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Reconstructions of Chest Phantoms by the D-Bar
Method for Electrical Impedance Tomography
David Isaacson, Member, IEEE, Jennifer L. Mueller*, Jonathan C. Newell, Member, IEEE, and Samuli Siltanen

Abstract—The problem this paper addresses is how to use the
two-dimensional D-bar method for electrical impedance tomography with experimental data collected on finitely many electrodes
covering a portion of the boundary of a body. This requires an
approximation of the Dirichlet-to-Neumann, or voltage-to-current
density map, defined on the entire boundary of the region, from
a finite number of matrix elements of the current-to-voltage map.
Reconstructions from experimental data collected on a saline filled
tank containing agar heart and lung phantoms are presented, and
the results are compared to reconstructions by the NOSER algorithm on the same data.
Index Terms—D-bar method, direct reconstruction algorithm,
electrical impedance tomography.

I. INTRODUCTION

E

LECTRICAL impedance tomography (EIT) is a relatively
new imaging modality in which electrodes are placed on
the surface of the body and the conductivity in the interior of the
body is reconstructed from voltage data arising from currents
applied on the electrodes. Since the various tissues and organs
in the body often have different conductivities, an image is created from the reconstruction. Often, these electrodes are placed
around the circumference of the thorax, and a cross-sectional
image is formed from a two-dimensional (2-D) reconstruction.
In this geometry, clinical applications include monitoring heart
and lung function, diagnosis of pulmonary embolus, and diagnosis of pulmonary edema.
The problem is modeled by the conductivity equation
(1)
where denotes a 2-D simply connected domain, denotes the
conductivity of the body and the electric potential. Applying
a known voltage on the boundary of corresponds to the
Dirichlet boundary condition
(2)
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denotes the boundary of . Measuring the resulting
where
current density distribution on the boundary corresponds to
knowing the Neumann boundary condition
(3)
where denotes the outward normal to
. The mapping which
takes a given voltage distribution on the boundary to the resulting current density distribution on the boundary is referred
to as the Dirichlet-to-Neumann, or voltage-to-current density,
.
map and is denoted by . Thus,
The uniqueness question for the inverse conductivity problem
is whether the Dirichlet-to-Neumann map uniquely determines
. That is, does
imply
the conductivity
? The reconstruction problem is how to determine
from knowledge of the Dirichlet-to-Neumann map. For a survey
of results on the uniqueness question under various assumpand for a brief survey of reconstruction algotions on and
rithms, see, for example, [35] or [11] and the references therein.
for suffiThe uniqueness question for a bounded domain in
ciently regular conductivities having essentially two derivatives
was first solved by Nachman [37] in 1996, for less regular conductivities with only one derivative by Brown and Uhlmann [16]
conductivities by Astala and Päivärinta
in 1997, and for
[3] in 2003. The proof [37] uses the D-bar method of inverse
scattering and outlines a direct reconstruction method for the
conductivity. In a series of papers [43], [45], [35], [36], the authors presented a numerical method for solving the equations in
Nachman’s proof and applied the method to numerically simulated data.
This paper addresses the problem of how to approximate
defined on the entire
the Dirichlet-to-Neumann map
from measurements made only on a portion
boundary of
of the boundary. In previous publications by the authors, the
Dirichlet-to-Neumann map was known. However, in this paper,
we approximate the voltage-to-current density operator
from a finite number of discrete measured matrix elements of
the current-to-voltage mapping. To model the current density
on the electrodes, the gap model [48] is employed, and a
matrix representation of the Dirichlet-to-Neumann map is
derived. This is the first paper using the D-bar method to use
the gap model; previous works used the continuum model
was known. We derive an approximation to the
since
scattering transform used in the D-bar method in terms of the
discrete current-to-voltage matrix. The algorithm is then used
to reconstruct the conductivity distribution inside a phantom
chest consisting of agar heart and lungs in a saline bath from
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current-to-voltage data measured on 32 electrodes on the
boundary of the tank.
The results from the reconstruction are compared to the
NOSER algorithm [19], [46]. NOSER, named for Newton’s
One-Step Error Reconstructor, is a linearization-based algorithm which takes one step of Newton’s Method, using the
best constant conductivity approximation from the measured
data as an initial guess. Other examples of linearization-based
algorithms include backprojection methods [6], [12], [42],
Calderón’s approach [17], [18], [27] moment methods [2], and
other one-step Newton methods [13], [33], [34]. Algorithms
that solve the full nonlinear problem include approaches based
on output least-squares [14], [15], [20]–[22], [29], [30], [53],
the equation-error formulation [31], [32], [52], statistical
inversion [28], and layer stripping [47], [51].
This paper is organized as follows. In Section II, we describe
the steps of the reconstruction algorithm. Descriptions of the
implementation of the algorithm are provided in [35], [36],
[43], [45]. Section III contains a description of the electrode
model as well as definitions of the operators and matrices
used in the derivation of the matrix approximation to the
Dirichlet-to-Neumann map. The derivation of the discrete finite
approximation to the Dirichlet-to-Neumann map is found in
Section IV in which we also derive an approximation to the
scattering transform in terms of this matrix. A brief description
of the numerical solution of the D-bar equation is also found
in Section IV. Section V contains the reconstructions of the
phantom chest as well as comparisons to reconstructions by the
NOSER algorithm.

plane [24]. Nachman shows that the Faddeev solutions
are the unique solutions to the Schrödinger equation
(5)
for potentials given by
and
. Note
is asymptotic to
. That is, for large
or large
that
is approximately equal to
in a certain function
by
space. Next, define the functions

The function satisfies an integral equation analogous to the
classical Lippmann-Schwinger equation, and applying the opto that equaerator
tion yields the equation

(6)
where the functions

and

are defined by

(7)
Note that
Nachman shows that the solution of the
equation (6) satisfies the weakly singular Fredholm integral
equation of the second kind

II. THE RECONSTRUCTION ALGORITHM
Nachman’s uniqueness proof [37] for the 2-D inverse conductivity problem outlines a direct procedure for reconstructing
the conductivity from knowledge of the Dirichlet-to-Neumann
map. It is necessary to briefly outline the steps of the proof to
fix notation for the remainder of the paper. For a more complete
description of the method, the reader is referred to the original
proof or to [35] or [43]. For an overview of the D-bar method
applied to inverse scattering problems, the reader is referred to
[7]. A selection of further references on inverse scattering and
the D-bar method include [1], [8]–[10], [25], and [38]–[41].
The first step of the proof is to transform the conductivity
(1) to the Schrödinger equation via the change of variables
and
. Then

(8)
. This formulation is used in the computations
for all
.
of
gives the conductivity diTaking the small limit of
rectly at each point in via the formula
(9)
require knowledge of the
However, computations of
, which is known as the scattering transform of
function
, and is not directly measurable in experiments. In the proof,
Nachman shows that
is related to the voltage-to-current
data via the following integral equation on the boundary of

(4)
(10)
near the boundary of the reUnder the assumption that
gion , one can smoothly extend
and
to the whole
,
plane . Let the variable denote a point
which will also be identified with a point in the complex plane
, where denotes the complex number
by writing
. If
, the function
satisfies
in
where is a complex parameter
. This motivates the use of the Faddeev exponentially
growing solutions solutions to the Schrödinger equation in the

denotes the voltage-to-current density map when
Here,
contains the conductivity distribution
denotes the
contains a constant conducvoltage-to-current map when
denotes the measure of arclength on
.
tivity of 1, and
Another integral equation relates the function
on
to
and , but is
the difference of the voltage-to-current maps
omitted here since it is not used in this implementation.
We summarize the main steps of the algorithm as follows.
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1) Find the solution to (5)
from the voltage-to-current
such that
for large .
map
2) Determine the scattering transform from the voltage-tocurrent density map using (10).
for
3) Solve the D-bar equation (6) for
.
from the formula (9).
4) Reconstruct at each point
in a
In this section we relied on the assumption that
neighborhood of the boundary of . In practice, this assumption is necessarily violated by the presence of the electrodes
on the boundary of the tank. Although the algorithm outlined
in Nachman’s proof contains an initial step in which the conand smoothly extended to 1
ductivity is reconstructed on
for which a
on the boundary of a slightly larger domain
new Dirichlet-to-Neumann map is then calculated, we omit that
, the best constant
step in this work. Instead, we compute
conductivity approximation to from the measured data (see
so that
Appendix 1), and scale by
(11)
for constant,
. Thus, we
Since
as our data corresponding to the scaled conducuse the map
tivity . After reconstructing , we obtain from the formula
. In the following sections we will simply use the notation to represent the scaled conductivity from (11) to avoid
cumbersome notation.
III. THE EXPERIMENTAL CONFIGURATION
Our experimental chest phantom consists of a circular tank
with 32 equally spaced electrodes. See Fig. 1 for an illustration
of the experimental configuration. In the following we will designate the number of electrodes by and the radius of the tank
the circle of raby . Let denote the circle of radius 1 and
dius . Let denote the area of an electrode. The th electrode
. (Here,
).
is centered at angle
current patterns was applied on the
In practice, a basis of
electrodes and the resulting voltages on the electrodes were
measured. Although the algorithm requires an approximation to
, it is desirable to apply
the voltage-to-current density map
currents because the current density-to-voltage map damps errors and noise in the data, while the voltage-to-current density
map amplifies such errors. In this experiment, trigonometric
current patterns were applied on the electrodes. These particular current patterns maximize the distinguishability as defined
in [26] on the electrodes for a homogeneous medium, and were
chosen for their ease of use. Note that the current density patterns that maximize the signal-to-noise ratio for any given conductivity distribution can be determined, as they are the eigendenote
functions of the Dirichlet-to-Neumann map [26]. Let
the th current pattern applied where
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Fig. 1. The phantom chest.

and is the current amplitude. Let
denote the voltage measured on the th electrode corresponding to the th current patand normalized so that
.
tern
denote the normalized currents
Let
and
the normalized voltages
, where
. Let
denote the voltage-to-current density operator correin a
sponding to a (scaled) conductivity distribution
then denotes the map cordisk of radius . (Note that
responding to a conductivity of 1 in a disk of radius 1.)
denote the current density-to-voltage operator corre•
in a
sponding to a (scaled) conductivity distribution
.)
disk of radius . (Note that
on the boundary by the
We model the current density
gap model so that
•

where is the current applied on the th electrode, denotes
is the area of the th electrode.
the th electrode and
. An entry of
We denote the current-to-voltage matrix by
is defined by
. Let
be the
where the
matrix defined by
and
of length are defined in Section 4 and
vectors
is the area of an electrode. (All of the electrodes have the same
. Let
. Then the enarea.) Then
are the elements of the discrete voltage-to-current
tries of
, and
be defined analogously. The mamap. Let
is the discrete voltage-to-current map that
trix
in the algorithm. It
will serve as the approximation to
is used explicitly in the construction of the scattering transform
. The relationship between
and
is derived in
Section IV.B.
IV. NUMERICAL TECHNIQUES

(12)

In this section we describe the numerical techniques used to
reconstruct the conductivity given by (11) using the D-bar
method and experimental data.
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on the Boundary

The first step of the reconstruction is to compute the expoof .
nentially growing solution to (5) on the boundary
A Fredholm integral equation for computing on
from the
Dirichlet-to-Neumann map is given in [37]. While this equation is theoretically solvable, the operator which must be inverted to solve the equation may no longer be invertible when
there is noise in the Dirichlet-to-Neumann map. The regularization of this operator is a subject of future research. Instead,
by its asymptotic behavior
and
we approximate on
on
. This approximation was first introset
duced in [43] and was further studied in [35]. The effects of this
approximation remain unknown.

of
, let
For functions
denote the discrete inner product defined by

Since

, we have that

B. Approximating the Scattering Transform
In this section we derive the approximation
to the
scattering transform from experimental data to the theoretical
. Since the formula for
given in
scattering transform
(10) is valid for the Dirichlet-to-Neumann map defined on the
boundary of the unit disk, we must derive an approximation
on a disk of radius using the matrix approximation to
corresponding to current-to-voltage data measured on
electrodes.
Substituting the approximation
on
into
(10) and denoting our approximation by
gives

Applying the gap model for the current density on the electrodes
gives an approximation in terms of the discrete inner product

where

. Thus

(13)
(16)
As in [43], we expand
obtain

in a Fourier series with

Define the inner product

Then, substituting the series for

to

Using Euler’s formula

gives

by

into (13) gives

(17)
Consider the first term in the sum (17). From (12)
(14)

Note that (14) holds on the unit disk while our data is measured
, (14) becomes
on a disk of radius . Since

(15)

(18)
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Note that

Let
and (18)

. Then from (15), (16),
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adaptation of the method of product integrals presented in [4].
The idea of the method is to factor the integrand into its smooth
part and its singular part and approximate the smooth part with
a simple function, such as an interpolatory polynomial. The new
integrand is then computed analytically where possible. See the
[35] or [36] for a detailed description of the implementation.
The method results in a system of the form
(19)

To approximate the matrix

are matrices of size
by
. This type of
where and
system is known as -linear and can be solved by equating the
real and imaginary parts to obtain a linear system of size
by
in real variables with two vectors of unknowns
and
. In this implementation the system was solved using LU
decomposition with partial pivoting and row exchanges, so the
.
computational complexity of the method is
The system must be solved for each
. However, in
practice is discretized into mesh elements, the conductivity
is assumed to be a constant in the th mesh element, and the
in mesh element . The
equation is solved for a specified
solution of the system (19) results in a set of values of
on a -mesh in . Recall that the conductivity is given by

note that for

(20)
The value of
was approximated in this implementation
nearest
using bicubic interpolation on the 16 values of
in the -mesh.
This method of solving (8) described above and in further
detail in [35] has the advantage that certain factors in the matrix
are independent of , so they need only be computed once
and stored. Thus, the factors are computed, and then the system
in parallel. Since these computations
is solved for each
are independent, no communication is needed in the parallel
implementation.
V. RECONSTRUCTIONS OF CHEST PHANTOMS
Since
the matrix

,
is approximated by the diagonal matrix

C. Numerical Solution of the

Equation

to the D-bar equation (6) is found by
The solution
and for each
. It is
solving the integral (8) for all
shown in [43] that for sufficiently smooth conductivities,
is bounded at
and the integrand in (8) approaches zero as
. Thus, the integral over
can be approximated by an
on a uniform mesh consisting
integral over a square
of
square elements, chosen in such a way that
is not
on a corner of a mesh element. Thus, the mesh is determined by
and , and the length of a side of a mesh element is given by
. Note that the function
is oscillatory
in both and , and the grid should be sufficiently fine to
capture these oscillations. We solve (8) numerically using a 2-D

The algorithm was tested on experimental data collected on
a phantom chest which consisted of agar heart and lungs in a
saline bath in a tank of radius 15 cm with 32 electrodes of size
1.6 cm high and 2.5 cm wide. The conductivity of the saline was
424 mS/m, the conductivity of the agar lungs was 240 mS/m,
and the conductivity of the agar heart was 750 mS/m. A photo of
the configuration is found in Fig. 1. The data was collected using
the ACT3 system [23] at Rensselaer Polytechnic Institute. ACT
3 is a 32-electrode system operating at 28.8 kHz that applies
currents and measures the real and quadrature components of
the voltage on all 32 electrodes simultaneously.
In this experiment the trigonometric current patterns given
in Section III were applied with an amplitude of .2 mA on
the 32 electrodes and the resulting voltage was measured. The
was constructed by the method
voltage-to-current map
described in Section III.
The numerical approximation to the scattering transform
was computed by the method in Section IV.B. The approximate
“blew up” exponentially fast as
increased, that is,
, due to the fact that the compuational
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The 496-element “Joshua tree” mesh.

is a polynomial approximation to an infinite power series
and there is noise in the coefficients. The approximation was
to 0 outside a circle of radius
regularized by truncating
R in the -plane. This regularization was studied in [35] where
. Also in [35]
noisy simulated data also led to blow up in
is a study of the effects of truncating the actual scattering transat radius on the reconstructions, and it is shown
form
that the reconstructions corresponding to such truncations will
converge, as
, to the correct conductivity, and several
numerical examples are provided. In this paper, the truncation
radius was chosen by inspection of the scattering transform
and the reconstructed conductivity. It was found that as increased, oscillations appeared in the reconstructed conductivity
with an unacceptable level of oscillation occuring with
.
The results here correspond to
, which resulted in a reasonably flat image for the interior of the homogeneous tank. We
do not address the question of how to choose without using
this kind of a priori information in this work.
The reconstructed conductivity was obtained by solving the
equation by the method of Section IV.C on the rectangle
in the complex -plane with
(hence mesh
elements of size .1795 by .1795) and on the NOSER, or “Joshua
tree,” mesh in the -variable. See Fig. 2 for an illustration of the
mesh. This mesh contains 496 elements, the maximum number
of degrees of freedom for reconstructing the conductivity from
. There are
31 current patterns on 32 electrodes
32 elements on the outermost and several adjacent layers. All
mesh elements have the same area and can be specified by
radial and angular subdivisions. The Joshua tree mesh was
introduced in [19], to which the reader is referred for further
discussion of the mesh design. The conductivity is chosen to be
constant in each mesh element with defined to be the radial
and angular center of the th element. The reconstructions
were then plotted using the ACT3 display system which
includes a low-pass filter. Reconstructions from the same data
sets were also computed using the NOSER algorithm [19].

Fig. 3. Top row: Static reconstructions of the phantom chest using the D-bar
method (left) and NOSER (right). Second row: Static reconstructions of the
homogeneous tank using the D-bar method (left) and NOSER (right). Bottom
row: Difference images using D-bar (left) and NOSER (right).

NOSER, named for Newton’s One-Step Error Reconstructor,
is a linearization-based algorithm which takes one step of
as an
Newton’s Method, using the constant conductivity
initial guess. For more details on NOSER, see the [19] or [46].
was used in the D-bar images as in the
The same value for
NOSER images. For the homogeneous tank
mS/m
mS/m.
and for the phantom chest
Static reconstructions of the phantom chest and the homogeneous tank using the D-bar and NOSER algorithms are found
in Fig. 3. Difference images formed by subtracting the reconstructed conductivities are also found in Fig. 3. In the static
images, the reconstructed conductivity from the D-bar method
has a maximum value of 662 mS/m, found in the heart region.
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This constitutes a relative error of 12% for the heart region. The
static NOSER images have a maximum of 444 mS/m, found in
the heart region, which corresponds to a relative error of 41%.
The reconstructed conductivity from the D-bar method has a
minimum value of 185 mS/m, found in the lung region, which
corresponds to a relative error of 23%, compared with a relative
error of 28% from NOSER for the lung region. One sees from
the static image of the homogeneous tank that the background
conductivity of 424 mS/m for the saline was well-recovered in
the NOSER images (to within 3% relative error). As is typical
in NOSER images, the electrodes appear as a conductive ring
around the boundary of the image. The D-bar image contains a
much wider ring of high conductivity near the boundary, with
a minimum conductivity of 397 mS/m in the interior, which
is a relative error of 6.5% for the saline. The spatial resolutions of the static reconstructions of the phantom chest differ
somewhat. The D-bar image recovers the separation between
the two agar lungs, while the NOSER reconstruction does not,
but the overall size and position of the lungs appears more accurate in the static NOSER image. There is also distortion of
the agar heart in the D-bar image. In terms of dynamic range,
the NOSER static image of the phantom chest has about 27%
of the “truth” while the dynamic range of the D-bar static image
is about 93% of the “truth” where “truth” is taken to be the difference between the agar conductivity of heart (750) and lungs
.
Some artifacts in the D-bar images may be a result of the
omission of the implementation of the very first step of the
algorithm which requires reconstructing the conductivity on
the boundary of the region, extending the conductivity outside
the region to a larger region with a conductivity of 1 on its
boundary and forming a new Dirichlet-to-Neumann map for
this new domain. This step was not required in previous work
since the data was numerically simulated. Implementation of
this step is expected to improve the images and requires further
results
research. Choosing a larger truncation radius for
in a smaller conductive ring near the boundary, but contains
oscillations of high and low conductivity in the interior. Further
improvements may come from a better representation of the
scattering transform, which may be obtained by solving (10)
or using another type of approximation, such as the
for
one developed in [35].
For the reader comparing the images in this work to those
in [36], in which reconstructions of a numerically simulated
phantom chest are published, we point out that only the accuracy
of the solution of the D-bar equation was being tested in [36],
since the scattering transform was computed from the definition
which assumes prior knowledge of the conductivity (see [36] for
details). Furthermore, the numerically simulated chest consisted
conductivity distribution, while the distribuof a smooth
tion in this work is discontinuous. Studies of numerically simulated discontinuous conductivity distributions with noise in the
data are a subject of future work. The practical value of the images presented here is that they demonstrate that this kind of
regularization of the D-bar method works on experimental data
and the reconstructions are reasonably accurate in terms of conductivity value and spatial information.
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VI. CONCLUSION
In this paper, the D-bar method for electrical impedance tomography in the 2-D, cross-sectional geometry was further developed and used to reconstruct agar heart and lung phantoms
in a saline-filled tank. The locations of the phantom heart and
lungs were reasonably well represented in both the static reconstructions and the difference images. However, the reconstruction of the homogeneous tank exhibited a large artifact near the
boundary due to the presence of the electrodes. The values of
the reconstructed conductivity were within 23% of the actual
values of the phantom chest, and the dynamic range of the reconstructed values was 93% of the actual range. These results
were compared to reconstructions by the NOSER algorithm on
the same data, which yielded conductivity values with a 41%
relative error, and a dynamic range of only 27% of its actual
values. The results demonstrate that the D-bar algorithm can be
used to obtain useful images on measured data, but further refinements are needed to reduce artifacts.
APPENDIX I
COMPUTING
The best constant conductivity approximation to the measured voltage data can be computed according to the following
formula. Let denote the resistivity (the reciprocal of the conductivity .) Then for a homogeneous medium, the voltage on
the th electrode from the th current pattern is proportional to
the voltage arising from a constant distribution of one
(21)
Let
denote the set of measured voltage data and
the calculated voltage on the electrodes. To find the best fit to
the data, we must solve
(22)
The solution

to this minimization problem is given by
(23)
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