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Electrical impedance tomography (EIT) is
an emerging medical imaging method

Feed electric currents
through electrodes,
measure voltages

o
Reconstruct the image of é
electric conductivity in <
a two-dimensional slice

Applications include:
monitoring heart and lungs
of unconscious patients,
detecting pulmonary edema
(swollen lungs)
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The inverse conductivity problem of Calderon
is the mathematical model of EIT
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Given the Dirichlet-to-Neumann map,
how to reconstruct the conductivity?

The reconstruction problem is nonlinear and ill-posed.

EIT reconstruction algorithms can be divided
roughly into the following classes:

Linearization

Iterative output least-squares methods
Statistical inversion

The inverse scattering approach, or d-bar method




Theoretical development of the d-bar method
can be found in these studies

1980 Calderdén

1987 Sylvester and Uhlmann
1987 R G Novikov

1988 Nachman

1996 Nachman

1997 Liu

1997 Brown and Uhlmann
2000 Francini

2001 Barceld, Barcelé and Ruiz
2003 Knudsen and Tamasan
2003 Mueller and S

2003 Astala and Paivarinta

Throughout this talk we use these definitions:

Let © C R? be the unit disc.
Let v € C*(Q) be strictly positive.
Assume that v = 1 near 9%2.

A’Yl/2

1 € C?(R?) by zero extension.
y1/2

Define ¢ =

Nachman'’s 1996 proof consists of two steps:
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The intermediate object t is a complex-valued function called
scattering transform and defined as follows for complex k:

k)= .[}82 e"’-'_"Eq(:f:)w(:c, k)dx

(A 4+ v, k)=0
U(x, k) ~ etk = eilk1tika) (e +ixg)

A,}.I;'Q
q= ~1/2

Step 1: from DN map to scattering transform

Solve traces of y from the boundary integral equation
W ke — pikr _ g (e ke
V(- R)an = e = Sp(A = AU R),

where the single-layer operator has Faddeev Green's
function as kernel.

Compute the scattering transform as

t(k) = [}Q ”JEF("’\: — A (e, k)de(2).

Step 2: from scattering transform to y

Define  p(x, k) = e~ Ty (x, k)
Then the following d-bar equation holds:

9 oy = YK ket
Eju(‘z., k) = m{. pla, k).

The d-bar equation has a unique solution for all x.
The conductivity can be recovered from

All_ll.f'2 (-’If) — IE‘||_r'f"|:) H_(;I?. .’\’)
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In dimension two, the definition of
Faddeev’s Green function is as follows:

Let k€ C\ 0. Define g, : R? — C as
1 / etr€

(27)2 JR2 |€|2 + 2k (€1 + i€2)

Then g;, satisfies

gr(z) = dé1dés.

(—A — 4ikd)gy, = 4,

where

Note the symmetry gp(z) = g1(kz).

For x in the unit disc we compute g1(x)
with a formula by [Boiti et al 1987]

,—ir 00 s AT F=NT
‘ —(21-+l0g[a*+ 3 ()" + (~iz)"

]
n=1 ni:

g1(x) = —

4

Here y is Euler’s constant

We write gi1(x) as a formula containing
arapidly converging one-dimensional integral
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For other domains we use residue calculus
and reflectional symmetry

]

Exponentially growing solutions
in two dimensions

Let ¢ € LOO(RQ) be compactly supported and
A+¥(k)=0  inR?
where £ € C\ 0 and
i, k) ~ et = gilktike) (e1iag)
in the sense that
"Ry (k) — 1 € WIP(R?)
for some p > 2.

The solutions exist for conductivity-type
potentials by [Nachman 1996].

Exponentially growing solutions
are constructed using Faddeev’s Green function

Let £ € C\ 0 and denote
(k) 1= e M (z, k).
Then p(-, k) is the solution of
wa k) =1- [ o - y)any, kdy.
supp g
We take a square S O suppg and consider

w=1—gg* (qu),
where g, is periodic extension of gi|g and x is
convolution on the torus. It follows that

Hlsupp g = Wlsuppg-

We solve the periodic Lippmann-Schwinger
equation following [Vainikko 2000]

We take a grid on S with S
(2Am x 2Am) points

Here m=2, in practice

typically m=8. y

This grid is suitable for
the use of Fast Fourier
Transform (FFT). o o o
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Vainikko's method is based on
iterative solution of linear equations

We can solve the discretized periodic equation
IT+gp+(g)w=1

using the iterative GMRES method.

We just need to implement the linear operator

© = @+ g x(gp)

for a function ¢ given on the grid points.

The linear operator is implemented
using Fast Fourier Transform (FFT)
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Given a conductivity, we compute
the potential and scattering transform
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Practical step 1: compute stable approximation
to scattering transform from noisy data

With noisy data, we cannot solve equation
(- B)og = € — SE(Ay = ADY( k),
so we introduce the approximate scattering transform:
(k) = [ e (Ay — Ay)eFdo ()
Ja2
Further, we regularize the computation by truncation:

. t°(k),  |k| <R,
EXP ALY r—
tR"(k) 1= { 0. |kl>R

Practical step 2: solve the d-bar equation
with approximate kernel

Write the approximate dbar equation

a thP (k& b ——
ﬁf“’"("",") = %(f.-){ ik e+ o, k)

In integral form:

1 (t5°(k) _itprais———
pple k) = 1+_—k* (—";_Z e ilka+k: );r;;(,r. I\))

This Lippmann-Schwinger -type equation can be solved
numerically with modified Vainikko's algorithm. Then

v :le"Q(-'f-‘) = pnp(x.0).




Truncation of scattering transform gives
asymptotically correct reconstruction

Theorem [Mueller & S 2003].
Let up be the solution of the & equation

a
< k
61{3#1{(% )

tr(k (kL BE)—F—~
— R(_)e—z(lmm+km)uR(m, k).
4rk

Then the following estimate holds for large R:

VA = 1R (0l o(ay < CRTL.

We explain numerical solution of dbar equation;
recall the grid for Vainikko’s algorithm
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The d-bar equation can be solved
in a bounded domain using periodization

Instead of the d-bar equation

1
(e, k) = 14— (

Ak

t" (k) r

—i(ka+k ?)m)

valid in the k-plane, we solve the S-periodic equation

1
[z g g o (Tp-"Nw=1
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The d-bar equation is also solved since it can be shown that

1r(@, ) po.r) = wlp(o,ry

Vainikko's method is based on
iterative solution of linear equations

We can solve the discretized equation
L
U+ == Tp-w=1
7k
using the iterative GMRES method.

Note: real and imaginary parts must be kept separate!
We just need to implement the formula

1 _
o+ —*(Tr- o)
mk

for a function ¢ given on the grid points.

The convolution is effectively implemented
using Fast Fourier Transform (FFT)
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Reconstruction Error
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Original conductivity Reconstruction Error Original conductivity Reconstruction Error
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Reconstruction from data measured from
a chest phantom consisting of saline and agar
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Relative error 23% (lung) and 12% (heart).
Dynamical range of is 94% of the true range.
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