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Wavelet-Based Reconstruction for Limited-Angle
X-Ray Tomography
Maaria Rantala*, Simopekka Vänskä, Seppo Järvenpää, Martti Kalke, Matti Lassas, Jan Moberg, and Samuli Siltanen

Abstract—The aim of X-ray tomography is to reconstruct an
unknown physical body from a collection of projection images.
When the projection images are only available from a limited
angle of view, the reconstruction problem is a severely ill-posed
inverse problem. Statistical inversion allows stable solution of
the limited-angle tomography problem by complementing the
measurement data by a priori information. In this work, the
unknown attenuation distribution inside the body is represented
as a wavelet expansion, and a Besov space prior distribution
together with positivity constraint is used. The wavelet expansion
is thresholded before reconstruction to reduce the dimension of the
computational problem. Feasibility of the method is demonstrated
by numerical examples using in vitro data from mammography
and dental radiology.
Index Terms—Besov space, inverse problem, limited-angle,
statistical inversion, tomography.

variable . The X-ray measurement is modeled as the likelihood
, where represents the measured image
distribution
data. All available a priori information about is modeled as
. The solution of the inverse problem
the prior distribution
is the posterior distribution given by the Bayes formula

To get a reconstruction of the object we compute a representative from the posterior distribution, for example the maximum a
posteriori (MAP) estimate
(1)
or the conditional mean (CM) estimate

I. INTRODUCTION

I

N MEDICAL computerized tomography (CT), the three-dimensional (3-D) structure of the inner organs of a patient is
reconstructed from an extensive collection of X-ray projection
images taken from all around the patient. The radiation dose of
a CT scan and the cost of scanners limits the use of CT to investigations of serious diseases. In contrast, we consider low-dose
3-D X-ray imaging, where only few projection images are taken.
Such imaging finds applications in dental radiology, surgical
imaging, thorax imaging and mammography. However, in such
situations projection images are typically available only within
a limited angle of view, leading to the notoriously ill-posed
problem of limited-angle tomography.
It is well-known that traditional backprojection-based reconstruction methods produce significant artifacts when applied
to limited-angle data [1], [2]. Statistical inversion (SI) is more
suitable for reconstruction since a priori information about the
unknown body can be efficiently combined with measurement
data, leading to improved inversion. In statistical inversion
the unknown object is discretized and interpreted as a random
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The choice of the prior distribution is the crucial point of statistical inversion. Gaussian smoothness prior is used in [3], more
general Gibbs prior in [4], and geometrical prior models, e.g., in
[5] and [6]. For a thorough review of applications of statistical
inversion to limited data tomographic problems see [7, Section
4.4]. In cases when the function is a priori known to be nonnegative and piecewise smooth, the total variation prior is used
in limited-angle X-ray tomography in [8]–[10]. It is found to
give edge-preserving reconstructions.
Based on [11], the visible singularities in limited-angle
tomography are analyzed in [12]. Roughly speaking, the edges
and cracks in the tissue that are tangented by some detected
X-rays can be reliably reconstructed. This theoretical result
shows up in practice, too: two-dimensional (2-D) slices through
the total variation reconstruction perpendicular to the measured
X-rays are very close to the true attenuation coefficient, while
slices along the X-rays are not acceptable reconstructions [8].
However, often the diagnostically important information can be
found in the good-quality slices.
Despite the success of total variation reconstructions, room
for improvement remains. First, it is shown in [13] that the CM
estimate with total variation prior loses its edge-preserving nature with very fine discretization. Second, the computational
burden of total variation reconstruction is quite high.
In this work we address the above problems by using a
wavelet expansion approximation and Besov space a priori
information to compute a maximum a posteriori estimation for
an image reconstruction. (See [14] and [15] for an introduction
to wavelets.) We also introduce a prethresholding method in
which thresholding is applied to the wavelet coefficients prior
to the computation of the reconstruction.
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The inverse problem is to determine the wavelet coefficients
from given projection images and available a priori information.
We specify a priori information in terms of the statistical properties of random wavelet coefficients. Besov spaces are the natural
spaces to work in with wavelets. When a function is represented
by a wavelet expansion, one can see in which Besov space the
function belongs to by studying the decay of the wavelet coefficients [14]. The Besov space norm can be interpreted as a
weighted sum of the wavelet coefficients with scale-dependent
weights. In this work, we use Besov spaces as a priori information, i.e., we penalize a large Besov norm of the reconstruction.
The locality and the scaling property of wavelets imply that
in practical cases usually only a relatively small number of the
coefficients is essentially nonzero. It is shown in [16] that if the
wavelet coefficients are set zero with certain probabilities, the
nonzero coefficients are normally distributed and the wavelet is
smooth enough, the function falls to any Besov space by choosing
the corresponding hyperparameters. We use a different approach
and introduce a straightforward algorithm, which first decreases
the set of potentially nonzero coefficients before the coefficients
are actually computed. This prethresholding procedure reduces
the computational burden before the reconstruction.
We demonstrate the feasibility of our method by numerical
examples using in vitro data from dental radiology and mammography. In the dental examples we find that Besov prior reconstructions are edge-preserving and comparable in quality to
the total variation reconstructions reported in [8]. Our method
gives promising reconstructions also in the case of mammography, while the total variation prior is perhaps not suitable for
modeling fine scale structure of breast tissue.
We compare our reconstruction method to (unfiltered) backprojection, also called tomosynthesis [17]. This is because
tomosynthesis has been much investigated as a radiological
technique both in dentistry and mammography [18]. Also, it is
known theoretically that certain parts of boundaries between
tissues can be seen in tomosynthetic reconstruction [12]. We do
not use filtered backprojection (FBP) in the comparison because
FBP is known to perform badly when applied to limited-angle
data, see e.g., [1, Fig. VI.1].
Wavelet-based backprojection type methods are studied
without using a priori information in [19]–[22] (full-angle
data) and in [23] (limited-angle data). Statistical inversion is
used in reconstructing wavelet coefficients of from full-angle
data in [24], [25]. Statistical wavelet based methods (including
the use of Besov space priors) are applied to image processing
[26]–[30] and to geophysics [31]. For other wavelet-based statistical prior models, see [32] and [33]. To our best knowledge,
this is the first paper to use wavelets for incorporating a priori
information in statistical solution of limited-angle tomography
problems.
This paper is organized as follows. Wavelet expansions
and Besov spaces are discussed in Section II. We present the
measurement model in Section III. Bayesian inversion with
Besov priors is discussed in Section IV. Optimization of computation by prethresholding the wavelet expansion is explained
in Section V. Numerical results are presented in Section VI,
and discussed in Section VII. We conclude our investigation in
Section VIII.
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II. WAVELET EXPANSION AND BESOV SPACES
Let and be the orthonormal scaling and wavelet functions, respectively, of some one-dimensional (1-D) multiresolution analysis. Then in two dimensions

is the scaling function, and

(2)
are the wavelet functions of three types, see [14]. Denote by

the scaled, dilated and translated functions. Here, index
is related to the scale, to the location
in space, and to the
wavelet type,
. The dilations
form an appropriate
grid in the computational domain. The wavelet expansion of a
, is
function
(3)
A Besov space is a natural space to operate in when we
have wavelet representations for functions. Suppose that the
-regular, see [14]. A function
wavelet family is -regular or
with the wavelet expansion (3) is in Besov space
, [14], if the Besov norm

(4)
is finite. Here,
and
are sequences
indexed in some way. Note that increasing the parameter is
related to demanding more smoothness from the function. See
[28] for more information on statistical use of Besov spaces.
In practice, we are operating with compactly supported functions (images), with compactly supported wavelets (e.g., the
Daubechies-wavelets), and with finite scale approximations,
i.e., in space

The scale
and the number of possible translations
determined by the size of the image. Since

we can represent a function
functions,

are

either by the scaling
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or by the wavelet expansion

Now, it holds that
(5)
IV. BAYESIAN INVERSION WITH BESOV NORM PRIOR

By orthonormality, it holds that

and by the dilation equations, these integrals can be implemented by a discrete filtering procedure, see [34].

The idea of Bayesian inversion is to interpret the variables
as random variables and determine the probability densities for
them.
, it holds that
For the joint probability
(7)

III. THE MEASUREMENT MODEL
Here, we describe the pencil beam model for X-ray attenuation (see [7] for more details).
.
Let the object be a compactly supported density
Suppose that an X-ray source is placed on one side of the object and the radiation is detected on the other side at a detector
point. Each source point and detector point pair indicates one
data value

Here, the conditional distribution
tribution of interest

is the posterior dis(8)

can be considered as a norAs seen from (8), the density
malizing constant. We suppose that the noise in the measurement (6) is additive, uncorrelated, and Gaussian
(9)

where is the line joining the source and the detector point.
In practice, the detector is a line grid (in the 2-D case) and it
depends on the measurement equipment if the detector points or
the source point, or both, are moving with respect to the object.
Let the number of the detector points be and the number
of the projection images be . Then the measurement consists
lines and of the corresponding integrals
of

, with
and
. By approximating and representing with the wavelet expansion (5), we
matrix equation
get a
(6)
where

and

The entries of the matrix

The feasibility of the noise model (9) is discussed in [7]. The
likelihood distribution is

with some normalizing constant .
is the prior density, which contains the inforFinally,
mation that we a priori have on . We seek the reconstruction
in a finite dimensional space , so we a priori assume that

with some
. We represent a priori information by penalizing large Besov norm of . This is computationally straightforward when we use a wavelet representation for , and moreover,
we can control the smoothness of the reconstruction by tuning
the Besov space parameters. Since the object is an X-ray attenuation coefficient, we also know that it is nonnegative. Hence, we
choose a prior of a Besov norm together with the approximative
positivity condition

are
Here,

or
with some indexing
.
Note the following relationship between representing by
be the
the pixel values and by the wavelet expansion. Let
matrix corresponding to (5) relating the pixel values of and
the wavelet coefficients

’s are positive control constants and

where

where

, denotes the pixel values of

and

Now, the posterior density is
The measurement equation for

with

is
(10)
This is the statistical solution of the inverse problem. To get a
single representative (image) of the posterior distribution, we
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compute the MAP estimate (1). This is equivalent to minimizing
the functional
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In obtaining the set , we have used the following backprojection prethresholding procedure. Compute the backprojection
reconstruction

(11)
Note that minimizing (11) can also be interpreted as solving (6)
as a regularized problem with a penalty function containing the
Besov norm and positivity.
Here, the minimization is done with the Barzilai and Borwein
minimization method [35], [36]. We start with an initial guess
and take steps in the direction of the negative gradient of the
penalty function by computing with the formula

where the step length is given by

Note that the first step length can not be computed with this
formula. An adequate step length to start with can be found, e.g.,
by minimization along a 1-D line. A suitable choice in practice
small enough.
is to take
V. PRETHRESHOLDING
The locality and the scaling property of wavelets imply that
in practical cases a significant amount of the coefficients of a
wavelet expansion is zero, after some thresholding rule is applied. We want to take advantage of this reduction and decrease
the size of the minimization problem by dropping out the coefficients that are approximately zero. We introduce a procedure
with which one can do this thresholding before actually reconstructing the wavelet coefficients. We call this prethresholding.
To be more specific, let the wavelet expansion of the correct
density function
be given by (5). Suppose that we use
some thresholding rule, and the coefficients close to zero are set
to zero. Denote the indices of the remaining nonzero wavelet
. Then the sum
coefficients by

gives a good approximation for . This gives a motivation for
doing the reconstruction in two steps. First, determine the set
, and second, solve the values for the corresponding coefficients by minimizing (11), as described above.
exactly without
In practice, we can not reconstruct the set
knowing . Instead, we seek a set of indices such that the sets
(12)
(13)
is the set of coefficients that are
are both small. Here,
nonzero for the true density function but will not be reconis the set of extra coefficients that are zero for
structed, and
but are taken into the minimization process.

and the corresponding wavelet coefficients
. Threshold co, and choose the remaining coefficients as . We
efficients
apply the following thresholding rule: Define thresholding pa. Set the smallest
% of the finest scale
rameter
coefficients to zero, and similarly for every scale the smallest
% of the th finest scale coefficients to
can be computed directly by
zero. Note that

or by computing the wavelet transform of
, depending on
whether one uses the matrix or .
is fast to compute, the compuSince the backprojection
is also fast. In the limited-angle sparse data case,
tation of
is not very high and the image has signifithe quality of
cant artifacts. However, the singularities that are perpendicular
(see [12]). Hence, we
to the projection directions appear in
expect to have the majority of the reconstructable coefficients
of the real singularities within set , but also some extra
coefficients due to the artifacts.
How to choose the thresholding parameter in practice? We
determine in a test case, and then use the same with similar data (e.g., for mammography). We choose a that gives
a visually optimal reconstruction, by which we mean that if
is chosen to be larger, we get visually observable artifacts in
the reconstruction. This is demonstrated later in Section VI (see
Figs. 4 and 6).
VI. RESULTS
We test our method with three different data. In all cases the
2-D projection images are sliced to 1-D projection functions
from which we compute 2-D reconstructions. Then the 3-D reconstructions are built by attaching these two-dimensional reconstruction slices together. All computations are done with a
desktop PC (Intel processor, 2.4-GHz CPU, 1 GB RAM) using
Matlab 6.5. We use the Daubechies 6-wavelet (db6) with three
and
.
scaling levels, and Besov parameters
We consider the wavelet reconstructions with all the coefficients to be good comparison objects for testing the prethresholding method. However, in the first simple test case, we also
have the sparse full-angle data to compare with.
A. Tooth Phantom Case
The first data is measured from a tooth phantom (a third
mandibular molar) with the Focus intraoral X-ray source and
the Sigma intraoral sensor (by GE Healthcare). The full-angle
data contains 23 projections taken equally spaced from a total
viewing angle of 187 . The limited-angle data contains nine of
these projections, creating a total viewing angle of 68 .
Fig. 1 presents a comparison between reconstructions computed from the two different data sets, and also between reconstructions computed with all wavelet coefficients and with
prethresholding. The full-angle reconstructions are considered
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Fig. 1. Two-dimensional reconstruction of a tooth phantom. Left: wavelet
reconstruction with all coefficients from full-angle data (187 viewing angle)
as the “ground truth.” Middle: wavelet reconstruction with all coefficients from
limited-angle data (68 viewing angle), showing 24% of relative error along
the middle horizontal line. Right: wavelet reconstruction with prethresholding
with  = 0:8 from limited-angle data, showing 26% of relative error along the
middle horizontal line.

Fig. 3. Two-dimensional reconstructions of a mammography specimen. Top:
wavelet reconstruction with all coefficients. Second: wavelet reconstruction
with prethresholding with  = 0:7. Third: wavelet reconstruction with
prethresholding with  = 0:9. Bottom: backprojection reconstruction.
Fig. 2. Slices parallel to the detector from 3-D reconstructions of a tooth
phantom. Left column: wavelet reconstruction with all coefficients from
full-angle data (187 viewing angle) as the “ground truth.” Middle column:
wavelet reconstruction with all coefficients from limited-angle data (68
viewing angle). Right column: wavelet reconstruction with prethresholding
with  = 0:8 from limited-angle data.

here as the ground truth. The relative errors (in the sense of
) in the limited-angle reconstructions are computed along the middle horizontal lines. The errors
are 24% in the reconstruction with all coefficients and 26% in
. Here, the
the reconstruction with prethresholding with
image sizes are 174 164 pixels.
We attach these 2-D slices perpendicular to the detector of
the X-ray device to form a 3-D volume. In practice a volume is
usually examined as slices parallel to the detector of the device.
Fig. 2 presents two examples of such slices. The image sizes are
201 164 pixels.
B. Mammography Case
The second data is measured from a mammographic specimen with a digital full-field mammography equipment (by
GE Healthcare). The seven projection images are taken from a
viewing angle of 30 .
Fig. 3 presents a comparison between the various reconstructions we experiment with. Here, the image sizes are 143 468
and
pixels. The prethresholding parameters used are
, which produce total zeroing percentages of 62% and

Fig. 4. A detail in 2-D reconstructions of a mammography specimen. Left:
wavelet reconstruction with all coefficients. Second: wavelet reconstruction
with prethresholding with  = 0:7. Third: wavelet reconstruction with
prethresholding with  = 0:9. Right: backprojection reconstruction.

79%, respectively. The whitest detail in the images is a calcified vein, and it is presented also in detail in Fig. 4, in which
the image sizes are 40 25 pixels. The reconstruction with all
coefficients takes approximately 120 s, and the reductions in reand 12% with
.
construction times are 7% with
Fig. 5 presents slices parallel to the detector from the 3-D
volume. Here, the image sizes are 294 468 pixels. The slice of
Fig. 5 presents the calcified vein shown also in the perpendicular
slices of Fig. 3. In Fig. 6 the vein is presented in detail (60 40
pixels).
C. Intraoral Dental Imaging Case
The third data we experiment with is measured with the Focus
intraoral X-ray source and the Sigma intraoral sensor from a
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Fig. 6. A detail in slices parallel to the detector from 3-D reconstructions of
a mammography specimen. Left: wavelet reconstruction with all coefficients.
Second: wavelet reconstruction with prethresholding with  = 0:7.
Third: wavelet reconstruction with prethresholding with  = 0:9. Right:
backprojection reconstruction.

Fig. 7. Slices parallel to the detector from 3-D reconstructions of a dental
phantom. Top row: wavelet reconstruction with all coefficients. Second
row: wavelet reconstruction with prethresholding with  = 0:7. Third row:
wavelet reconstruction with prethresholding with  = 0:95. Bottom row:
backprojection reconstruction.

Fig. 5. Slices parallel to the detector from 3-D reconstructions of a
mammography specimen. Top: wavelet reconstruction with all coefficients.
Second: wavelet reconstruction with prethresholding with  = 0:7. Third:
wavelet reconstruction with prethresholding with  = 0:9. Bottom:
backprojection reconstruction.

head phantom. Here, the seven projection images are taken from
a viewing angle of 60 .

Fig. 7 presents reconstruction slices parallel to the detector.
The left image column shows one of the three roots of the
middle tooth and the right image column the other two. Here,
and
,
the prethresholding parameters are
leading to total zeroing percentages of 61% and 83%, respectively. The image sizes are 179 227 pixels. In this example
and
the reductions in reconstruction times are 5% with
.
7% with
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VII. DISCUSSION
In the test examples, the Besov prior without prethresholding
produces good images comparing to the backprojection reconstruction. Backprojection, also known as tomosynthesis, is currently a popular technique for reconstruction from limited-angle
data, see [18]. Further, by using the backprojection prethresholding procedure we are able to drop out over 60% of the unknown coefficients without degrading largely the reconstructed
images.
In all three examples, the parameter is chosen to be a value
between 1 and 2 by comparing visually various reconstructions
(note that needs to be greater than 1 to ensure differentiability
of the objective function in the minimization problem). The pais chosen for simplicity, and by visual inspecrameter
tion the largest value that does not smoothen up the reconstructions too much. Also, a value of between 0.3 and 0.6 is found to
be appropriate for natural (photographic) images in [37], giving
.
indirect support for our choice
Next we discuss the performance of our method in detail for
the three example cases.
A. Tooth Phantom Case
In this example we have ground truth available, namely the reconstruction using full-angle data. As expected from the theory
of recoverable singularities in X-ray tomography, we are able to
reconstruct slices parallel to the detector (and, thus, perpendicular to the rays) with reasonable 24% accuracy. Further, zeroing
as much as over 70% of the coefficients does not produce significantly more artifacts, and the quantitative error in the slice parallel to the detector grows only moderately (from 24% to 26%).
See Fig. 1.
Further, the 3-D reconstruction formed as a stack of 2-D
slices is shown in Fig. 2. The reconstruction from limitedangle data is very close to the ground truth, and there is
no significant difference between the full and prethresholded
reconstructions.
B. Mammography Case
The opening angle of 30 is achievable with an existing mammographic device and is, thus, realistic for diagnostic mammography. The benefits of 3-D mammography over traditional
projection mammography include the possibility to recover the
shape of clusters of microcalcifications.
Fig. 5 demonstrates that the Besov prior approach yields reconstructions with better sharpness and contrast than backprojection. This is also evident from Fig. 6 where we pick out a
calcified vein as a diagnostically interesting feature.
Prethresholding with parameter
seems to yield almost identical image quality with full wavelet tree reconstruction, while parameter
is arguably too large. See Figs. 5
and 6. From the computational point of view, the prethresholding procedure stabilizes the minimization problem by reducing the amount of the unknowns: fewer iteration steps are
needed with the reduced problem. Also, the choice
leads to 62% reduction in disc storage space for representing
the reconstruction and a moderate 7% reduction in computation
time.

C. Intraoral Dental Imaging Case
The imaging geometry chosen here models the situation at
a typical dental clinic. The opening angle of 60 is achievable
with standard intraoral imaging equipment. Benefits of 3-D intraoral imaging over traditional projection imaging include the
possibility to recover the exact position and shape of tooth roots.
This knowledge is often needed before removing a tooth.
Fig. 7 shows two different slices through the teeth. The three
roots of the middle tooth are visible in different slices, one in the
left image column and the other two in the right image column.
Reconstructions using the Besov prior show significantly better
contrast than the backprojection reconstruction.
Compare the top row and third row from top in Fig. 7.
seems to yield almost
Prethresholding with parameter
identical image quality with full wavelet tree reconstruction.
This leads to 83% reduction in disc storage space for representing the reconstruction and a moderate 7% reduction in
computation time. Similarly to the mammography case, fewer
iteration steps are needed in the reduced minimization problem.
VIII. CONCLUSION
We consider limited-angle tomography problems arising in
medical X-ray imaging and demonstrate the feasibility of statistical wavelet-based Besov prior techniques. Our examples show
(using in vitro specimen data) that one can significantly improve
the clinical quality of reconstructions compared to backprojection techniques, such as tomosynthesis. In particular, dental reconstructions using a Besov prior are of similar quality as the
total variation reconstructions in [8]. In contrast to the total
variation prior, however, we expect wavelet-based Besov space
priors to be discretization invariant in the sense defined in [13].
While we consider here stacks of 2-D tomographic problems,
it is straightforward to generalize our method to 3-D setting.
Further, we introduce a prethresholding approach for reducing the number of free parameters in the tomographic
problem. Benefits of prethresholding include 60%–80% reduction in disc storage requirements, faster and more stable
convergence of the optimization method, and slightly reduced
computation times and random access memory needs. We
expect the advantage of these benefits to be significantly greater
in genuinely 3-D settings.
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