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ABSTRACT

The Novikov-Veselov (NV) equation is a (2+1)-dimensional nonlinear evolution equation that generalizes
the (1 4+ 1)-dimensional Korteweg-de Vries (KdV) equation. The solution of the NV equation using the
inverse scattering method has been discussed in the literature, but only formally (or with smallness
assumptions in the case of nonzero energy) because of the possibility of exceptional points, or singularities
in the scattering data. In this work, absence of exceptional points is proved at zero energy for evolutions
with compactly supported, smooth and rotationally symmetric initial data of the conductivity type:
qo = y~'?2Ay'/? with a strictly positive function y. The inverse scattering evolution is shown to be
well-defined, real-valued, and preserving conductivity-type. There is no smallness assumption on the
initial data.
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1. Introduction

The nonlinear Novikov-Veselov equation for g, = q.(z) = q;
(x,y)is

99,
aT

-1
v:(2) =0, 0,4.(2),

83, — 320 + > 0.(quve) + > B, (q.T)
- .4 24 4zqrr 4zqr'rv (1)

where 7 >0 and 9, = 3(Z + ia%)- Novikov and Veselov intro-
duced (1) in a periodic setting in 1984 [1,2]. Eq. (1) is the most nat-
ural generalization of the (1 4+ 1)-dimensional Korteweg—de Vries
(KdV) equation [3] to dimension (2 + 1) since the variables x and
y have more symmetric roles in (1) than they do in other general-
izations, such as the Kadomtsev-Petviashvili equation [4].

The study of Eq. (1) in the non-periodic setting (z € R?) via
the inverse scattering method was initiated by Boiti et al. [5,6] and
continued by Tsai [7-9]. They discuss the following formal inverse
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scattering scheme for solving the Cauchy problem for (1):

exp(it(k? + k)

t (k) tr (k)
A
rJ"+ (,9,+ (J"+ @+
q:(2)
Y

a0 @) nonlinear evolution (1) _ qITW(Z), (2)
where 7 and @™ stand for the direct and inverse nonlinear
Fourier transforms, respectively, and the functiont! : C — C
is called the scattering transform. Precise definitions of 7+, @* and
t} are given below in Section 2. The definition of g, involves point-
wise multiplication in the transform domain:

. -3
g, =@" (e'f<’<3+" 't (k)), (3)

and ¢V is defined as the solution of (1) with initial condition g} ¥ =
do-
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The diagram (2) is written with the hope that for certain initial
data qo all the maps in (2) would be well-defined and q, = ¢\".
Then the nonlinear Novikov-Veselov equation (1) could be solved
by a linear operation on the transform side, analogously to the
celebrated inverse scattering method for the KdV equation [10].

However, the inverse scattering method (2) has turned out to be
difficult to analyse. The key obstacle in the investigation of (2) is the
possibility of exceptional points of q,. Exceptional points are values
of the generalized frequency-domain variable k € C at which the
solutions to the related (non-physical) scattering problem are not
unique, meaning that nonzero radiating solutions exist for zero
incident field. At exceptional points the scattering data t} (k) is not
well-defined and possibly singular. The operator @™ is not defined
for singular argument functions, which prevents the use of (2) if
there are exceptional points. Furthermore, taking a small initial
potential go does not save the day because the related Faddeev
Green'’s function has a log |k| singularity at k = 0. Consequently,
Neumann series techniques cannot be used in general to prove
the absence of exceptional points; currently one has to resort to
arguments based on the Fredholm alternative.

The following class of conductivity-type potentials is useful
as a source of initial data because such potentials do not have
exceptional points [11, Lemma 1.5].

Definition 1.1. A potential ¢ € IP(R?) with 1 <p <2 is of
conductivity type if ¢ = y~'/2Ay'/? for some real-valued y €
L®(R?) satisfying y(z) > ¢ > 0 for almost every z € R?> and
V(y'?) e I’(R?).

The term “conductivity” and the seemingly superficial square
roots in Definition 1.1 come from the related studies of Calderén’s
inverse conductivity problem, see [11]. We use these terms
and notations here because it turns out that the inverse
scattering evolution preserves conductivity-type, and the evolving
conductivity may have a (yet unknown) physical interpretation.

Let us recall previously published results about the diagram (2):

e Boitietal. [6]: assume that g is such that the solution ¢V to (1)
exists and does not have exceptional points. Then the scattering

data evolves as 7 (q\V) = ei’(k3+"3)7+(qo).

e Tsai [9]: take gy from a certain class of small and rapidly
decaying initial data (the class excludes conductivity-type
potentials). Assume that go has no exceptional points and
that g, is well-defined by (3). Then g, is a solution of the
Novikov-Veselov equation (1).

e Nachman [11]: let qo be of conductivity type. Then qg does not
have exceptional points and the scattering data 7 (qo) is well-
defined.

e [-M-S [12]: let go be a smooth, compactly supported conduct-
ivity-type potential with y = 1 outside supp (qo). Then
Q1 (TTqo) = qo. Further, formula (3) gives a well-defined con-
tinuous function g, : R> — C satisfying the estimate |q, (z)| <
C(1+|z)%forallt > 0.

Nachman'’s work paved the way for rigorous results: all studies
about diagram (2) published before [11] were formal as they had
to assume the absence of exceptional points without specifying
acceptable initial data.

We remark that the above discussion concerns only the “zero-
energy case” where initial data qo(z) tends to zero when |z| — oo.
There is a body of work concerning inverse scattering solutions
for the Novikov-Veselov solution when the initial data tends
to a nonzero constant at infinity, see [13-16] and the review
article [17]. However, those results are based on a smallness
assumption of initial data being close enough to a nonzero
constant function; then there are no exceptional points. This
paper is concerned with the zero-energy case where smallness

assumptions cannot be used for proving the absence of exceptional
points.

We prove the following new results. Let qo be a real-
valued, infinitely smooth, compactly supported conductivity-type
potential with y = 1 outside supp(qo). If the initial data has the
rotational symmetry qo(z) = qo(|z|) for all z € R?, then q, stays
real-valued for all T > 0. Furthermore, g, is a conductivity-type
potential and does not have exceptional points. Also, the scattering
data of g, is well-defined and the following identity holds:

7H@tth =t (4)

The precise statement and assumptions are given below in
Corollary 7.1. We remark that there is no smallness assumption on
the initial data.

Our results are not completely restricted to compactly sup-
ported initial data satisfying qo(z) = qo(|z|). For example, evo-
lutions from symmetric initial data are valid starting points of
another evolution; then the initial data is not necessarily symmet-
ric or compactly supported. See Section 7 for more details.

In Part I of this paper [ 18] we introduce two new algorithms for
computing g, and q?v numerically. There, we compute evolutions
for several examples with rotationally symmetric, compactly
supported initial data of conductivity type. The evolutions q, and
gV are found to agree with high precision. This phenomenon is
now backed up theoretically as well: during the review process of
this article, Peter Perry proved in [19] using Miura map techniques
that the equality g, = ¢V holds in (2) for a wide class of initial
potentials.

This paper is organized as follows. In Section 2 we define the
direct and inverse nonlinear Fourier transforms 7% and @*. In
Section 3 we prove new estimates for the complex geometric
optics solutions used in the inverse scattering method. Section 4
contains results and numerical examples concerning rotationally
symmetric initial data. Section 5 is devoted for a proof that if the
evolved potential g, stays real-valued, then it stays conductivity-
type. In Section 6 we prove identity (4), and in Section 7 we
conclude our results. Appendix A provides links between the
present paper and previous results, and Appendix B is devoted to
the rather technical proof of Lemma 6.1.

Throughout the paper we denote (z) = 1+ |z| and abuse
notation by writing k1 + ik, = k = (k1, k) andx+iy =z = (X, y).

2. The inverse scattering method

2.1. The direct scattering maps 7+

Consider the Schrodinger equation

(—A+Qy=(-, k=0, (5)

where q € [P(R?) is a real-valued potential with 1 < p < 2 and
k is a complex parameter. We look for complex geometrical optics
solutions ¥* of (5) with asymptotic behaviour

vz, k) ~ e = exp(ilks + ikp) (x + i),

U (z, k) ~ e = exp(i(ky + iky) (x — iy)).

Such solutions were first introduced by Faddeev [20]. More
precisely, we require

eyt (z, k) — 1€ WHP(R?), (6)
ey~ (z,k) — 1€ WHP(R?), (7)

where 1/p = 1/p — 1/2. Here W'P(R?) is the Sobolev space
consisting of IP(R?) functions whose (distributional) partial
derivatives belong to L[P(R?) as well. Note that p > 2 and by
Sobolev’s embedding theorem W '-?(R?) functions are continuous.
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Given a potential g, there may be complex numbers k for which
the solutions ¥ of (5) satisfying (6) and (7) are not unique. Such
k are called exceptional points of q.

If ¢ has no exceptional points, then we write u*(z, k) =
e ™yt (z, k) and u”(z, k) := e~ *®y~(z, k) and write formally

th (k) == / etk g7yt (z, k)dz, (8)
RZ

t (k) = / et (7)1~ (z, k)dz. (9)
RZ

If the integrals in (8) and (9) are convergent, then t* : C — C are
well-defined and we set 7*(q) = t*.

For example, compactly supported conductivity-type potentials
do not have exceptional points and lead to convergent integrals in
(8) and (9), see [11].

Real-valuedness of g results in symmetries in scattering data.
Complex conjugating Eq. (5) for ¢ gives

0=(A+@y*@E k) =(-A+Qy*( k), (10)
and conjugating the corresponding asymptotic condition (6) gives

eyt (z, k) — 1= e MY k) — 1€ WHRY). (11)
Comparing (5) with (10) and (7) with (11), and using uniqueness,
shows that

Utz k) =y @z k). (12)

Furthermore, complex conjugating Eq. (8) and substituting (12)
yields

t+(k) =t~ (—k). (13)

2.2. The inverse scattering maps @

Given two functions t* : C — C, consider the D-bar equations

0 tt k) iy ————
- M+(Z’ k) = %eﬂ(kzﬂa)u-%(z, k), (14)
d (3 JT —
aT m (Z l) _ 4;%) e—n(kz+kz)lu7(z’ k), (15)

with a fixed parameter z € R? and requiring large |k| asymptotics
utz, ) —1el®NL(C)forsome2 < r < oo.

Assuming that Eqs. (14) and (15) have unique solutions with the
appropriate asymptotic properties, set ¥ (z, k) = e’ u*(z, k)
and ¥~ (z, k) := e~ (z, k) and define formally

+
@thHz) = nzaZ/ t ,E ) e~ Y+ (z, k)dk, (16)
C
(@ t)(2) = ﬁa/ %e’”‘zmp*(z,k)dk, (17)
C

where dk denotes Lebesgue measure: [.f(k)dk = [, f(ky, k2)
dkydk;.

The inverse transform (16) first appeared in [6, formula
(4.10)]. For the origins of the 0 method, see the work of Beals
and Coifman [21-23], Ablowitz et al. [24-27], and Henkin and
Novikov [28]. Also, see the survey articles [29,30].

The functions t* : C — C need to be “well-behaved” in order
for Egs. (14) and (15) to be uniquely solvable, for the integrals in
(16) and (17) to be convergent, and for the derivatives in (16) and
(17) to make sense. According to [ 12], one example of good-enough
behaviour is the following pair of assumptions:

+ +
t lEk) c 3(C). t Elc)

where $(C) denotes rapidly decaying and infinitely smooth
functions of Schwartz.

€ 4(0),

3. Properties of solutions of the 3 equations

This section is concerned with solutions u*(z, k) of the 9
Egs. (14) and (15). The functions u*(z, 0) are especially important
as they will play a central role in later sections in the analysis of
conductivity-type potentials. We start by analysing the decay in
|t (z, 0) — 1| when |z] — oo.

Lemma 3.1. Let t© : C — C satisfy
[tE (k)| < C|k|> forsmall |k|,

+ :E
t lik) csc). W

Fix 2 < r < oo. Forevery z € R? let u*(z, k) be the unique
solutions of the D-bar Egs. (14) and (15) with the asymptotic condition
utz, ) —1el NL™®

Then the following estimate holds for all z € R?:

€ 4(C).

InF(z,0)— 1] < C(z)7". (18)

Proof. We prove estimate (18) for u* only; the proof for ™ is
analogous. _
Denote e (k) := exp(i(kz + kz)) and use equation

ut(z,0) = linglﬁ(z,S)

S—
1 t+(k) o
an? Joo (kP2

(given in [11, formula (0.38)]) to write

(Ot (z, kydk (19)

+ PR Y i (0] ot
u(z,00—1= a? | Tk (k)u+(z K)dk
_ 1 tr (k) et
= m e ,(dk (20)
1 t* (k) —
a2 ). ke e, () (ut(z, k) — k. (21)

Now term (20) is finite because |k| =2 t* (k) € L'(C) by assumption.
Term (21) is finite because of Holder’s inequality and the
inequalities |||k| =2 t+(k)||u’(c> < ooand |ut(z, -) = e <
C < ocowithC notdependingonz(see[11,formula4.1]). Therefore
47 (2, 0)[ljo0 r2y < 00. (22)

We can bound term (20) as follows to study its behaviour when
|z] — oo

€0,
'Z'V k2 (k)dk’

| [E®
= —z[ k2 ,(kdk

_ /t+(k) ae,z(k) ’
e Kk 9k
/e_z(k)j (t+(k))dk’
o E ak k
+
/ 5o(k) (0 et (k)dk‘ (23)
C
<|im <‘”")>
k ok k )

]l ) L (5)
<|=z o + =
klloquen 19k Xk Sy 10k ko Sl

< 00. (24)

IA

+
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Note that term (23) vanishes since limy_otT(k)/k=0 by
assumption.
Let us now bound term (21).

€ o
] L0 (FE k) — Ddk

e
tr (k) det, (k) —
_[C T G — Dk
+
s/lﬁﬂmﬁ@m—na(tw)w’ (25)
ck ak k
O, T
[ a0 e, 00 (17 o — Dk (26)

t* (k)
‘/ e et (k)akpw“(z kydk| .

Similarly to the case of term (23), the term (26) vanishes. We can
bound (25) using Holder’s inequality (we have 1 < ' < 2 since
2 <r < oo)and [12, Lemma 3.3]:

190 (t*(k))
k Ak k

Thel"” normin (28) s finite because at infinity we have rapid decay
and near the origin the derivative of t™ (k) /k € 8(C) is smooth and

|k|~ "is integrable as ' < 2.
To bound (27) note that we get from the 8 equation

tr (k) ot +()e+

(27)

It ) = e < Cz)7". (28)

)

el
iﬂ+(l, k)

R (utz, k) — 1)+ (). (29)
ak 4k
Estimate (27) using (29) and [12, Lemma 3.3]:
tt (k) ot
AATER
trk) | — t+(k) ot )
X (471E e, () (ut(z, k) —1) + s L (k) ) dk
1 [t (k) |? .
< MW(#@M—DM
1 t+(k)l2
4 k|k|2 ‘ (30)
1 t+(k
% Gl Itz k) = e +C (31)
k| k ,
L™ (C)
<C) '+ (32)

Note that the second integral in (30) and the " norm in (31) are
finite by the assumption that |+ (k)| < C|k|? for k near zero.
Combining (20), (21), (24), (25), (27), (28) and (32) yields

|z| |u*(z,0) — 1] < C,
which together with (22) gives |u*(z,0) — 1| < C{z)~'. O

Definition 1.1 of conductivity-type potentials includes a
derivative condition. The following lemma will be used in Section 5
for proving such a condition for the evolved potential.

Lemma 3.2. Let t* : C — C satisfy
[t (k)| < C|k|> forsmall |k|,
tt(k tt

IE ) € $(C), ( k)

Fix2 < r < oo. Forevery z € R? let u*(z, k) be the unique
solutions of the D-bar Egs. (14) and (15) with the asymptotic condition

€ 4(C).

5z/['— (z,0) =

ut(z, ) —1el NL®. Then
IVut(z,0)| < C{z)72 forallz € R. (33)

Proof. We prove estimate (33) for u* only; the proof for ™ is
analogous.

We first prove the estimate |9,u* (z, 0)| < C(z)~2. Differenti-
ate (19) to get

472 k

+
1 (—1 ) e, (ut(z, kydk

t+ (k) o
k|2

+ L (K)o ut(z, k)) dk

—i [th)
=— k)dk 34
an? Jo k e~ () (34)

1 —i 0 et () (ut(z, k) — 1)dk  (35)
47T2 C k

tt (k) ot
k|2

+ Lo ut(z, k)) dk.

Now (34) is rapidly decaying since it is the Fourier transform of a
Schwartz function. Let us estimate (35). Integration by parts and
applying Eq. (14) yields forz # 0

+()+

|z| ‘—z L) (T (z, k) — 1)dk

t+ k S
+ f “(P‘) et (T, 1* . dk
C

+( ) + X, N 1
—iz . L) (ut(z, k) — 1)dk

+
+i(— lz)/ ®) o+ G707 @ Rdk

k|
+
_ / t (k) ae,z(k) (0 = Dk
c k
. ﬁ@%ﬁw—j——
+ l/c Tk % oz 1L (z,k)dk’

+ o
= l/eﬂu>[( (téo))<u+a,m——n
t* (k)
+ P (ak,zﬁ(z k)>j|dl<
+
—i f e, ()| ot (z, k) (t (k))
C [k|?

£ (k) . )
+ P 8Z<ak“ @z, k) :|dk.

From Eq. (14) we get (a%/ﬁ(z, k)) = t:;’,? ef (kut(z, k) and

(36)

4rk

5Z<%,u+(z, k)) =9, (ﬁ(k) ef(kyut(z, k))

:z;”+®W@M

t()
4<

ey ()31 (2, k).
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Hence, after cancellation of two terms containing t4;',?e+(k)
uh(z, k), we see that (36) is bounded by

+
(k)( (t ,Ek)»(m(z,k)—ndk (37)
1t+(k FE—
e_z<>(ak( t,ﬁ)>)azu+<z,k)dk‘ (38)
t+(k)|?
C|4nl(<|<l):2 Ltz kodk] . (39)

We next estimate each of the terms (37)-(39) separately.
Holder’s inequality and [12, Lemma 3.3] show that term (37) is
bounded by

(5
Bk( k )

where the [” norm is finite since by assumption t* (k)/k € 8(C).
Term (38) can be estimated using Holder’s inequality and

[12, Lemma 3.4]:
+
t (k)>> ,ut(z, k)dk

fe(i(;
e
et (k) tr )\ s
+/C - <§< p >>azm(z,k)dk

10 [tk
kak

Itz k) — e <Cz)7" (40)

' (©)

T (k)0 ut(z, kydk

)H , |9:1* (2. k)”L,-(C) <C{z)™", (41)
L (©

where the term containing &y (k) vanishes by the assumption since

limy_,o t*(k)/k = 0. The finiteness of the " norm in (41) is seen
as in (28). Similarly, (39) is bounded by

It+(/<)|2

wtz, kydi
kg e @ Rk
11/t k)\? —
i E( k ) . 917 @ 10 s e
< (42)

Combining (40)-(42) with (36) shows that (35) is bounded
by C(z)~2. Thus we may conclude that |0,u*(z,0)] < C{z)72
The proof for |31t (z,0)| < C(z)~2 is analogous and uses the
assumption t*(k)/k € 8(C). Together these two estimates yield
(33. O

4. Radially symmetric initial data
4.1. Theoretical results

Theorem 4.1. Let qy € C§° (R?) be real-valued and of conductivity
type in the sense of Definition 1.1 with y = 1 outside the support of
qo. Furthermore, assume that qq is rotationally symmetric: qo(z) =
qo(|z|) for all z € R2.

Then q, defined by (3) is real-valued for all T > 0.

Proof. Theorem 3.3 of [31] implies that t;
symmetric and real-valued:

is rotationally

to(k) =t (kD),  ti (k) =t] (k). (43)

The proof of (43) is based on first using uniqueness of solutions
to the Schrédinger equation (5) with the asymptotic condition (6)

to show
ez, k) = ug ¥z, e k), (44)
we @z, k) = png (=z, k), (45)

forallz € RZand k € Cand ¢ € R.Then t(k) = t(ek) and

tk) = @ by substituting (44) and (45) to formula (8) and (43)
follows.
From the real-valuedness of gy and formula (12) we know that

Ke (z, k) = pg (z, k), (46)
and we can calculate

t, (—k) = / , e_i((_E)ﬂﬁz)qo(z)Mg (z, —k)dz
R

= / 2 e ®HD g0 )z, kydz
R

= / e-i0@+a g0 (2) uf (z, k)dz
RZ
=t (k).
Applying (43) yields tj (k) = t; (k) = tJ (—k), so we have

tg (k) = ty (k). (47)
Evolution of scattering data is defined by the same formula for
thandt;:
. 73
th (k) = e" O (k).
. 73
£, (k) = "0 (),

so we may use (47) to conclude that tf (k) = t_ (k) forallk € C
and T > 0. In the rest of this section we denote

t. (k) == tF (k) = t; (k). (48)

Now (48) is a remarkable identity: we can write the (integral form)
D-bar equations

1 | ('S TSy S—
we @l =1- Gy / R e,

1 K)o ————
1-— @ /«;P(Ii— k,)e D L - (@, Kk,

and replacing z by z in the latter D-bar equation gives the relation

My (z, k) =

wiz k) =p; k), (49)
which, substituted into (17), yields the identity
@"t)(2) = (@ t)@) (50)

forallz € R
Our goal is to derive an equation connecting (@"t,)(z) and
(@™t;)(2). For this we calculate

1 / t (k)
— e~
(4m)? Jo kK (—k — k)

s N3 (w3
_ l 3 1 to(k/)e lT((k) +(k) )ei(k,Z#»Pf)de/
- (47)? K (—k — k') He 2 '

1 to(—K)elT (K’ +E))
- (4n)? / “R(—k+ k)

uiz, —k) =1- WzHKD 1 F (z, K dK,

« ei((—k/)sz’f)ﬂ_;_(z, —K)dK

1 t (K \ e
=1 (4m)? / P(li(c ) ") e OB k2, —k)dK,
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so by the uniqueness of solutions to the D-bar equation we have

wy (z, k) = iz, —k). (51)
Substituting (51) to the definition of @* and using (43) yields

72-2 k'

—i to(K)e~ TP +E))
8 /
C

A La N7 N _. a tT k/ i / 7/77
@) () = l(az / Qe—«mkzm;(z,k/)dkf)
C

e (Kz+k'Z) md K

72 ” K
i ) to(—K)elT (K’ +E))
- 27 7

T C —k

% e—i(ﬁerk’f)M;r(z’ —1)dK
i t.(K) iy ——r
== BZ/CTTE K2+ | (2, K)dK
= (@7t)(2). (52)
Now a combination of (52) and (50) yields

(@7t)(2) = (@Ft) (@)
Next we make use of the cubes appearing in the multiplier

exp(it (k3 + E3)) of the evolving scattering data. Define ¢ = 27 /3
and note that exp(=%ip)> = 1. Denote the rotation of a complex
number z by angle ¢ by z, = e'%z. The scattering data t, has the
following three-fold symmetry:

. -3 . -3
e (k) = €7 C Do (k) = 70 () = t(0), (53)
where we used the rotational symmetry (43). Now we can compute
ui (zy, koy)
1 1 / t. (k)
o @)? Je R ke, — k)
o / )
(4r)% Je K, (k-y — K_,)
X e”'("/fwz«)*"’—w@mdk/,
1 1 / t. (k)
(4m)? Jo K (k— k')

which by the uniqueness of the solution to the D-bar equation
shows that u(z, k) = uf(z,. k_,). The same argument works
with ¢ replaced by —¢, so we have the symmetry relation

W@ ) = 1 Zags k) (54)

for all z € R? and k € C. Denote the coo;dinate transformation of
rotation by angle ¢ by F,(z) := z, = ¢'¥z. Then in the complex
chain rule

5Z(fOF¢):((azf)OFga)'ngw‘l'((ng)OFw)'m

we have 9,F, = 9,(e“z) = 0 and 3,F, = 3,(e"z) = €', so

D L 2 KK,

e_i(k/z+k/2)4/l?(z<p, k/jﬂ)dk/,

((3.f) oF,) = €% - 3,(f o F,). (55)

Applying (55) to the definition of @*t, and using (54) and (53)
gives

— i tr I, i 2T~
@'t)(z,) = <az (L / %e_'("”k”uj(z, k’)dk/)) oF,
C

. , B
e (L 3, f Lg( ) e~ i(Kzp Kz mdk’)
c

K

iei“’ — t k/ sl o o ————————
_ ? az/. 11(7 )eft(k[/,erquz)’u;r(z7 kfp)dk/
C

e _ [t(kl)
_ ?az/. T : (% e"("”“)uj(z,k’)dk/
c ki,

i — tf I, i 2T <
=73, / £ itz b0 7 T
T C k’

= (@"t)(2). (56)

Now the combination of (56) and (50) tells us that g, has two
symmetries, three-fold and reflectional:

4:(2) = q:(2y) = G (z2—y), 4. (2) = q:(2).

This implies the following for the real part:

Req.(z) =Req; (Z<p) = Req, (Z_w), Req.(z) =Req;(2). (57)
More importantly, we see that the imaginary part of g, satisfies

Imq.(z) =Imgq.(z,), Imgq.(z) = —Imgq.(2),
implying thatImgq,(z) =0. O

4.2. An example of admissible initial data

For the reader’s convenience we present here an example of
rotationally symmetric initial data go that satisfies the assumptions
of Theorem 4.1.

Define a smooth function F, € C5°(R) by the formula

2(p* 4+ A%)

e —— = 7 ), for|r| <p,

Fo(h) = Xp( Ot 20— p)? H=r
0, for 1| > p,

where 0 < p < 1is a constant. Note that supp(F,) = [—p, p].

We wish to construct a real-valued function qq € C(‘,’O(]Rz)
which is of conductivity type in the sense of Definition 1.1. To this
end, let us define the so-called conductivity function y : R? — R
by

v(2) =1+ aF,(|z]), (58)

with p = 0.95 and @ = 59. Now y € C{°(R?) is bounded away
from zero since clearly y(z) > 1 for all z € R?. Furthermore,
supp(y — 1) = B(0, p), so we have V(y'/?) e IP(R?) and may
conclude that y satisfies the requirements of Definition 1.1. Now
set

Ay (z)
Y122

Note that for |z] > p we have y(z) =1 and ¢q¢(z) =0. By
construction we have qg € CSO(RZ) and qo(z) = qo(Jz]), so the
assumptions of Theorem 4.1 are fulfilled. See Fig. 1 for plots of the
conductivity function y and of the initial data qq.

Next we use the numerical techniques described in [32] for the
computation of the scattering transform tar = 77(qo). By (43) we
know that tar (k) is rotationally symmetric and real-valued, so it is
enough to compute the profile ta“(|k|). See Fig. 2 for plots of the
scattering transform. Note that the scattering transform tar (k) isa
well-behaving smooth function with no singularities, as predicted
by the theory.

The function Go(2|k|) is known to be asymptotically close to
t0+(|k|) as |k| tends to infinity. Also, we know from analytical results
that t; (0) = 0, whereas qo(0) = ;2 q(z) dz ~ 5.3. Fig. 2 shows
qo(2]k]) as dashed line, and the above-mentioned properties can
be observed.

qo(2) = (59)
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Fig. 1. Top row: mesh plot and profile plot of the rotationally symmetric conductivity y (z) = y (|z|) defined by formula (58) with parameters p = 0.95 and @ = 59. Bottom
row: mesh plot and profile plot of the resulting conductivity-type potential qo(z) = qo(|z]) defined by formula (59). The function qo(z) is an example of admissible initial

data for the Novikov-Veselov evolution.

Scattering tmnsfq_rxmtaL (k) Profile of scattering transform

mMHi -
i "1

lnu,!,‘ ‘
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Fig. 2. Left: mesh plot of the rotationally symmetric scattering transform tg(k) = t0+(|k\) corresponding to the initial potential go shown in Fig. 1. Right: profile plots of the
nonlinear Fourier transform tg (|k]) as solid line and the linear Fourier transform o (2|k|) as dashed line. Note that the linear and nonlinear Fourier transforms are close to
each other for large |k|; this is consistent with the theory.
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See Example 2 of Part II of this article [18] for the numerical
computation of the Novikov-Veselov evolution initialized by the
above qp. Let us point out that several more examples can be easily
constructed by varying the parameters p and «.

If the initial data is not of conductivity-type, then the complex
geometric optics solutions of Eq. (5) are not unique and the
scattering transform has singularities. It is conjectured for example
in [6] that such singularities are related to soliton solutions of
the Novikov-Veselov equation. The analysis of evolutions with
singular scattering data and further discussion of soliton properties
of conductivity-type evolutions are outside the scope of this paper.

5. Preservation of conductivity type

We study the properties of the inverse scattering evolution q;.
We do not assume the symmetry qo(z) = qo(|z]) in this section;
instead, we just assume that g, stays real-valued for positive times
T > 0.

We start by deriving partial differential equations connecting
g, with the solutions of the D-bar Egs. (14) and (15).

Lemma 5.1. Let t* :
(k)

k
Fix2 <1 < oo.Foreveryz e R?, let u*(z, k) be the unique solutions
of Egs. (14) and (15) with the asymptotic condition u*(z,-) — 1 €

"N L®(C). Assume that (Q1t")(z) and (@~ t™)(z), defined by (16)

and (17), are real-valued functions.

Then for any fixed k € C \ 0 we have

C — C satisfy
t (k)

€ 3(0),

€ 4(C).

(—A — 4ikd, + @ tHu" (-,
(—A —4ikd, + @t ) (-,

k) =0, (60)
k) = 0. (61)

Proof. The functions (Q*t*)(z) are well-defined by Lassas et al.
[12, Theorem 1.2].

We will prove the lemma only for ™", as the proof for p™ is
analogous. Denote the solid Cauchy transform by

k)
/ k—k dic, (62)

where dk’ denotes the Lebesgue measure. Note that € and 9, are
inverses of each other (modulo analytic functions). Further, define
a real-linear operator

t+ (k) -
T e_(k)p(z, k). (63)

Co(k) =

Loz, k) =

Nachman [11] proved that the operator [I — CT,] : L'(C) — L"(C)
is invertible and that CT,1 € L"(C). Now the 9 equation can be
written in the convenient form

pt=1+cCrput, (64)
and the solution with appropriate asymptotics is given by
ut—1=1[I—CLI " (€CT,1). (65)

From the proof of [12, Theorem 1.1] we know that the
commutator 9d,(d, + ik) with the operator of € is given by

—9, / o(z, KHdk
C

and that the commutator of 9,(3, + ik) with the operator T,
vanishes:

[0,(8, + ik), T,1p(z, k) = 0.

[3,(8, + ik), Clg =

Applying the above commutator identities to (64) yields

5z(az + ik),“«+ = 52(82 + ik)(l + eTzl/L-'—) = 5z(az + ik)eTzl/L+
t+
= CT, 3,0, + " + 9, /#
c k

e_,(K)u*(z, kdk

- Qttt
= CT; 0,(0; + ik)M+ +

(66)

Denote f = 3,(3, + ik)ut. Now @*t* is real-valued function of z
and does not depend on k, so from (66) we get

Q't*t Q'tt Q'
— @TZ =
4 4

Thusf—@*tt/4 = (Q1tt/4)(I—CT,) 'CT, 1 = (@*t+/4)(ut —
1). Finally

(I —CTy) (f - CT, 1.

— . Qtt Qttt @'t
3,0, +ikut =f = 2 (" =1+

— +
4 4

ur.

We are ready to prove that the inverse scattering evolution
preserves conductivity type if it stays real-valued.

Theorem 5.1. Let gy € IP(R?) with 1 < p < 2 be a real-valued
potential with no exceptional points. Assume that the scattering data
TEqy = t?f are well-defined and satisfy

€5 (k)| < C|k|* for small |k,

t5 (k) t5 (k)
k

€ 4(C), € 4(0C),

k
. =3
and that q, = (,‘2+(e”<"3+" 't§ (k)) is real-valued.
Then q. is of conductivity type in the sense of Definition 1.1 for all
T > 0 and does not have exceptional points.

Proof. Set

t;’_(k) — eir(k3+E3) t0+(k) (67)

for all t > 0 and note that t} (k)/k € 8(C) since by assumption
tS (k)/k € 8(C). Then by [11, Theorem 4.1] we know that for any
fixed z € R? the § equation

7 (k) ot
4k
is uniquely solvable with the asymptotic condition uf(z,-) — 1 €

L"NL* forsomer > 2.Furthermore, [11, Theorem 4.1] also implies
that u (z, 0) := limyo (2, k) € L*°(R?) satisfies

*Mr Tz k) = e @uf k) (68)

Int(z,0) >0 forallz € R?, (69)
and there is an 0 < € < 1 such that we have the estimate

sup luf(z,0) — uf(z, k)| < clk| (70)
for k near zero.

Now g, = @*t is a well-defined continuous P (R?) function
forall t > 0 by [12]. Furthermore, g, is real-valued by assumption,
and tf(k)/k € $(C) is clear from combining (67) with the
assumption ta“ (k)/k € 8(C). Thus we can apply Lemma 5.1 to see
that 7t satisfies

(—A — 4ikd, + q)pf (-, k) =0 (71)

with any fixed k € C \ 0. Formula (70) and Eq. (71) imply in the
sense of distributions

hm(A +4ikd )t (z, k) = Apt(z,0),
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so Auf(z,0) = q.(z)u/ (z, 0). Using (69) we can write

Atz 0)

e o (72)

q.(2) =

Next we need to prove that u/ (z, 0) is real-valued. Denote

. 3
t; (k) = €™ (T g0) (k). (73)
Then we conclude as above that the D-bar equation
L =""Ye oz p. (74)
ak 4k

where e, (z) = exp(i(kz + kz)), is uniquely solvable with the
asymptotic condition u; (z, -) — 1 € L' N L™ for some r > 2.
The real-valuedness of the initial data qg implies by (13) the

symmetry t; (k) = tar (—k). Substituting this to (67) and (73) yields

— =N . T N r——
tF(—k) = et ®H) £ (=) = €K ¢ (k) =t (k).

Calculate
—_— 1 K T
Mj(z’ _k) =1—- — #el(k z+k Z)M:(Z’ k/)dk/
A7t ) p(—k—k)
=1- L tH (k) el(KZ=KD) |+ 7 gl
an? ] (=k)(—k+K) Y
—1_ i 7t; (k) efi(ki’erk’f)Mi(z’ —P)dk/,

an? | Wk—k)

which, in view of uniqueness of solutions to (74), implies that

pi(z, —k) = u; (2, k). (75)
By (70) we have at the limit k — 0 the identity
ut(z,0) = u;(z,0). (76)

A computation similar to (52) shows that @t/ = @~t_. The
assumption on real-valuedness of ¢, then implies ¢, = @t} =
@~t_, and by Lemma 5.1 the functions ,u;t satisfy

(—A — 4ikd; + q-)pf (-, k) =0,
(—A — 4ikd; + g ), (-, k) = 0.

Taking the limit as k — 0 in each of these equations implies

pi(z,0) = p;(z,0).
Combining this with (76) implies
pi(z,0) = p;(z,0) = puf(z,0),

SO 47 *(z, 0) is real-valued.

Finally, by Lemma 3.2 we have |[Vu](z,0)| <C(z)72, so
Vul(z,0)elf (R?) forall 1 < p < 2. Hence q, is of conductivity
type in the sense of Definition 1.1 with conductivity y = ut
(z,0)2. By [11, Lemma 1.5] g, has no exceptional points. O

6. Evolution of scattering data

Assume that the initial potential gy € I?(R?) with 1 < p < 2is
areal-valued potential with no exceptional points. Further, assume
that the initial scattering data 7*qo = toi satisfies

for small |k|,

77
ty (k) (k) € $(0), (77)

1= (k)| < Clk|?

t5 (k)
k

€ 4(C),

and leads to a real-valued evolution
3,73
Gz (Z) — @‘F(el‘r(k +k )tg(k))

The aim of this section is to prove that the scattering data of ¢,
evolves as expected; more precisely, that 7+(@*t/) =t}

We remark that we do not assume the symmetry qo(z) =
qo(|z]) in this section.

The function @™t is constructed as explained in Section 2.2
using the unique solutions of the D-bar equation

=aqQ't.

a k)
— ul(z, k) = %e—l(’“”@ utz, k), (78)

with large |k| asymptotics pu (z,-) — 1 € L*° N L"(C) for some
2 < r < oco.By[12] we know thatq, = @'t : R? — Cisa
well-defined continuous [”(R?) function withany 1 < p < 2 and
forallt > 0.

We wish to apply the nonlinear Fourier transform 7+ to the
function q,. By Theorem 5.1 we know that q, is of conductivity

type:
Apt(z,0)
wi(z,0)°

and does not have exceptional points. Thus there exists for any
k € C\ 0 a unique solution of the partial differential equation

q:(2) = (79)

(—A — 4ikd, + q; @)l (z, k) =0 (80)

with large |z| asymptotics 17 (-, k) — 1 € WP(R?).
If we had additional decay in g, (z) as |z| — oo, then we could
construct 7 ¢, by the integral

[P0 ut o, (s1)
R

which would be absolutely convergent. Furthermore, we could
make use of [11, Theorem 2.1], stating that the D-bar derivative
(3/9k) wt(z, k) is equal to

(T+(Q+t+))(k) 7t(kz+kz)
47k
Furthermore, in view of Lemma 5.1, the unique solutions of Egs.
(78) and (80) are the same functions. Therefore, comparing (78)
and (82) would yield the desired identity 7+(@*t}) = t}.
However, we do not have available any extra decay in q.(z)
as |z| — oo; we just know that |q;(z)] < C{(z)~2. Therefore, at
this point it is even unclear whether formula 7+(@*t]) is well-
defined.
To analyse 77 (@™t!), we add and subtract the constant 1 in
(81), write

Tte, = / g (0) (2,1 — 1)z + / g (2)dz
R

= Ty(k) + Ty (k), (83)

and interpret T; and T, as follows.
For fixed k € C\ 0 the term T; (k) in (83) is bounded in absolute
value by Hélder's inequality because uf (-, k) — 1 € [P(R?) and

q. € i (R?).Notethat 1 < p’ < 2since2 < p < oo. Furthermore,
thenorm ||uf (-, k)—1 ||Lp<R2) depends continuously on k. This can
be seen as follows The unique solution of the partial differential
equation (80) with appropriate asymptotics is given by
i@ k) —1=11+g* (@ - )" (g*aqr), (84)
as shown in [11, p. 82]. Note that we have the estimates

llgx * QIIWL@(Rz) = Ck”anﬁ(Rz)’ (85)

wi(z, k). (82)

”gk * (q . )”L(WLﬁ(RZ)) =< CJZHQHIP(RZ)- (86)
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By [11, formula (1.6)] we have for any h € [P(R?)

1
exh =7l
and by [11, formula (1.2)] we know that ||(d, + ilc)*1h||L,~,<R2) <
cllhllp g2y with ¢ independent of k. Hence the constants Cy and
C, in (85) and (86) and the norm ||u} (-, k) — 1||L5(R2) depend
continuously on k. Thus Ty € L},.(C \ 0).

The second term T, (k) in (83) can be interpreted as the Fourier
transform of an I (R?) function, the result belonging to jid (R?)
by the Riesz-Thorin interpolation theorem. Here p’ is defined by
1=1/p+ 1/p’. Therefore T, € L,OC(C \ 0).

We can conclude from (83) that 7*q, € L} .(C \ 0), and
consequently it can be interpreted as a distribution: 7tq, €
D'(C\ 0).

Having established the existence of 7+(@*t}) in the sense
of distributions, we proceed to show that it equals tf. As
mentioned above, we cannot apply [11, Theorem 2.1] to show that
(3/0k) ut(z, k) equals (82) because there is not enough decay
in g, (z) available as z — ©0. We overcome this problem by
generalizing [11, Theorem 2. l] The crucial new technique is to
approximate g, = u;f(z,0)” A/L+ (z, 0) with a rapidly decaying
conductivity -type potential in the norm of L (R?) space so that the
function pf (z, 0) is approximated simultaneously.

3. — (8, +ik) 99 'In,

Lemma 6.1. Let q : R*> — C be a continuous, real-valued, conduct-
ivity type potential of the form q(z) = wu(z)~'Au(z). Assume that
these estimates hold for all z € R?:

laz)| < C(z)72, (87)
@) >c >0, (88)
ln(z) — 1] < Ciz)~! (89)
IVi@z)| < Clz)~2 (90)

Set ¢(z) = exp(—|z|?) and ¢, (z) = ¢(ez) for all ¢ > 0. Define an
approximation to ju by

1@ =14 @ (2)(u(2) = 1), (o)
and an approximation to q by
Ap®(z)
© = 92
q7(2) O (92)

Then for any exponent 1 < p < 2 we have

lim 1g') = qllyp 2 = 0. (93)

The proof of Lemma 6.1 is postponed to Appendix B. We are
ready to prove the main theorem of this section.

Theorem 6.1. Let gy € IP(R?) with 1 < p < 2 be a real-valued
potential with no exceptional points. Assume that the scattering data
T+qo = tT satisfies

|t§(k)| < Clk|®> forsmall |k|,

(k) t5 (k)
k

€ $(0C), € 8(C).
k

Assume that ¢, = Q*t] = (,‘ZJf(eiZ("B*?)tar (k)) is real-valued.
Then (7T (Q@"th))(k) =t} (k) forallk € C\ 0.

Proof. By Lassas et al. [12, Theorem 1.2] we know that g, : R> —
C is a continuous function and satisfies |g;(z)] < C(z)~2. Thus

g, belongs to [P(R?) forany 1 < p < 2. By Theorem 5.1 and

[11, Lemma 1.5] we may conclude that g, does not have excep-

tional points and we can write ¢, (z) = (Au (z, 0))//fr (z,0).
Define for all ¢ > 0 the approximate potentlal

(‘")(Z 0)
qi”(Z) = ? (94)
Mz (z,0)
where the function ') is given by
1 (z,0) =14 ¢ (2) (1] (2,0) = 1). (95)

Now the approximate potential q“) decays exponentially when
|z| — oo. Thus, since u] (z, 0) is real-valued, the function q@ (2)
satisfies the assumptions of [11, Theorem 1.1]. There are no
exceptional points for qgg) (z) with any ¢ > 0, and we can define
forallk e C\ 0

)17 (g * ¢1). (96)

Furthermore, by [11, Theorem 2.1] the functions ') (z, k) satisfy
the 9-equation

p@ k) —1=1[+gx* @ -

(T+ (@) (k)
(8) k N M IV + k (5) k
8k &0 = 4k (0pe 2 k)

with the asymptotic condition u(®(z, -) — 1 € L' N L®(C).
How are the functions /1(8) (z, k) related to the solutions

wi(z, k)? It is clear from (95) that ©{¥)(z, 0) tends to . (z, 0) as
& — 0, but how about nonzero k? Subtracting (96) from (84) and
using the resolvent equation

U+ (e )7 — [+ gex (@ - )]7!
= —[I+g* (@ - )17 "[ge* (@ — g I + g * (¢ - )]
together with (85) and (86) yield
lud @ k) — @ llwis = 10+ & * (- )17 (G * o)
— [T+ g % @ )17 @+ g s
< I+ & * (g - )]~ (gk @ — gD s
+ 1T + gk * (g - )]
— I+ g+ @ )1 D@ * a) s
< I+ & * (g - )] w5 18k * (@ — 415
+ (1T + 8k * (g - )] '[gk * (g — ') - )]
X [+ gex (@ - )17 @e* 4 [y
< Goll (@ * (@ — a9 s + G+ g @1 M)
< llgk * ((@r — ) w5 18k % @ s

(97)

"

= G (14 10+ g @91 w18+ 4 )

x 1ge — ¢ .
From Lemma 6.1 we know that
lim 1) = ge llps2) = 0. (98)

Therefore, recalling that the constants C; and C; in (85) and (86)
depend continuously on k, we can conclude that

lim lad Gk — 1 Ry gz, = 0, (99)
where the convergence is uniform for k € K C C\ 0 with
any compact K. We remark that since W!P(R?) functions are

continuous by Sobolev’'s embedding theorem, Eq. (99) implies
uniform point-wise convergence as well.
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Now we can use (83) and (99) to calculate

]ll‘l‘l .~+(q(s)) — lim 1(I<z+kz) (5)(2)11(8)(2, k)dz

e—>0 Jp2
= lim | ¢® O ) (U (z, k) — 1)dz
e—0
+ lim ei(kz+EE) qge) (2)dz
e—>0 R2

= lim T¥ (k) + lim T." (k)
e—0 e—0

= Ti(k) + T2 (k)

= T+(Qr)

= 7H@'th). (100)

Note that lim,_,o T} € _ =T, in the topology of Lloc (C\ 0) because
of (99) and lim,_0q® =q, in [ (R?) by Lemma 6.1. Also,
lim,_o T, = T, in the topology of I” (R?) because lim,_.o ¢’ =
g in P (R?) by Lemma 6.1. Thus the convergence in (100) happens

in particular in Lloc((C \ 0), and consequently inD'(C\ O)
We know by construction that the unique solutions p7} satisfy

S (9 B —

— ut(z, k) = ZLe etk + 7 k).

ak“’( ) 4k i@k

The above analysis shows that Eq. (97) converges in the sense of

distributions H’(C \ 0) to

THE@EN®) oy~
4k

as & — 0. Thus right hand sides of the 3 Egs. (101) and (102) must
be the same elements of D'(C \ 0):
T+ttt
THE@EN® st
4k
lr(k3+k )t+( ) 71(’(27%2)

= T .}F(Z, k)

(101)

3 -] t(z, k) = iz k) (102)

Since e~k pever vanishes, we get for k # 0
(TH@EN Rt @ k) =t ufE k.

Now the function u}(-,k) cannot be identically zero since

piC-, k—1ewh p(Rz).Furthermore, t is a smooth function and
7r@*th) € D'(C). We may conclude that (TH(@Tt)))(k) =
th (k) forallk #0. O

7. Conclusion
The following corollary is the main result of this paper.

Corollary 7.1. Let qo € C§° (R?) be a real-valued, smooth, compactly
supported conductivity-type potential (in the sense of Definition 1.1)
with y = 1 outside supp (qo). Assume the rotational symmetry
qo(2) = qo(|z|). Denote t (k) = e"f<’<3+’<3>('f+qo)(k). Then q, =
@*tf is for all T > 0 a real-valued, continuous, conductivity-type
potential in [P(R?) with any 1 < p < 2 satisfying the following
estimate: |q; (z)| < C{z)~2 Moreover, q, has no exceptional points
and (TH(@*th)) (k) =t} (k) for all k # 0.

Proof. We know from [31, Theorem 3.1] and [12, Theorems 2.1 and
2.2] that

t5 (k)| < Clk|> for small |k|,

t5 (k) t5 (k) (k)
k

€ $(0), € $(C).

The evolving potential is a well-defined continuous function q; :
R? — C satisfying |q. (z)| < C(z)~2 by [12, Theorem 1.2].

The analysis in Section 4 above shows that g, is real-valued.
Then the assumptions of Lemma 5.1 and Theorem 5.1 are satisfied
and we may conclude that g, is of conductivity type in the sense of
Definition 1.1 for all ¢ > 0 and that g, has no exceptional points.
Furthermore, the assumptions of Theorem 6.1 are fulfilled, and so
(TH@*tth)) (k) =tf (k) forallk #0. O

Our results do in fact apply to more general initial data than the
rotationally symmetric cases of Corollary 7.1. Namely, Sections 5
and 6 only assume that g has nicely behaving scattering data and
that the inverse scattering evolution stays real-valued. (The latter
assumption is natural: the right-hand side of the Novikov-Veselov
equation (1) is real-valued, so real-valuedness of g implies that of
g™V as well. If ¢, had nonzero imaginary part, the identity ¢V = g,
could not hold.)

Actually, we can already describe a class of nonsymmetric initial
data for the inverse scattering evolution. Let g, be an evolution
with rotationally symmetric initial data satisfying the assumptions
of Corollary 7.1, and fix " > 0. Define Go(z) := q,/(z) and note
that the diagram given in Box I is well-defined. Now Gy (z) is valid
initial data (if we substitute 7+ (qo(2))(0) := T+(q+/(2))(0) = 0
making the initial scattering data smooth) and leads to a real-
valued inverse scattering evolution ¢;. But what do we know about
symmetries of ¢, ? The analysis in Section 4 implies that

Er (2) = ar (Z<p) = ar (Z—w)7 ?jz (2) = ar ()
for ¢ = 2m /3. But our theoretical results do not rule out the
possibility of rotational symmetry of §,. However, in Part II of
this paper we compute ¢, (z) numerically for several rotationally
symmetric initial data and observe that for t’ > 0 we have in
general q,/(z) # q.(|z]); this is verified numerically beyond
doubt. (In addition, g, appears not to be compactly supported,
but the numerical evidence is non-conclusive due to the finite
computational domain.)

Finally, we mention that the numerical evidence presented in
Part II of this paper strongly suggests that q?v = ¢, for evolutions
with initial data satisfying the assumptions of Corollary 7.1.
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Appendix A. Connections to previous work

A.1. Remarks on the results of Boiti, Leon, Manna and Pempinelli

It was shown in [6] that if a function p(z, ) does not have
exceptional points and evolves according to the evolution equation

ap 3 =3 -1 T 7 -1

Pyl —0od, P — dod,P + 3409, (P 3,9, P) + 3a09,(P 3.9, P),
(A1)

where ay € R is a constant, then the scattering data

1 ikx.
Fi(k) = — e™p(z, T)p(z, k)dx (A.2)
47'[ R2
evolves in T as follows:
] _
ZFi(k) = i(aok® + @k )F; (k). (A3)

ot
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-3 -3
exp(it’ (k3 + k))- exp(it (k2 + k))-
t (k) ~ th(k) th, . (b
T+ rJ"+ @+ rj"+ (Q+
qo(2) qv (2) G4 (2)
Il I

Go(2) q:(2)

Box I.

The function ¢(z, k) appearing in (A.2) is a solution of the
Schrédinger equation

(3,8, —P)p(-, k) =0,

Formula (A.1) corresponds to [6, formula (2.12)], formula (A.2)
corresponds to [6, formula (3.26)], formula (A.3) corresponds to [6,
formula (5.7)], and formula (A.4) corresponds to [6, formulae (2.3),
(3.1),(34)].

Set q;(z) = p(z/2, 7). Then Eq. (A.1) takes the form

g,
0T

oz, k) ~ e, (A4)

=3 =1
= —8apd2q, — 8a9d,q; + 6a9d,(q; 9,9, qr)
+ 60052 (QI 5z 827]‘]r)~ (AS)

Further, noting that 9,9, = %A and comparing (5) and (6) with
(A.4) shows that

oz, k) = vt (2z, k/2).

Thus we can use (A.2) and (A.6) to compute

(A6)

Fi(k) = %/ ek eDp(z2/2, T)p(z/2, k)dz
RZ

_1/
_87T]R2

_ Lt
= 5t (k/2).

A combination of (A.3) and (A.7) then yields

e P2q. )yt (z, k/2)dz

9 ~
St = i(8aok® + 8ak )tT (k).

The desired evolution of scattering data is achieved by the choice
ap = 1/8.Then Eq. (A.5) takes exactly the form (1).

(A8)

A.2. Remarks on the results of Tsai

It would be tempting to follow Tsai’s proof in [9] to show that
the inverse scattering evolution g, actually coincides with qE‘V in
diagram (2). However, the class of initial data used in [9] excludes
conductivity-type potentials, which in turn are the only known
initial data with no exceptional points. The specific problem with
Tsai’s proof is the requirement m, (x, 0) = 0 on the line following
(3.12) in [9]. In our notation this would mean p*(z, 0) = 0 which
never holds for conductivity-type potentials because u*(z, 0) =
Vv @) > ¢ > 0. Finding such assumptions on qo that g, = ¢V in
diagram (2) remains an open theoretical problem.

Tsai gives in [7,9] a formal derivation of a hierarchy of
evolution equations (parametrized by n = 1, 3, 5, ...) using the

maps 71 : g+ tT and @™ in the following inverse scattering
scheme:

L exp(—i(k"+K")7):
%
LA

-]

+

T

I
qo > qr
The non-periodic version of the Novikov-Veselov equation (1)
appears as the case n = 3. We remark that all the results in this
paper hold for the cases n > 3 as well. We just need to replace the
angle ¢ = 2w /3 by ¢ = 27 /n in Section 4.

Appendix B. Proof of Lemma 6.1

Clearly g € IP(R?) withany 1 < p < 2. Note that assumption
(88) and formula (91) imply (for the same constant ¢, independent
of ¢)
0<cs< 9@l (B.1)

so there is no division by zero in the definition (92). Write

o )
7@ Q(Z)—AM(Z)<M<8>(Z) ©(z)

-~ (an@ - 219 @)

1@

Then (93) follows from the triangle inequality and (B.1) if we prove
the following two equations:

1 1
lim | Ap (— - —) =0, (B.2)
s=>0 N v s
lim || A — Ap® ) = 0. (B3)
E—>
Let us prove (B.3) first. Calculate
Ap® = (u — DAp: + 2V, - Vi + 9 Ap, (B.4)
and further, with the notation (x,y) =z = x + iy,
00, (z
9D e a). (B.5)
0x
09:(2)
—— = —26%y9, (2), (B.6)
dy
A@e(2) = 462(e2%% + Xy — Dee(2). (B.7)
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Direct computation shows that for any s > 0 we have

1/p
Iz @, = ( / |2|”5<p(82)”d2>
R2

d 1/p
( / 2 |w|‘”e—"5<p<w>"8—’f)
R

= &2 [wlPew)llp. (B38)
Here and below we use the shorthand notation || - [l;pg2) = || - llp-
By (B.4) we see that

Ap—Ap® = =2V, - Vi — (u— DA, + (1 — g)Ap.
(B.9)
Using (B.5), (B.8) and assumption (90) we get

dp, 0 i) P e
Pe IR — 2g2 / ﬁ x|P@e (2)Pdz
ax x|, 2| 0X
1/p
< 2¢? ( / <Z>‘2”|Z|”¢E(Z)‘°d2>
]RZ
< 2C&%||gellp < 2Ce* 2P|,

and the same estimate holds for x replaced by y. Therefore, since
p > 1implies 2 — 2/p > 0, we have proved the convergence

lim Ve, - Vil = 0. (B.10)
Using (89), (B.7) and (B.8) with s = 0 and s = 1 we get

1= 1) Agell, = 4% = DEX + % = Deelly

< 4% (n — DXz @ellp + 4621 (e — Deellp
< Ce*|l 1219 @) llp + 4e[1it — Tlloo ll@ellp
< Ce¥ P gllp + Ce2 2Pl

and it follows from 2/p < 2 that

lim f[(k — 1) Agell, = 0. (B.11)

We denote the characteristic function of the disc B(0, e~/4) by
X|z<e-1/4(2) and will use the inequality

Ifllp < Wiz <e=17af llp & N xpzze=14f Ml (B.12)

in the sequel. Note that 1 — ¢, (z) = 1 — ¢.(]z]) is monotonically
increasing in |z| and that the area of the disc B(0, e~/4) is wg~1/2
and that by assumption (87) we have

= [ullla@)| < Cz) 2 (B.13)

Ap
[Ap@)] < ltlloo |—
uw
Estimate using Taylor expansion of the exponential function near
e=0
||X\z|<rl/4(1 - %)AMHZ
e IARP lloo | Xz <o 1411 = @6 lPlloo
Ce™ V2|1 — exp(—=&2e~ )P

< CeBrVr2,

IA

IA

(B.14)

In the unbounded set {z : |z| > &~'/4} we use (B.13) and the fact
|1 — @:(2)| < 1to compute

1 Xzze-1/4 (1= @) ApllE < CllXse-1/a(2) 2B
o0
< C’[ r~2Prdr
e—1/4

CleP—1/2

—_— B.15
< 2= 1) (B.15)

Now (B.14) and (B.15) together with (B.12) and p > 1 give

lim (1 — @) Apll, =0, (B.16)

and (B.10), (B.11), (B.16) and (B.9) imply (B.3).
It remains to prove (B.2). The lower bound (B.1) gives for any
z € R?

1 1 M_M(e)
'
=C|(1—¢)(n-1)|.

We compute first inside the disc B(0, e~'/4) using (B.17):

1 1
X\z|<sf1/4AM W—; ,

< Cre 2 [ | (e = 1] Wtireemralt = 0Pl

< Ce® D2,

(&) |

<cPu—np

ue

(B.17)

p

(B.18)

where the second inequality follows as in (B.14). In the com-
plement of the disc B(0, e~/4) we use (18), (B.13), (B.17) and
[T — | < 1toget

p

1 1
Xjz|ze—1/4 A1 F_; ,

p
= € | zealanl (= 1))

< C | xzze-1a2) 7|

o0
< C/f r~Prdr
&

—1/4

oo

CleBr-2/4
< —
- 3p-2
Now (B.2) follows from (B.12), (B.18) and (B.19).

(B.19)
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