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ABSTRACT. Let  C R™, n > 3, be a smooth bounded domain and consider a
coupled system in €2 consisting of a conductivity equation V - y(z)Vu(t,z) =
0 and an anisotropic heat equation k=1 (x)0u(t,x) = V - (A(x)Vy(t,z)) +
(vVu(t,z)) - Vu(t,z), t > 0. It is shown that the coefficients v, x and
A = (a;)) are uniquely determined from the knowledge of the boundary map
u|aq — v - AV|aq, where v is the unit outer normal to 0.

The coupled system models the following physical phenomenon. Given a
fixed voltage distribution, maintained on the boundary 02, an electric cur-
rent distribution appears inside 2. The current in turn acts as a source of
heat inside €2, and the heat flows out of the body through the boundary. The
boundary measurements above then correspond to the map taking a voltage
distribution on the boundary to the resulting heat flow through the bound-
ary. The presented mathematical results suggest a new hybrid diffuse imaging
modality combining electrical prospecting and heat transfer-based probing.

Keywords: electrical impedance tomography, heat transfer, inverse problem,
coupled systems
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1. INTRODUCTION

Let us model a physical body by a bounded set 2 C R™ n > 3, with smooth
boundary 02, and the following spatially varying quantities: heat capacity ¢(x),
density p(x), electric conductivity y(z), and (possibly anisotropic) thermal con-
ductivity A(x) = (ajx(z)), each defined for x € Q.

Consider applying a spatially and temporally variable electrical voltage distri-
bution f(¢,z) at the boundary 0 starting at time ¢ = 0. Then, if there are no
sinks or sources of current inside 2, the electric potential u(t, z) inside the body
satisfies the conductivity equation

V -4Vu(t,x) =0 forx € Qand t > 0,
(1.1)
u(t7 >|8Q = f(t7 )

Equation (1.1) is often used as a mathematical model for electrical impedance
tomography (EIT), where one measures the current through the boundary caused

by a family of static voltage distributions f(¢,z) = ¢(x) and recovers v(x) from
1
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such voltage-to-current map A, : ¢ +— v - Vu|pg. Here v is the unit outer
normal to 092. We refer to [39] for an extensive survey of the mathematical
developments in EIT. See also [3, 4, 32, 36, 37| for results in the two-dimensional
case, and [13, 27, 28, 29, 31, 34, 38] for results in higher dimensional cases. For
counterexamples to uniqueness of time-harmonic inverse problems involving very
anisotropic and degenerate material parameters, leading to the phenomenon of
invisibility, see [10, 11, 12].

Our aim here is somewhat different as we wish to couple heat conduction to
the problem. Let us denote the electrical power density inside €2 by F"

F(t,x) = (vVu(t,z)) - Vu(t, x). (1.2)

Now F' acts as a source of heat inside 2. Assuming that the body is at a constant
(zero) temperature at the time ¢ = 0 when the voltage is first applied, and the
surface of the body is kept at that temperature at all times, the temperature
distribution (¢, x) inside ) satisfies the following heat equation:

kN 2)0w(t, x) = V - (A(2)V(t,x)) + F(t,z) forz € Qandt >0,
(1.3)
¢|E+xag =0, Q/J‘tzo =0,

where r(z) = c¢(z) 'p(z)~!. The model (1.1), (1.2), (1.3) is based on the physical
assumption that the heat transfer is so slow that the quasistatic (DC) model for
the electric potential (1.1) is realistic.

Associated to the coupled system (1.1), (1.2), (1.3), we introduce the voltage-
to-heat flow map >, . 4 defined by

Yopatfrov- AVM@+X@Q. (1.4)

The idea is to measure the heat flow through the boundary caused by the heat
from the electric current resulting from the applied voltage distribution.

Our main result is Theorem 2.1 below, stating that under certain smooth-
ness assumptions, the coefficients v, x, and A are uniquely determined from the
knowledge of the voltage-to-heat flow map %, . 4.

The method of proof of Theorem 2.1 also outlines a constructive reconstruction
procedure for recovering conductivity v from ¥, . 4. Namely, it turns out that
applying a temporally static voltage distribution f(¢,2) = ¢(z) and studying
¥, naf at thermal equilibrium (¢ — oo) yields the knowledge of the Dirichlet-to-
Neumann map A,¢ related to the EIT problem. Then one can recover 7 using
Nachman’s reconstruction result [31].

Notice that various hybrid imaging methods have been proposed and analyzed
recently. Examples include thermoacoustic and photoacoustic imaging [1, 5, 25],
combination of electrical and magnetic probing [26, 33], electrical and acoustic
imaging [15] and magnetic and acoustic imaging [30, 2]. Theorem 2.1 suggests
a new hybrid imaging method, utilizing two diffuse modes of propagation: elec-
trical prospecting and heat transfer-based probing. We emphasize that the pro-
posed method recovers complementary information about three different physical
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Heat flow sensor

FIGURE 1. Schematic illustration of the practical measurement
setup motivating the proposed hybrid imaging method. The ideal
voltage-to-heat flow map ¥, . 4 may be approximated in practice
by maintaining fixed voltages at the electrodes while measuring
heat flow using the interlaced sensors.

properties. We also note that in many applications where one wants to recon-
struct the heat transfer parameters x(z) and A(z), the use of electric bound-
ary sources may be easier than controlling the temperature or the heat flux at
the boundary. Concerning inverse problems for the heat equation, we refer to
6, 7, 19, 20, 21, 22, 23, 40].

We remark that in practice one might use a measurement setup shown in Figure
1. However, analysis of such discrete measurements is outside the scope of this
paper, and in the mathematical results below we work with the continuum models
(1.1), (1.2), (1.3), and (1.4).

This paper is organized as follows. In Section 2 we state our assumptions and
results in a mathematically precise form. In Section 3 we give an auxiliary density
result for the conductivity equation. Section 4 is devoted to the reconstruction of
the conductivity «v. The proof of Theorem 2.1 is completed in Section 5, where we
show the identifiability of the heat parameters x and A. Finally, Appendix A is
devoted to the recovery of the boundary values of the matrix A from interior—to—
boundary measurements, associated to a suitable elliptic boundary value problem.
This result may be of an independent interest.

2. STATEMENT OF RESULTS

Let Q C R™, n > 3, be a bounded domain with C* boundary. Let v € C>(Q)
be a strictly positive function on €. Then given f(¢,z) € CY(Ry, H*(9R)), s >
1/2, on the boundary at time ¢ > 0, there exists a unique u € C*(R,., H**'/2(Q)),
which solves the boundary value problem

V-yVu(t,x) =0 forx € Qand t > 0,

u(t, oo = f(t, -), (2.1)



4 KRUPCHYK, LASSAS, AND SILTANEN
see [16]. We have
F(t,z) = (WVu(t,z)) - Vu(t,z) € CY(Ry, L*()), (2.2)

provided that s is taken large enough, say s > (n + 1)/2. In what follows we
shall always choose the Sobolev index s in this way. Consider the anisotropic
heat equation

kN 2)Opp(t, x) = V - (A(2)V(t,z)) + F(t,z) for x € Qand t >0,
Vg, xo0 =0, ¥li=0 =0.

Here A(z) = (aji(x)) is a real symmetric n x n matrix with a;,(z) € C*(Q),
and there exists Cy > 0 such that

(2.3)

n

D (@))€ = Colél?,  for all (2,6) € Q x R™. (2.4)
G k=1

We shall assume that 0 < x € C*°(Q2). The operator
Pv=—k(z)V - (A(z)Vv)
is formally self-adjoint in L2 = L?(Q, k 'dx) and we have
(Pv,v)rz > Collv]|72, v e CE(Q), Co>0.

We also let P denote the Friedrichs extension of the operator P on C§°(£2), so
that the domain of the positive self-adjoint operator P is (Hj N H?)(2).
The solution of (2.3) is given by the Duhamel formula

W(t,x) = /Ot(e(ts)PﬁF)(s,x)ds € CY(Ry, L*(Q)NCR,, (H;NH?)()), (2.5)

see [16].
Associated to the coupled system (2.1), (2.2), and (2.3), we consider the
voltage-to-heat flow map,

Z’Ya"iuA : CI(E-H H‘%@Q)) - C(@-‘r? H1/2<aQ))7
f—v- Avw’ﬁ+x8§27

The main result of the paper is as follows.

Theorem 2.1. Assume that 0 < ; € C®(Q), 0 < k; € C*°(Q), and A; are real
Q 4

symmelric n X n matrices with C*= () entries, satisfying (2.4), for j = 1,2. If
Y kAL = Dyg ke, Ags then 1 =72, K1 = Ko and A; = As.

It turns out that in the course of the proof of Theorem 2.1, we establish a
result for the anisotropic heat equation, which may be of independent interest.
In order to state the result, consider the inhomogeneous initial boundary value
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problem (2.3) for the anisotropic heat equation with an arbitrary source F €

CY(Ry, L*(2)). Define the map,
Bt CH(RL, L2 (Q) — C(Ry, H'/?(09)),
F = U - AvwF’K_FXaQ’
where " is the solution of (2.3).

Theorem 2.2. Let 2 C R", n > 2, be a bounded domain with C* boundary.
Assume that 0 < k; € C*(Q), and A; are real symmetric n X n matrices with
C>(Q) entries, satisfying (2.4), for j = 1,2. If Z,, 4, = Zx,.4,, then k1 = ko
and Ay = A,.

3. AN AUXILIARY DENSITY RESULT

Let & C R", n > 3, be a bounded domain with ¢ boundary and let v €
C>*(£2) be a strictly positive function on €2. We shall need the following density
result, which is a quite straightforward consequence of [38].

Proposition 3.1. The set

span{yVw, - Vwy : w; € C™(Q),V - yVw; =0,j = 1,2}
is dense in L*(Q).
Proof. Let f € L*(Q) be such that

/ fyVw; - Vwedx =0, (3.1)
Q
for any solution w1, wy € C=(Q) of the conductivity equation
V-yVw = 0. (3.2)
We have .
YVwy - Vwy = év - (YV(wrw,)). (3.3)

It follows from [38], see also [5], that for any p € C" satisfying p-p = 0 and
|p| > 1 large enough, the conductivity equation (3.2) has a solution

wy(x) = PPy P (147, (3.4)
where 7, € C*(Q) satisfies
Chn
IEE

Here the constant C,, depends on €2, n, and a finite number of derivatives of ~.
Given ¢ € R™ and R > 0, according to [38], there exist pi, p2 € C™ such that
pj-p;i=0,p1+ps=Eand |p;| > R, j=1,2.

m > 0. (3.5)

7ol 2m ) <
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For the solutions w,, and w,, of the form (3.4), we get
V- (7v(w01wp2)) =V (Vv(,}/_leis‘x(l t T+ Tpy + TPITP2)))
= (V- (yVy ) + (V1) i€ — €)1 + Tor + Tpy + TpiTps)
+ (YT 4 20)e (V1o + Vrp, + V(r,7p,))
+ (AT, + ATy + Ary,7,,))-

In view of (3.3), we may substitute the latter expression into (3.1) and let R — oo.
Using (3.5), we obtain that

/(v (VYY) + (VT iE = €2  fdr =0 forall E € R™.  (3.6)
Q

Here we shall view ~ as a strictly positive C* function on R", which is equal to
a positive constant near infinity. The identity (3.6) is equivalent to

Foeste (V- (0Vy Dxaf = V- (3V(y Dxaf) + Alxaf)) =0,

where F,_¢ denotes the Fourier transformation and xq is the characteristic func-
tion of 2. It follows that xqf is a solution of a second order elliptic equation on
R"™ with smooth coefficients. Since it is compactly supported, by unique contin-
uation we conclude that f = 0 in €2. This completes the proof. O

4. RECOVERING THE CONDUCTIVITY v FROM THE VOLTAGE-TO-HEAT FLOW
MAP

The purpose of this section is to make the first step in the proof of Theorem
2.1, by establishing the following result. Recall that here n > 3.

Proposition 4.1. The voltage-to-heat flow map X . 4 determines the conduc-
tivity v uniquely.

When proving Proposition 4.1, we let a € C*(R,; [0, 1]) be such that

Oé|t<1/2 =0, Oé‘t>1 = 1.

Then set f(t,x) = a(t)h(x) with h € H*(0%), s large enough. Using the Duhamel
formula (2.5), we shall study the behavior of ¢(¢, ) as t — 4o00. The solution u
of (2.1) satisfies

u(t, ) = a(t)wy(x),
where wq solves
V- yVwy(z) =0 in Q,
wolaq = h(x).
Thus,
F(t,z) = va?(t)Vwy - Vwy,
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and (2.5) gives
¢
U(t,z) = / o?(s)e” 9Py kVwg - Vwgds. (4.2)
0

Lemma 4.2. We have

(¢, ) — P~ (yVwy - Vwg)|lppy — 0, as t — +oo.
Here D(P) = (H*NHg)(Q) is equipped with the graph norm |[¢|ppy = [|¥||L2(0)+
1P| 20
Proof. We shall first check that

[9(t, ) — P~ (y6Vwg - V) || 2 — 0, as t — +oo. (4.3)
It follows from (4.2) that for ¢ > 1, we have

1 t—1
P(t,x) = / a?(s)e” 9Py kVwg - Vwods + / e *FykVwg - Vwyds.
0 0

+o0
/ e Pdt = P71,
0

in the sense of bounded operators on L*(f2), see [16], we get with L?-convergence,
as t — +o0,

Using that

t—1
/ e *FykVwy - Vwods — P~ (yVwg - V).
0

On the other hand,

1
I / a?(s)e” 9Py kT - Vwods|| 20
0
1
< [ a3 Tl s
0

1
< / a®(8)le” | pz2(q), L2 () 76 Vwe - V|| 2@yds — 0, as t — oo,
0

since an application of the spectral theorem shows that

—A(t—s)

||e_(t_s)P||£(L2(Q),L2(Q)) < sup e — 0, as t — +o0.

X€spec(P)

This establishes (4.3).
Next we shall show that

| P(t,-) — yeVwg - Vwg|| 2 — 0, as t — +o0. (4.4)
We have for t > 1,

1 t—1
Pi(t,z) = P/ a?(s)e” PV wy - Vwods + P/ e *PyrVwg - Vwods.
0 0
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The formula

t
P/ e *Pods = —e v + v,
0
see [16], implies that
t—1
P/ e *ykVwy - Vweds = —e™ VP ysVwy - Vwg + y6Vwg - Vg,
0

and

—(t-1

e )PVFGVU)O : vwo||L2(Q) — 0, as t — +o0.

Finally,
1

||P/ a?(s)e” Py Vg - Vwgds|| 2y
0

1
< / o®(5)|1Pe” 7| pr2 .2 76 Vwo - Vol 2 yds — 0, as t — 400,
0

since
||Pe_(t_s)P||E(L2(Q)’L2(Q)) < sup (Ae_(t_s)k) — 0, ast — +o0.
A€spec(P)
This proves (4.4) and completes the proof of the lemma. UJ

Lemma 4.2 implies that as t — +o0,
v AVY|oq — v - AV(P7Y(ysVwg - Vug))|oa  in HY?(09).

Thus, as t — +00, we have by a repeated application of the divergence theorem
together with the Cauchy-Schwarz inequality,

/ Eymala(t)h(z))ds = / v-AVYdS — [ v AV(P7H(v&Vwg - Vuwg))dS
20 20 20

= / V - AV(P Y (ysVwg - V) )do = — / yVwq - Vwodr = —/ A, (h)hdS.
Q Q 80

Here

A, H5(0Q) — H*1(09),

h — 781/1U0|897

is the Dirichlet-to-Neumann map, associated to the problem (4.1). Thus, the
knowledge of the voltage-to-heat flow map X, 4 determines the Dirichlet-to-

Neumann map A,. It follows from [38] that the isotropic conductivity v € C*°(12)
is uniquely determined by . . 4. This completes the proof of Proposition 4.1.
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5. RECOVERING THE HEAT PARAMETERS A AND k
The purpose of this section is to prove the following result.
Proposition 5.1. If ¥, . 4, = X, 4, 4,, then k1 = kg and A = As.

When determining the conductivity v in the previous section, we were con-
cerned with the power densities F' which are supported in the region ¢ > 1/2 and
independent of ¢t near +00. Here we shall instead concentrate the density F' in a
small neighborhood of ¢t = 0.

Let x € C=(R,) be such that 0 < y < 1, supp (x) C [0, 1] and

/f@ﬁ:L

X:(t) = €71 2x(t/e), (5.1)
so that x2(t) — &(¢), the Dirac measure at t = 0, as ¢ — 0. Let h € H*(99Q), for
s large enough. Then the solution u = u®" of the problem

V -AVu(t,z) =0 in £,
uloo = x:(t)h(z),

satisfies us"(t, ) = x.(t)w" (), where w"(z) solves
V- -yVul(z) =0 in Q,

wh|3Q = h(l‘)

For € > 0, we define

(5.2)

Let h, h € H#(09) and
Fehth AV (us" £ us’ﬁ) SV (ut" £ us’ﬁ) =)V (w" £ wﬁ) SV (w" £ wﬁ).

Denote by 15" the solution of (2.3) with F = FohEh o = k; and A = Aj,
j=1,2. Set

. = . 1 = =
al(t,) = "M (1, 7) = LRI, ) — R 1, 2).

Thus, a¥) is a solution of the following inhomogeneous initial boundary value
problem,

@0+ P = L (0200
(VW +u") - V(w" +w') - V(! - w) - V(' - wﬁ)) (5.3)

= KJ'(:U)Xga)vah : Vw%: in Ry x€Q,
a(j)|ﬁ+x89 =0, aP}_=0.

Since

Pj = —lijv . AJV
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is a self-adjoint positive operator in Lij(Q) with the domain D(P;) = (Hg N
H?)(€2), the spectrum of P; is discrete, accumulating at 400, consisting of eigen-
values of finite multiplicity, 0 < )\gj) < )\g) < ... — 00. Associated to the

eigenvalues Aéj) we have the eigenfunctions 90,(3 ) e D(P;), which form an or-
thonormal basis in Lij (©). In what follows we shall assume, as we may, that the

eigenfunctions gpé‘j ) are real-valued. Hence,

(e.¢]
o (t) = cl0e (0), k= (D¢ .
k=1
with convergence in C(Ry,D(P;)). Therefore,

v A;VaDan =" (t)(v - 4,V oo
=1
with convergence in H'/2(99), for each fixed t > 1.
Next we notice that

; 1 ~ 1 ~
v 490D g, = 75, () B)) = 5, () (B — ).

Thus, since X ., 4, = Xy x,.4,, it follows that for all £ > 1,

Sl AVe ) an =D )V - A Vi) on (5.4)
k=1 k=1

Here we would like to let ¢ — 0. In order to do so, it will be convenient to
obtain an explicit representation of the Fourier coefficients c,(ji(t)

Set d,(g ) = (yVuw'" - Vwﬁ, gpg )) 12, where the scalar product is taken in the space
L*(Q, dz). Tt follows from (5.3) that

Drept () + N el () = (),
) (0) = 0.
Hence,
) ) t )
0y =) [ edss, 120
0
and c,(jz:(t) is uniformly bounded in k, e. Fort > 1 and k = 1,2,..., fixed, we get

. . 1 | o
c,(fi(t) = e_)‘g)tdk/o X2(s)ew)55ds — e"\gg)td,(g), as e — 0. (5.5)

Using (5.5), we may let ¢ — 0 in (5.4), and conclude that

= (D = )
Do AV on = 3 eI Ve e, 21 (5.6)
k=1 k=1
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In what follows we shall have to distinguish the eigenvalues of the operator
P;, 7 =1,2. In order to do that let us contmue to denote by )\(] the sequence
of distinct eigenvalues of P; and let m ) denote the multiplicity of )\(3 . Let

gp,(g %, e ,go(] ) o be an orthonormal basis of the eigenfunctions, corresponding to

the elgenvalue )\,(Cj ). By the uniqueness of the Dirichlet series, see [9], and (5.6),
we obtain the following result.

Proposition 5.2. Assume that X, .., 4, = Xy k. 4,. Then for allk =1,2,..., we

have
/\](61) _ /\](62)’
and
(1) (2)
de, v AVl )oa Zd,“ v A Vo)) oo (5.7)

Here d,(gz = (yVuw" - Vwh, <p,£)Lz and h,h € H*(0Q) are arbitrary functions.
Let us introduce the following linear continuous operators

RV L2(Q) — L*(09),
()

my
RYO(F) =S (F,of)ia(v- AV on, j=1,2, k=1,2,.
=1

Proposition 3.1 together with (5.7) implies that R( ) = R(Q) on a dense subset of
L?(€2), and hence, everywhere. On the level of the dlstrlbutlon kernels, we obtain
that for all K =1,2,...,

(1> (2)
Zso(l) (V- AVe )W) =D e @) (- AVl (y),r € Qy € 02 (5.8)

We shall next need the following result, see [7]. Since the argument is short,
for the convenience of the reader, we give it here.

Lemma 5.3. The functions (v - Angogmag, (v A Vgp m)lag are linearly
independent, j =1,2.
Proof. Assume that there are cq, . .. ,C ) € R such that
k
m(®

ch(y A; Vgo )\39 =0.

i=1
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md )
Then ¢ = >, % ¢y satisfies
Pip=2% in Q
g0|aQ = 0, v - Ath,DbQ =0.

By the unique continuation principle, we get ¢ = 0 in 2. Thus, ¢; = 0 for

1<i< m,(j ) This proves the lemma.
OJ

Our next goal is to analyze the consequences of (5.8), and the key step here is
the following algebraic result which is similar to [7, Lemma 2.3].

Lemma 5.4. Let f; : Q) — R, ﬁ 0N - R, i=1,....mY, and g, : Q — R,
500 —>R, 1=1,...,m?, be such that

mD m®
Y H@) W) =Y a@aly) foralzeQye o (5.9)
1=1 =1

Moreover, assume that the systems {f1,..., f}, {fl, . fmu)}, {91, -, G }
and {G1, ..., G + are all linearly independent. Then m™) = m® and there exists
an mY x mW invertible matriz T with real entries such that

F(z) =TG(z), F(y)=(THY"'G(y) for all z € Q,y e .

Here we use the notation

fi() _ fi(y)
F(z) = : Fly)=| :
S () fn (¥)
91(z) B 91(y)
G(z) = : ,G(y) = :
Gm@ (T) I (Y)

Proof. As fi is not identically zero in 9<, there exists y; € 9 such that fl(yl) +
0. Assuming that

fily)  faly)

we get that fl, ];; are linearly dependent which contradicts the assumptions of
the proposition. Thus, there exists y, € 0€2 such that

o (B0 50

det (ﬁ(yl) Jé(?ﬂ)) =0 for all y € 09,

filya)  fay2)
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Continuing in the same way, we find points y1, 49, ..., y,,0) € 9 such that the
matrix

Ji(yl) ]?2(%) o e (1)

Qf _ fi (.?JZ) f2(‘y2) . . fm(1>'(y2)

Fin®) L) o fou )
is invertible. It follows from (5.9) that Q7F'(z) = QgG(z) for any x € €2, where

ay) - Gmer(¥1)
Qs = : : :
G Ymm) o G Ym)
Thus, F(z) = TG(x) for any x € Q, where T' = Q?Qg, and therefore, m(!) <
m®. Similarly, using the fact that {gi,...,g,,@} is linearly independent, we
have G(z) = Ty F(z) for any z € Q, and m® < m(®. Hence, m) = m®,
Furthermore,

F(x) =TT\ F(x) forall x € Q. (5.10)
Since the system {fi,..., f,, o} is linearly independent, in the same way as
above, we see that there are points xzi,...,x,,0) € €0 such that the vectors

F(z1),...,F(z,,) form a basis in C™". Thus, (5.10) implies that 777 = I
and therefore, T" is invertible. Similarly, one can see that F(y) = TG(y) for all
y € 02 with an invertible matrix 7.

It follows from (5.9) that F(z) - F(y) = G(z) - G(y) and therefore,
(T'T — G(z) - G(y) =0 for all z € Q,y € HN.
Since there exist points 21, ..., 2,0 € @ and y1,...,y,0 € I such that the

vectors G(z1), ... G(z,,m) (respectively, G(y1), . .. G(y,,)) form a basis in C™"
we get T'T = I. This proves the claim. O
If follows from Lemma 5.4 together with (5.8) and Lemma 5.3 that m,(cl) =
mf) =: my, and there exists an my x my invertible matrix 7" such that
1 2
P () eia(a)
: =T : , x € (5.11)
Pl (%) Pl (1)
and
v Ai(y) Vi (v) v As(y) Vi) (v)
k1 2\Y) VP 1Y
= (17! : , yeod.  (5.12)

v As(y)Vol?, ()
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Using (5.11) and (5.12), we have

v Al(y)VsOI(fi (y) v As(y) Vol (y)
T'T = : , Yy €N, (5.13)
v Ay >wk ) v As(y) Ve, ()

The next step is to show that the matrix 7" is in fact orthogonal. This will
follow once we establish the following result.

Proposition 5.5. If X, .., 4, = X, x,.4, then Ajloa = As|sq.
Proof. Consider the following elliptic boundary value problem,
Pju = /{ﬂth V" in Q,

(5.14)
’U,lag = O

where w" (respectively, w ) is the solution to the problem (5.2) with the boundary
source h € H*(0Q) (respectively, he H*(09)), s > 1/2 large enough. We shall
now return to the original notation, where each eigenvalue A; U) of the operator
P; is repeated according its multlph(nty Since 0 ¢ spec(P;), the problem (5.14)
has the unique solution

o0

Z/\ ' = (yVu' - V' ,cpk Nz,

k=1

with convergence in H?(2). Thus,

' o d(j) )
v AVu g =) ﬁ’/ - 4,90 o0,
k=1 "k

and therefore, it follows from Proposition 5.2 that if 3, ., 4, = X, 4, 4,, then
v A Vu|s0 = v - A,Vu@|sq. (5.15)
Define the continuous map
U L2Q) — LA09), F v A;Vu)|p0,
uF9) is a solution to the problem
V- (A, VuFN =F in Q

It follows from (5.15) together with Proposition 3.1 that ¥() = W2 on a dense
subset of L?(Q), and thus, everywhere. Hence, Proposition A.1 in Appendix A
implies that A;|gq = Aslaq.

O

Now going back to equation (5.13), using Lemma 5.3 we obtain that 7" is an
orthogonal matrix. Proposition 5.2 together with (5.11) gives the following result.
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Proposition 5.6. Assume that X .., 4, = X x,.4,. Let go,(gl) be an orthonormal
basis in L*(Q, k' dx) of the Dirichlet eigenfunctions of the operator Py. Then

the Dirichlet eigenvalues )\2,1) (respectively, )\,(f)) of the operator Py (respectively,
P,), counted with multiplicities, satisfy )\,(;) = )\;2) for all k and there exists
an orthonormal basis in L*(, ky *dx) of the Dirichlet eigenfunctions <p,(€2) of the
operator P, such that go,(:) = cpl(f) for all k.

We shall next show that Proposition 5.6 yields that k1 = k5. Indeed, let us

write
o [ee] o
K=Y crpy) = > kg, K= > dip?,
k=1 k=1 k=1

where the Fourier coefficients ¢, are given by

ck:/mgo,(j)/flldaz:/(p,f)dx:/@go,(f)ﬁzld:c:dk.
Q Q Q

Thus, k1 = ke. It follows that Piu = Pou, for any u € C3*(Q2), and we get
Ay = As. The proof of Theorem 2.1 is complete.
Theorem 2.2 can be proven by exactly the same arguments presented in this
section applied to the problem (2.3) with the right hand sides of the form
F(t.z) = 2(OH(x), H e LX(Q),

where x. is given by (5.1).

APPENDIX A. BOUNDARY RECONSTRUCTION

Let & C R", n > 2, be a bounded domain with C*® boundary, and A(z) =
(ajr(x)), 1 < j,k < n, be a real symmetric n x n matrix with a;x(x) € C>(Q).
Assume that there exists Cy > 0 such that

n

D ap(@)€6 = Colél” for all (z,8) € A x R™.

jk=1
Consider the following elliptic boundary value problem,
—V.-(AVu)=F in Q,
u|ag =0.

(A.1)

For any F' € L?(Q), the problem (A.1) has a unique solution u = uf" € H*(Q2) N
H(Q2) and one can define the map,

U LA(Q) — L*(09), Y(F)=v-AVu"|s0, (A.2)

where v is the unit outer normal to the boundary 0€2. We note that the map
U is sometimes used to model boundary measurements for optical tomography
with diffusion approximation, [17, 18, 35].
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We have the following proposition, which is closely related to the earlier bound-

ary reconstruction results of a Riemannian metric from the Dirichlet—to-Neumann
map [24, 29].

Proposition A.1. The knowledge of the map VU given by (A.2) determines the
values of A on the boundary OS.

Proof. We shall recover the values of A on the boundary by analyzing the dis-
tribution kernel of the map W, obtained by constructing a right parametrix for
the boundary value problem (A.1). Let us denote A = —V - (AV). Since A(x)
is a positive definite matrix, smoothly depending on z, we can view ) as a Rie-
mannian manifold with boundary, equipped with the metric G = A™', G = (g;5),
1 <i,7 < n. To construct a parametrix for (A.1), we shall work locally near a
boundary point. Let zy € 02 and introduce the boundary normal coordinates
y= ,yn) €U,y = (Y1,---,Yn_1), centered at xo. Here U stands for some
open neighborhood of 0 in R™. In terms of the boundary normal coordinates,
locally near zg, the boundary 0 is defined by y, = 0, and y,, > 0 if and only
if x € Q. In what follows, we shall write again (2/,x,) for the boundary normal
coordinates.
In the boundary normal coordinates, the metric G has the form

n—1
G = Z Gop(®)drodrs + (dz,)?,

a’ﬁzl

see [29], and the principal symbol of the operator A is given by

n—1
ao(z,§) =&+ Y g*%(2)&s.

aa:@:]-

Therefore, the equation ag(x, &, &,) =0, & = (&,...,&u—1), has the solutions,

n—1
G =Ax(2,8), Aal@, &) =+i, | Y g*(x)€alp. (A-3)

a,B=1

We can view A as a linear continuous map in the space D'(U). In the boundary
normal coordinates, the problem (A.1) has the following form,

Auv=F in R} ={zeR":z, >0}, (A)
U|xn:0 =0.
Let
To(x7§> :aﬂ(xvf)_l(l_X(g))v LS U’ SERna

where x(§) € C5°(R™), x(§) = 0 for |§] > 1 and x = 1 near 0. The operator
Op(rp) is a rough parametrix for the operator A, which will be sufficient for our
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purposes. Here we are using the classical quantization of a symbol a € S*(U xR"),

which is given by
i@y a(x, y)dydé.

As usual, we say that a € S’“(U x R™) if locally uniformly in z € U, we have

10507 alz, €)] < Capl)*17, (&) = V1 + [

Let 71 be the operation of restriction from R" to R} and let e, be the operation
of extension by zero from R to R".

We shall construct a right parametrix for the boundary value problem (A.4) in
the following form

Op(a)u(x)

R(F) = rOp(ro)(e+F) + Ry(¥).
Here
U(a") = —=7or.Op(ro)(e+ F), 7o 1w uly,—o,
and Ry, will be constructed as a right parametrix for the boundary value problem
Au=0 in RY,
U, —0 = (")
In what follows we shall suppress the operator r, from the notation, as this will
cause no confusion.
When constructing the operator Ry, we shall follow the standard approach in

the theory of elliptic boundary value problems, see [8]. To this end, let x €
Cs°(R™1) be such that Y =1 for |¢'| < 1. Notice that

(1 =X(&))x(&) =0.
Let ¢ = o(x,£) be a simple closed C! smooth curve in the upper half-plane
Im¢&, > 0, which encircles the root A\, (z,£’) in the positive sense. In what
follows we may and will choose ¢ so that it is independent of x € U, depending
on & only, i.e. 0 =0(£). When ¢ € C°(U NR™™!), we define the operator

) = 1 o€ SEN (] — (e eintn .
M)0) = s [ R0 -TEN( [ e Jae - Og)

(A.5)

where
@(5/> — / €_iy/'§lg0(y/>dy/
Rn—l

is the Fourier transform of ¢. By a contour deformation argument in the complex
&,—plane, we have

1 —
My = =Op((1 = X)a ) (¢ @ dr,=0), 2 > 0.
We get therefore,
Allp = Op(b)(p @ 84, —0), b€ SHU xR, z, >0,
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since the operator A is local.
We shall take Ry(1)) = Iy, for some function ¢, defined locally near 0 € R™*™1,
to be found from the boundary condition, i.e.

Tollp = 1) (A.7)

To this end, we shall now prove that Il is an elliptic pseudodifferential operator
on the boundary and compute its principal symbol. By the residue calculus,
using (A.6), we get

o 1 1
7oll = Op(dp), do(2. &) = (1 — X(§ ))Q_W/g € md&

1 1
e STHUNR™ ) x R™Y),

S 0.6 ay) X g,

n—1
€'a= | D 979, 0)&as.

076:1

We introduce next a rough parametrix of 7oll, given by Op(%), where gg €
SY(UNR™) x R™1) is such that

do = 2i|¢'| 4, for |¢'| large.
To satisfy (A.7), we choose
= Op(do)¥> = ~Op(dy) (1Op(ro) (e F)).

This choice of ¢ completes the construction of a rough parametrix for the bound-
ary value problem (A.5), given by

Ry(¢) = —TIOp(dy) (700p (7o) (e F)).
Hence, the parametrix for the problem (A.4) has the form
R(F) = Op(ro) (e, F) = TIOp(do) (90p(ro) (e F)).
In the boundary normal coordinates, the operator V¥ is given by
\D(F> = Toaa:nu7

and therefore, to obtain the claim of the proposition it suffices to analyze the
distribution kernel K (2’ y) of the operator 790,, R given by

(T00s, R(F))(@') = | K(«',y)F(y)dy, 2’ €R", yeR"

Rn
Let us first consider the Schwartz kernel of the operator

7005, Op(ro) (€4 F) = @m% / ey, )6 (),
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which is given by

1 : ! ! ! . . / ’
(2m)" / oi(@' =y') € o—iynén (1&,ro(2,0,&) + Op, mo(2,0,€))dE.
Rn

Recall that here y,, > 0. Restricting the attention to the region |{'| > 1, by a
contour deformation argument to the lower half plane, we find that
. . TA_ /
e~ Wt ro(2,0,€)dE, = 2mie” WA= = e ¥nl¢la,
[ emigarala,o0.€)de T e

K(l)(x’, y) —

and therefore,

1 N ANy
K(l)(ggl, y) = W/ 1 i@ =y')€ lf(x’7 Y, gl)dgl’
Rn—

where

e Unl¢'la , 1
t(gj,? yn7 5/) = + e_ynlg IAO (_), |€/| Z 1

2 €14

Next, the operator 790, II is a pseudodifferential operator on R"~!, given by
1

(27?')”_1

ey iy L ( il < 1 )) ,
/gfeRnl(l X(&))e U(f)Qm. /{neg —ao(x’,0,5)+am” —ao(x’,O,é) de'de,,.

The principal symbol of the operator 730, 11 is therefore

L Zgn df — 3 )\+
2mi Je,co ap(2,0,€) o O, ap(2’,0,&, A1)

The operator Op(c%) is also a pseudodifferential operator on R™~! and its princi-
pal symbol is given by 2\, € ST ((UNR" 1) xR"*1), |¢| large enough. Hence, the
principal symbol of the operator 790, ITOp(do) is iA; € SY((U NR™1) x R*1),
and therefore, its kernel is given by

(—2571_1 /R T dy (!, €)'

d(',€) = Xy (,0,€) + pola,€),  |€] large enough,

where py € S°((U NR™ 1) x R*1).
Finally, the kernel of the operator 70Op(ry) is given by

]- Sl N .
(27T)n / ez(z -y')n e*lynnnro(zl’ 0, ﬁ)dﬁ

1 iz —u")-n'
= W/ 16( I dy (2 gy )iy
R~

1 e~ Ynln'la

do(2', yn,n') = 5 il |n'| large enough.

(1005, v (") =

7
=3 |€'| large enough.

K§2)(l’/, Z/) _

K (2 y) =
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Here as usual we use the residue calculus, where only the pole in the lower half
plane contributes. B
Hence, the kernel of the composition 700,, IIOp(dy)70Op(ro)(e+F) is given by

MW%w:/M%mw@Waww

2n (9-)\2(n—1) /// i(2'=2")-¢ iz’ =) ndl( €)d2(2/7ynan,)d§/dn/d2’/

n 1/611’ Z/)W 'T y Yny 1] )dnla

where

1 - / ! ! /
C(I,7 yn) /r,/) = (271_)”71 // 61(1‘ —F )(£ = )d1 (x/7 fl)dQ(Z/’ yn? n,)dgldzl'

Here 3, > 0 occurs as a parameter. Now dy(z/,&") € SY((UNR"1) x R*1) for
large [¢'| and da(2', Y, ') satisfies

92050}, a2y, 1) < Cagye™ ) Gfy =21,
where (') = \/1+ |n|} is large enough. Hence, c(2’,y,,7’), depending on the

parameter y,, is the symbol of the composition of two pseudodifferential opera-
tors in the tangential directions. By the standard results on pseudodifferential
operators, see [14], it has the following asymptotic expansion,

eyl ~ Y~ aadl )D& (a Y, 1),
\a|>0 !

with the leading term d;(2',n")ds(2, yn,n'). The knowledge of the operator W
implies the knowledge of the kernel KW (2! y)— K@ (2!, y) for any 2’ € UNR™!
and y € U NR%. This implies the knowledge of

e unl¢'|a 1
2 €14
The leading term of the latter expression is given by

+ e—yné’lA@( ) — (2, yn, &), for any [¢'| large enough.

e—yn|§l‘A e—yn|£/|A
2 + 2
Varying &', we recover A(x’,0). The proof is complete.

— e—yn‘gllA'
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