the unique solution ~m+ (z; k); which is highly related to
m(z; k) (see[20,22]).Moreover, from this solution we can compute


 (z) = (Re( ~m+ (z; 0)))2: (5.9)

Henceby knowing S; we can solve (5.8) and then obtain the 
 from (5.9).

In the next subsectionswe will usethe implementations described in section
2 and 3 to compute the scattering transform for a particular potential and
reconstruct the conductivity from the scattering transform. First we will by
solving (5.6) and using (5.7) compute the scattering transform of a particular
potential de�ned from a conductivity by (5.3). Then we considerthe inverse
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problem and computethe conductivity from the scattering transform by solv-
ing (5.8) and using (5.9).

5.1 Test example

Our test exampleis a numerical chest phantom consistingof a heart and two
lungs, where in one lung there is an abnormality. To simulate a cross-section
of the chest during expiration, the conductivity of the phantom lungs was
taken to be 1 mS/cm, the conductivity of the phantom heart was taken to
be the approximate longitudinal conductivity of heart muscle,6 mS/cm, and
the background conductivity was chosento be 3 mS/cm. The conductivity of
the abnormality was taken to be 4 mS/cm to simulate a tumor. Thesecon-
ductivities were then scaledby dividing by 3 mS/cm so that the background
conductivity is 1, the conductivity of the phantom heart is 2, the conductivity
of the phantom lungs is .33, and the conductivity of the phantom tumor is
1.33. The phantom was then molli�ed so that the resulting conductivity is
a smooth function on the unit circle; seethe top row of Figure 3. For this
conductivity we have computed the corresponding potential q by (5.3) using
numerical di�erentiation.

We now compute the scattering transform S(k) on a 60� 60 uniform k-mesh
in the square[� 20; 20]2: First we solve the equation (5.6) for each k in the
grid. Sincethe potential q is supported inside [� 1; 1]2 the equivalent periodic
integral equation is

m� (z; k) = 1 �
Z 2

� 2

Z 2

� 2

q(z0)e(z0; k)
z � z0

m� (z0; k)dz1dz2; (5.10)

which can be solved numerically by the one{ and two{grid implementations
described in section2 and 3. In the one{grid implementation we have chosen
the grid-sizem = 7; and in the two{grid implementation we have chosenm� =
3; m = 7 andN = 3: Next, to computeS weusethe known function e(z; k)q(z)
and the computed function m1(z; k) = m+ (z; k) + m� (z; k) to evaluate the
integral (5.7) by the trapezoidrule. Since(5.6) wassolved both using the one-
and two{grid implementations, we get two discrete approximations S1; S2 of
S. The relative l1 -di�erence of the two functions is approximately 1%.

Having computedthe scattering transform we now considerthe secondstep in
the reconstructionalgorithm for the inverseconductivity problem, the compu-
tation of 
 from S: First, we want to solve (5.8) for ~m+ (z; k): Note that since
S is not compactly supported, the equation (5.8) is not readily in the form
(1.1). HenceS hasto be truncated beforethe numerical implementations can
be usedand this cut-o� will introducea systematicerror. However, sinceS is
a rapidly decaying function, the error can be neglected.In our computations
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we have chosento cut-o� the scattering transform at jkj = 20; which re
ects
the support of the pre-computedapproximations S1 and S2: To compute the
solution to (5.8) we thereforeconsiderthe periodic integral equation

~m+ (z; k) = 1 +
Z 40

� 40

Z 40

� 40

S(� k0)e(z; � k0)
k � k0

~m+ (z; k)dk0
1dk0

2;

which is solved using the one{ and the two{grid implementations. In the one{
grid method we choosethe parameter m = 7 and usethe approximation S1;
and in the two{grid method we choosem = 7; m� = 3; N = 3; and usethe
approximation S2: In both casesthe conductivity is computed on a uniform
60� 60z-meshin the square[� 1; 1]2: Next, to computethe conductivity weuse
(5.9), i.e. we evaluate the computedsolutionsto (5.8) at k = 0: This givestwo
reconstructionsbasedon the one{ and two{grid methods. The reconstructions
aredisplayed in Figure 3. The relative l1 -di�erence of the two reconstructions
is 3%; and the relative l1 -error in either of the reconstructionswhencompared
to the true conductivity is approximately 6%:

We now comparethe speedand the memory usageof the one{grid and two{
grid method. For di�erent valuesof the discretization level (given by the num-
ber m; where the sizeof each cell is h2 for h = 2� m ) we have measuredthe
speedand the memory requirements for computing m+ (z; k) for �xed k = 1:
For the two{grid method the number of iterations have beenchosenaccording
to the analysisin section4 as N = 3: Table 5.1 contains the results for both
methods.

Memory (in megabytes) Speed(in seconds)

m m� One{grid Two{grid One{grid Two{grid

6 3 106 104 1 1

7 3 120 113 3 2

8 4 173 148 18 8

9 4 386 286 110 43

10 5 1252 836 450 176
Table 1
Speed and memory usage for computing the function m+ (z; 1) by the one{grid
and two{grid methods, respectively. The quantit y m � applies only to the two{grid
computation.

It is clear that the two{grid is superior both concerningmemory usageand
speed.

Note that for both methods the speeddecreasesby approximately a factor 4;
whengoing from a grid of size2m to a grid of size2m+1 : This is expectedsince
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the the complexity is O(M 2 log(M )) = O(m22m ) for M = 2m :

Next we considerthe accuracyof the one{grid method. Sincethe true solution
m+ (z; k) is not known explicitly, we have taken the most accurateapproxima-
tion asthe true solution and comparedit to the other approximations. In this
test we have again taken the parameterk = 1: Let (m+ )h denotethe solution
to the discreteversionof (5.10) at discretization level h = 2� m and de�ne the
error

Em = k(m+ )h � phh 0(m+ )h0kEh ;

whereh0 correspondsto the choicem = 10: As beforephh 0 denotesthe transi-
tion operator from the �ne grid to the coarsegrid, andEh is a spaceof matrices
equipped with the sup-norm. Table 5.1 shows the results of the convergence
analysis.

m Error Em Ratio Em=Em+1

3 0.5274 2.4

4 0.2173 2.0

5 0.1109 2.5

6 0.0436 1.6

7 0.0272 2.5

8 0.0107 2.3

9 0.0048
Table 2
Analysis of the convergenceof the approximate solution m+ h(z; 1) computed by the
one{grid method to the true solution m+ (z; 1):

Recall that Theorem4.1 shows that the one{grid method hasaccuracyO(h):
Sinceh is decreasedby a factor of two when the parameterm in Table 5.1 is
increasedby one, we would expect the error to be decreasedby a factor two
as well. Looking at the last column of Table 5.1 we observe that most of the
numbers are su�cien tly closeto two, in order to concludethat the numerical
convergenceanalysisgivesevidencefor the theoretical convergenceanalysis.

For the two{grid method the relevant error corresponding to (4.13) is

EN
m;m � = k(m+ )N

h � (m+ )hkEh ;

where (m+ )N
h is the approximate solution to the discrete version of (5.10)

computed by the two{grid method computed at discretization level h = 2� m

with the iteration number N and the coarsegrid de�ned by m� : To test the
convergencerate for the two grid method we have for di�erent choicesm� and
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N computed the error EN
m;m � . The �ne grid parameter is �xed at m = 10:

As above, we have chosenk = 1: Table 5.1 contains the results. As expected

m� n N 0 1 2 3 4 5 6 7

6 0.36 0.049 0.014 0.0036 0.00094 0.00037 8.4e-05 2.9e-05

7 0.21 0.025 0.0071 0.0018 0.00045 0.00018 4.1e-05 1.5e-05

8 0.094 0.011 0.0031 0.00078 0.00019 7.6e-05 1.8e-05 6.5e-06

9 0.03 0.0037 0.0010 0.00026 6.2e-05 2.5e-05 6.9e-06 3.0e-06
Table 3
Error EN

m;m � for di�eren t choicesof N and m � for the two{grid method. In each case
we have chosenthe �ne grid parameter m = 10:

we seeimmediately from Table 5.1 that the error decreasesas the iteration
number N growsandash� decays (m� grows). From a moredetailedinspection
we can draw two conclusions:First, the error ratio EN +1

m;m � =EN
m;m � seemsto be

independent of m� (i.e. h� ) and seemsto vary with N in a way which is not
obvious. Second,the error ratio EN

m;m � =EN
m;m � +1 seemsto be independent of N

and seemsto grow with m� : The numerical analysis indicates that there is
an intimate connectionbetweenthe discretization level, the iteration number,
and the error. However, the results in Table 5.1 do not explicitly support the
results given in Theorem4.2.

6 Conclusion

We have presented a method for computing the solution to �@-equations of
the form �@w = T(k)w(k). One{grid and two{grid versionsof the multigrid
method of Vainikko [38,33]are applied with a FFT implementation. We prove
that the accuracy of the method is order h. We show that �@-equations in
the form above appear naturally in the context of the inverseconductivity
problem, which is the underlying mathematical model in electrical impedance
tomography (EIT). With the useof the implementations we solved �rst the
forward problemof computing the scattering transform from a known conduc-
tivit y, and secondthe inverseproblem of computing the conductivity from the
scattering transform. Both problemswerebasedon solving a @-equation,and
the resultsshow that we have a fast and reliable implementation of a solver for
such equations.Moreover the numerical resultsgive evidencefor the accuracy
of the methods.
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Fig. 3. Top row: original conductivit y. Middle row: conductivit y 
 1 reconstructedby
the one{grid method. Bottom row: conductivit y 
 2 reconstructed by the two{grid
method.
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