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The inverse conductivity problem of Calderdon

du
MANf=n ahm-

V-aVu = 0 in €,
u = f on J52.

Uniqueness: Is the conductivity y uniquely determined
by the Dirichlet-to-Neumann (DN) map?
Reconstruction: If uniqueness holds, how to reconstruct
the conductivity from the knowledge of the DN map?

The inverse conductivity problem is nonlinear

The weak formulation of the DN map as an operator
Ay HY2(09) — HY2(00),

is given by
(N fog) = ./Q ~Vu - Vo,

. 1 . . -
where visany H function with trace g, and u satisfies
the Dirichlet problem

V-o4Vu=0 in £,
u=f on Jg.

Clearly, themap 7y —* AAJ- is nonlinear.

The inverse conductivity problem is ill-posed
in the sense of Hadamard

Large changes in y correspond to small changes in the DN map.

Thus, the conductivity does not depend continuously on
the measurement data.

The uniqueness question in 2-D
has been studied by these authors

1980 Calderén
1985 Kohn and Vogelius (piecewise real-analytic y)

1987 Sylvester and Uhlmann (n>2)
1987 R G Novikov (n>2)
1988 Nachman (n>2)

1996 Nachman (y has two weak derivatives)

1997 Brown and Uhlmann (y has one weak derivative)
2003 Astala and Péivarinta (y essentially bounded)




The inverse conductivity problem models
Electrical Impedance Tomography (EIT)

Applications of EIT include

1. Medical imaging

2. Geophysical prospecting

3. Industrial process monitoring
4. Nondestructive testing

EIT reconstruction algorithms can be divided
roughly into the following classes:

Linearization

Iterative output least-squares methods

Statistical inversion

The inverse scattering approach, or d-bar method

Recovery of partial information (discontinuities)

In this talk we discuss a new EIT method for
the recovery of partial information

We show how to use Mittag-Leffler’s function to recover
discontinuities in a homogeneous background conductivity

(We always take Q to be the unit disc in the plane)

We consider recovering an inclusion D
in homogeneous background

Several approaches have been suggested
to the problem of recovering inclusions

Probe method Enclosure method by
by lkehata lkehata, Ohe and Siltanen

Kirsch’s method
by Briihl and Hanke

The present approach is a generalization
of the enclosure method

Present method

Enclosure method




Mittag-Leffler’'s function:
definition and asymptotic behavior

—J.N

Ea(2) = mgo Mam+ 1)

In the cone |En(z}]
grows exponentially

Re z o, as [z| — ¢

Outside the cone |E.(z)]
decays algebraically
as |z| — mc

Imz

Mittag-Leffler’s function
has a closed form expression for a=1/2

By(z) = e {14 = / ~ du)

This is a plot of the absolute value
of Mittag-Leffler’s function (a=1/2 and |z|<2)
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Indicator function is the key object
for recovering the inclusion from the DN map

Set

I8, () = /}Q oy (n. — R- )—rm

where

ez y,w) = Eal(r{(z—y)wtilz—y)w'}).

Asymptotic behavior
of el as |z| — oo:

Theorem 1: for a given cone C, we can
find out if C intersects the inclusion D

M7 —oo |1, ) (T)| =0

liminfr—oo I, ()| >0

For application of indicator function to EIT,
we must consider practical issues

Currents are applied and voltages measured
There is a finite number of measurements
Measurements contain random errors (noise)
Measurements are done with electrodes

The parameter t cannot be taken large




Current-to-voltage measurements
are described with the ND map

The Neumann-to-Dirichlet (ND) map is defined by
. 1
Ry f = ulgg — E]] /”Q u
where u satisfies the Neumann problem
{Vquu =0 in¢$,
du g .
Y‘HT = f on J%2.

In practice, currents are applied and voltages measured.
This is because

the ND operator is smoothing and suppresses noise, while
the DN operator is roughing and amplifies noise.

There is a finite number of
linearly independent current patterns

Here are three examples with N=16:

= A
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Altogether, there are N-1 linearly independent current
patterns due to conservation of charge.

We approximate the discrete currents
by continuous Neumann data. Here N=16.

pr PalllaN ?"17\(
~ v 5 v ~ A
£ - | = =
v A~ A s L ~
YA N1’ )lTL&
cos(0) cos(20) cos(80)

(max. frequency)

We simulate a finite set of EIT measurements
with a complex 32x32 matrix

Let oy = (27) " Y2(214iaz2)¥ o0, kel

We solve the Neumann problem

UE!R.

VyVu, =0 in , = ¢ on I,

%
fork=-15,..., 16. Further, we set

R, [6,k] = /d o U 1Oy do,

and add Gaussian random numbers to the elements of Ry
to simulate measurement noise.

We give extensions of Theorem 1
to cover the practical situation

Theorem 1 Proposition 1
(exact ind.fL|n.) From exact
to truncated
indicator function
Theorem 2
(ideal data, truncated ind.fun.)
|

A 4
Proposition 2 Theorem 3
(noisy data, truncated ind.fun.)

# From ideal data
Corollary to noisy and finite data
(finite and noisy data)

Proposition 1 shows that truncated indicator
function converges to the indicator function

Thm 1 Prop 1 Ili)eﬂnition. Far N = 1, truncated indicator function|
'rll-.._. My = / (A = MNadg - Tddo,
! Jum

Thm 2
ala) = BN (r{ (e — w) - (w4 i),
where EY \-.{'-J is truncated power series.
Proposition 1. Let n =2 and N =1, Then
lim 1" () = 1N ) = 0.
Prop 25 Thm 3 W Moy () = Ty ()
v The convergence Is uniform with respect to w,

Cor




Theorem 2 shows that the conclusion of Thm 1
holds for truncated indicator function

Thm1 Prop1 1/naN

\I_im\ |![

()| =0;

#aw)

. . 1/nnN .
|I_I\T1!Qf e ()l = 0;

Prop 2 Thm 3
v 1/naN

cor .\l'irvn\ “(f:.—') ('r_\-)| = .

Proposition 2: when noise level tends to zero,
error in indicator function vanishes

Definition. Let (y,w) € 2 x 51, Define the noisy

Thm 1 Prop 1 truncated indicator function by the formula
Thm 2 vl TE+ DI +1)

X [q{(ﬂ'\- =AM =) - (i)} on) + EL (D)}

Al — 1) - (w4 iwh)} + () hdo(2).

Proposition 2. Let n > 2. For N = N(§; y) we have

Thm3 sup i[’ maN
o ya')
v I3 &

Cor

= (4| lag 4]0 1my
as 4 — 0. The convergence Is uniform with respect
to w.

Theorem 3: when noise level tends to zero,
reconstruction from noisy data is possible

Thm1 Prop1
(R ) o .
v lim sup |I 70 (ra M) = 0;
Thm 2 =0 ||gav||cf ¢
timinf inf |10 (v £ > 0;
Cor i inf 1 (v €)= oo

Corollary: when noise level tends to zero,
reconstruction from finite noisy data possible

Thm1 Prop1
(S

v Iiug sup |!:U ':."\(r_\-:a"' =0
Thm 2 C e

- . LinnNy_ | caNy) w a

Inrln_||:|'1f I_|nf_ ) |r[d__\] (ra, ") = 0
v

Prop 2 Thm 3

o LN
Cor lim inf_ 10,7 (7 €7Y)] = oo,

Indicator function can be written
in terms of the measured ND map
e

o
T,
v

el
Wiite 12 (1) = [ _ST(Ry - R-
rite 1¢ y(m = [ o (R1— R2)

o
i

e
i~ in Fourier basis to get

and expand the function
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l<mi<nlN

e L e —— oy =r
<3 3 () (i) mratcayen e

x(Rafra.r1] = Ry [ra, ml).

Due to the finite number of measurements,
we cannot take 71 to infinity

The truncated power series of Mittag-Leffler’s function
gives relative accuracy of 1% for |z|<2.
We evaluate Mittag-Leffler's function at

x—y) wtilz—y) wt}<2
87
Thus we choose
1

(y) = T+l

Mo




We demonstrate indicator functions by fixing y
and plotting |I(y,0)]| in polar coordinates

Examples of indicator functions

Our reconstruction strategy is to exclude cones
giving local minima of the indicator function

Recovering nonconvex inclusions

Numerical example of recovering disc inclusions
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