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A Direct Reconstruction Algorithm for Electrical
Impedance Tomography
Jennifer L. Mueller*, Samuli Siltanen, and David Isaacson

Abstract—A direct (noniterative) reconstruction algorithm for
electrical impedance tomography in the two-dimensional (2-D),
cross-sectional geometry is reviewed. New results of a reconstruction of a numerically simulated phantom chest are presented. The
algorithm is based on the mathematical uniqueness proof by A. I.
Nachman [1996] for the 2-D inverse conductivity problem. In this
geometry, several of the clinical applications include monitoring
heart and lung function, diagnosis of pulmonary embolus, diagnosis of pulmonary edema, monitoring for internal bleeding, and
the early detection of breast cancer.
Index Terms—Dbar method, direct reconstruction algorithm,
electrical impedance tomography.

I. INTRODUCTION

I

N this paper we review a direct reconstruction algorithm for
the electrical impedance tomography (EIT) problem in the
two-dimensional (2-D) , cross-sectional geometry and present
new results of a reconstruction of a numerically simulated
phantom chest. In this geometry, several of the clinical applications include monitoring heart and lung function, diagnosis
of pulmonary embolus, diagnosis of pulmonary edema, monitoring for internal bleeding, and the early detection of breast
cancer.
The first implementation of the direct reconstruction algorithm was published in [27] and was tested on smooth, radially
symmetric conductivity distributions. This method is very different from previous EIT algorithms in that it is noniterative and
is based on a mathematical proof by A. Nachman [25] that uses
the method of inverse scattering to prove global uniqueness
for the 2-D inverse conductivity problem. Nachman’s solution
method is remarkable since it reduces the nonlinear reconstruction problem to solving two linear integral equations. In [27],
we present the first implementation of Nachman’s algorithm.
In [29], we extend our implementation to slightly more complicated radially symmetric conductivities. In [24], we consider
several nonsymmetric examples and develop a regularization
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technique to handle the ill posedness in the problem as it manifests itself in this algorithm.
We briefly review existing reconstruction algorithms for EIT.
To date, existing algorithms can be sorted into the following
three categories:
1) noniterative linearization-based algorithms;
2) iterative algorithms solving the full nonlinear problem;
3) layer-stripping algorithms.
Linearization algorithms are based on the premise that the
conductivity differs only slightly from a known, often constant,
conductivity. Examples of linearization-based algorithms
include backprojection methods [4], [6], [26], Calderón’s
approach [10], [11], [16], moment methods [1], and one-step
Newton methods [7], [12], [22], [23]. However, the basic
premise that the conductivity variations are small is often
incorrect in physiological applications, such as the detection of
breast tumors, which are known to be two to four times more
conductive than healthy breast tissue [31], [32].
Algorithms solving the full nonlinear problem have been
iterative in nature, with the exception of layer-stripping [30],
[33]. These iterative algorithms have been based on output
least-squares [8], [9], [13], [14], [15], [18], [19], [35], the
equation-error formulation [20], [21], [34], or statistical inversion [17]. While these approaches are promising for obtaining
accurate reconstructed conductivity values, they may be slow
to converge.
The direct method reviewed in this paper represents a new
class of algorithms for EIT. It solves the full nonlinear problem,
so it has the potential of reconstructing the conductivity values
with high accuracy.
The paper is organized as follows. In Section II, we state the
equations governing the physical problem. In Section III we describe the steps of the reconstruction algorithm. In Section IV,
we describe the numerical methods used in implementing the
algorithm. Section V contains a numerical example with a numerically simulated phantom chest.
II. THE MATHEMATICAL MODEL
The electromagnetic field induced by applying a current density to the surface of the body is governed by Maxwell’s equations. At low frequencies and small field strengths the electromagnetic properties of living tissue allow these to be simplified
to the conductivity equation
(1)
Here, denotes a bounded region in the plane, denotes the
conductivity of the body, and the electric potential. Applying
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a known voltage on the boundary of
Dirichlet boundary condition

corresponds to the

where is a simply connected domain in
is defined by

and the operator

(2)
denotes the boundary of , and knowledge of the
where
resulting current density distribution on the boundary gives rise
to the Neumann boundary condition
(3)
. The mapping which
where denotes the inward normal to
takes a given voltage distribution on the boundary to the resulting current density distribution on the boundary is referred
to as the Dirichlet-to-Neumann or voltage-to-current map and
. Since the physical interpretation of
is
is denoted by
knowledge of the resulting current distributions on the boundary
of corresponding to all possible voltage distributions on the
boundary, it can be viewed as our data.
III. THE RECONSTRUCTION ALGORITHM
Nachman’s uniqueness proof [25] for the 2-D inverse conductivity problem outlines a direct procedure for reconstructing the
conductivity from knowledge of the Dirichlet-to-Neumann map.
The idea behind the algorithm is to transform the conductivity
equation to the Schrödinger equation and use the method of
inverse scattering to solve the resulting inverse problem. We remark that the method is not a numerical technique, but rather a
method of solution for certain inverse boundary value problems
[5].
Let be a bounded potential. Then, the change of variables
and
transforms the conductivity
(1) to the Schrödinger equation
in

(4)

near the boundary of the region ,
If one assumes that
and
to the whole plane .
one can extend
, the function
Note that if
satisfies
in
where denotes the complex number
, and we have introduced the complex parameter
.
Nachman shows [25] that the Schrödinger equation
(5)
which is asymptotic to
. That
has a unique solution
is large,
is approximately equal to
in a
is, when
defined by
certain function space. The functions

hold the key to the reconstruction of the conductivity
cause one can show that

be-

The approach is used in determining from the voltage-tocurrent map, and taking the small limit gives the conductivity
directly at each point in .
A equation is an equation of the form

The idea behind the method is to apply the operator to
an integral equation that governs the solution of the scattering
problem and derive a equation that the solution satisfies. In
the EIT problem, the function satisfies an integral equation
analogous to the classical Lippmann–Schwinger equation, and
applying the operator to that equation yields the equation

(6)
Here, the functions

and

are defined by

(7)
Note that
The function is known as the scattering transform. Although
it is not a physically measurable function, Nachman shows that
it is related to the voltage-to-current data via the following integral equation:
(8)
denotes the voltage-to-current map when
conHere,
, and
denotes the
tains the conductivity distribution
contains a constant conducvoltage-to-current map when
tivity of 1.
Hence, the reconstruction method consists of two main steps

1) determine the scattering transform
Dirichlet-to-Neumann map;
2) reconstruct using the method.

from

the

IV. NUMERICAL TECHNIQUES
A. Step 1: Determining the Scattering Transform
In this paper, we study reconstructions of a numerically simulated phantom chest given an accurate representation of the
scattering transform. For this goal, we omit Step 1 in the reconstruction algorithm and instead use the scattering transform
computed from the definition (7). To accomplish this, we re. This was obtained
quire an accurate representation of
by numerically solving the Lippmann–Schwinger type equation
for . See [24] for details.
Note that the Lippmann–Schwinger type equation does not
make use of the measured data, but rather is an integral equation
formulation of (4) and, thus, corresponds to the forward problem
of determining from . It is a subject of a future study to find
from electrode measurea way to approximately compute
ments. Also note that it is not physically realistic to simply add
to simulate noise in the data. A correct simulanoise to
tion of noisy data would require adding noise to the simulated
in (8) and then computing
from
voltage-to-current map
that equation. In [24], this approach is taken for several examples of radially symmetric conductivities.
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B. Step 2: Numerical Solution of the

Equation

Nachman shows that the solution of (6) satisfies the weakly
singular Fredholm integral equation of the second kind
(9)
. Note that it is shown in [27] that for sufficiently
for all
is bounded at
and the
smooth conductivities,
. Thus, the integral
integrand in (9) approaches zero as
can be approximated by an integral over a rectangle .
over
Also note that the integral is taken over the complex plane, so
is needed for all values of
. We
to solve (9)
solve (9) numerically using a 2-D adaptation of the method of
product integrals presented in [2]. The idea of the method is to
factor the integrand into its smooth part and its singular part and
approximate the smooth part with a simple function, such as an
interpolatory polynomial. The new integrand is then computed
analytically where possible.
Given a sufficiently large rectangle we first define a mesh
on the rectangle in
is not a mesh point. We approximate
such a way that
using bilinear
the function
containing
.
interpolation, except on the mesh square
, we use the fact that
and
On the square
.
include a fifth interpolation point at the origin with
into four triangles ,
1, 2, 3, and 4. On
This divides
by the plane through the
each triangle we approximate
and the origin. We denote the intwo points on the corners of
by
, where this notation repterpolant of
resents the planar interpolant on and the bilinear interpolant
.
on all squares except
On the outermost squares in the mesh , which we will deor
note by
, we set
, using the fact that
.
This leads to the discretized form of (9)

(10)
where
(11)
To obtain a linear system, we choose to be the nodes of the
. Then, to form (10)
inner mesh elements
and (11), the following integrals must be evaluated for
and

(12)
The factors of in the numerator arise from the bilinear interwe must evaluate
polant of . On
(13)
When lies on a corner of the mesh element over which we are
integrating, an integrable singularity will be present in the integrand. When does not coincide with a corner of the mesh element over which we are integrating, the above integrals are not
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singular, and they can be computed using a numerical quadrature method such as 2-D Gauss–Legendre quadrature. The singular integrals in (12) and (13) can be evaluated analytically.
Note that there are 16 singular integrals in (12) and eight in (13).
We omit their solutions for brevity.
Let
denote
Now by regrouping terms in
(10), one can write
(14)
is a linear combination of the
s and the four
where
integrals in (13). Thus, we have the linear system
(15)
is the
by
matrix
and
where
is the
by
identity matrix. This system can be solved
by equating the real and imaginary parts to obtain two linear
systems in real variables with two vectors of unknowns.
in the matrix are independent
Note that the factors
of , so they need only be computed once and stored. Then in
is assembled and the resulting systems
parallel, the matrix
(15) are solved.
The solution of the system (15) results in a set of values of
for
and some discrete set of values in . Recall
that the conductivity is given by
(16)
was approximated in this implementation
The value of
nearest
using bicubic interpolation on the 16 values of
in the mesh .
V. NUMERICAL EXAMPLE
We build a virtual chest phantom inside the unit disc
. We choose elliptical domains to represent the
heart and two lungs. The magnitudes of the conductivities are
chosen to simulate a difference image of the chest during breathholding when the heart is in systole and the reference image is
during diastole. We make the assumptions that the detected conductivity changes are due to changes in blood volume, and our
model heart holds a maximum of 200 ml of blood, while our
model lungs have a resting volume of 2 l, one-third of which is
tissue volume. If during systole the heart ejects a stroke volume
of 100 ml which is distributed to the lungs, then the conductivity
of the heart has decreased by a factor of two and the conductivity
of the lungs has increased by 15%. In our virtual phantom, we
simulate these relative changes by choosing a background conductivity of 1.0, the conductivity of the heart to be 0.5 and the
conductivity of the lungs to be 1.2. Since Nachman’s method
is valid only for conductivities with two derivatives, we use a
polynomial smoothing on the boundaries of the virtual organs.
For a plot of the simulated conductivity, see Fig. 1.
The numerical approximation to the scattering transform
was computed by the method in Section IV-A, and the equation was solved by the method in Section IV-B using the uniwith meshsize
. Note that this
form -mesh
defines the rectangle in Section IV-B. For this example, the
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(a)
Fig. 1.

(a) Contour plot and (b) 3-D plot of the actual conductivity (x).

Fig. 2.

Plots of the actual and reconstructed conductivities for the virtual phantom chest.

(b)
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scattering transform decays slowly, and this choice of mesh enfor
. A study of the efsures that
fects of truncating tbe scattering transform at radius on the
reconstructions is found in [24] where it is shown that the reconstructions corresponding to such truncations will converge
to the correct conductivity, and several numerical examples are
provided. However, a quantitative study of the effect of the size
of the rectangle on the reconstruction remains for future work.
was obtained by using
For each value, the value of
bicubic interpolation on the 16 values of the real part of
nearest
. Plots of the reconstruction and the actual conductivity were generated in Matlab using the commands imagesc for the surface plots and mesh for the three-dimensional
(3-D) plots. They are plotted on the same scale and are found in
Fig. 2. The reconstructed conductivity has a maximum value of
1.2996, which is found in the lung region, and a minimum value
of 0.4535, which is found in the heart region. These correspond
to relative errors of 8.3% and 9.3%, respectively.
VI. CONCLUSION
The locations of the virtual heart and lungs were well approximated by the reconstruction. The actual conductivity values
were also recovered to within 10% accuracy. It remains to test
the algorithm on noisy voltage-to-current maps, as was done
in [24], for physically relevant simulations such as our virtual
phantom chest. It also remains to test the algorithm on measured
data. Both of these steps will require some further development
on the algorithm and its implementation than currently exists.
Nevertheless, the reconstructions from an accurate scattering
transform give encouraging results for the ability of the method
to accurately reconstruct conductivity values in the chest.
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