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Abstract—The problem this paper addressesis how to use
the 2-D D-bar method for electrical impedance tomography
with experimental data collected on nitely many electrodes
covering a portion of the boundary of a body. This requires
an approximation of the Dirichlet-to-Neumann, or voltage-to-
current density map, de ned on the entire boundary of the
region,froma nite number of matrix elementsof the curr ent-to-
voltage map. Reconstructions from experimental data collected
on a saline lled tank containing agar heart and lung phantoms
are presented,and the results are compared to reconstructions
by the NOSER algorithm on the samedata.

Index Terms— electrical impedancetomography, direct recon-
struction algorithm, D-bar method

I. INTRODUCTION

LECTRICAL impedancetomography(EIT) is a rela-

tively new imaging modality in which electrodesare
placed on the surface of the body and the conductvity in
the interior of the body is reconstructedrom voltage data
arising from currents applied on the electrodes.Since the
various tissuesand organsin the body often have different
conductvities, an image is createdfrom the reconstruction.
Often,theseelectrodesreplacedaroundthe circumferencef
the thorax,and a cross-sectionaimageis formedfrom a 2-D
reconstructionln this geometry clinical applicationsinclude
monitoring heartand lung function, diagnosisof pulmonary
embolus,and diagnosisof pulmonaryedema.

The problemis modeledby the conductvity equation

1)

where denotesa 2-D simply connecteddomain, denotes
the conductvity of the body and the electric potential.
Applying aknownvoltage ontheboundaryof corresponds
to the Dirichlet boundarycondition

)

where  denotegheboundaryof . Measuringthe resulting
currentdensitydistribution  on the boundarycorrespondgo
knowing the Neumannboundarycondition
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where denotesthe outward normalto . The mapping
which takes a given voltage distribution on the boundaryto
the resulting current density distribution on the boundaryis
referredto asthe Dirichlet-to-Neumannpr voltage-to-current
density mapandis denotedby . Thus,

The uniquenesgjuestionfor the inverseconductvity prob-
lem is whetherthe Dirichlet-to-Neumanmap uniquely deter
minesthe conductvity . Thatis, does imply

? The reconstructionproblemis how to determine

from knowledge of the Dirichlet-to-Neumannmap.
For a surey of results on the uniquenessquestion under
various assumptionson  and and for a brief suney
of reconstructionalgorithms, see, for example, [35] or [11]
and the referencestherein. The uniquenessquestionfor a
boundeddomainin for sufciently regular conductvities
having essentiallytwo derivativeswas rst solvedby Nachman
[37] in 1996, for less regular conductvities with only one
derivative by Brown and Uhimann[16] in 1997, and for
conductvities by AstalaandPaivarinta[3] in 2003.The proof
[37] usesthe D-barmethodof inversescatteringandoutlinesa
directreconstructioomethodfor the conductvity. In a seriesof
paperg43], [45], [35], [36], the authorspresented numerical
method for solving the equationsin Nachmans proof and
appliedthe methodto numericallysimulateddata.

This paperaddressethe problemof how to approximatehe
Dirichlet-to-Neumannmap de ned on the entire bound-
ary of from measurementsnade only on a portion of
the boundary In previous publicationsby the authors,the
Dirichlet-to-Neumanmapwasknown. However, in this paper
we approximatethe voltage-to-currentdensity operator
from a nite numberof discretemeasurednatrix elementsof
the current-to-wltagemapping.To model the currentdensity
on the electrodes,the gap model [48] is employed, and a
matrix representationof the Dirichlet-to-Neumannmap is
derived. This is the rst paperusing the D-bar method to
usethe gapmodel; previous works usedthe continuummodel
since was known. We derive an approximationto the
scatteringransformusedin the D-bar methodin termsof the
discretecurrent-to-wltagematrix. The algorithmis thenused
to reconstructthe conductvity distribution inside a phantom
chest consisting of agar heart and lungs in a saline bath
from current-to-wltagedatameasurean 32 electroden the
boundaryof the tank.

The results from the reconstructionare comparedto the
NOSER algorithm [46], [19]. NOSER, namedfor Newton's
One-StepError Reconstructqris a linearization-basealgo-
rithm which takes one step of Newton's Method, using the
bestconstantconductvity approximationfrom the measured
dataasaninitial guess Otherexamplesof linearization-based



algorithms include backprojectionmethods|[6], [12], [42],
Caldebn'sapproach17], [18], [27], momentmethodd2], and
other one-stepNewton methods[13], [33], [34]. Algorithms
thatsolve the full nonlinearproblemincludeapproachebased
on outputleast-squarefl4], [15], [20], [21], [22], [29], [30],
[53], the equation-erroformulation[31], [32], [52], statistical
inversion[28], and layer stripping[47], [51].

This paperis organizedasfollows. In Sectionll we describe
the stepsof the reconstructioralgorithm. Descriptionsof the
implementatiorof the algorithmareprovidedin thereferences
[43], [45], [35], [36]. Sectionlll containsa descriptionof the
electrodemodel as well as de nitions of the operatorsand
matricesusedin the derivation of the matrix approximatiorto
the Dirichlet-to-Neumanmap. The derivation of the discrete

nite approximatiorto the Dirichlet-to-Neumanmapis found
in SectionlV in which we alsoderive anapproximatiorto the
scatteringransformin termsof this matrix. A brief description
of the numericalsolution of the D-bar equationis alsofound
in SectionlV. SectionV containsthe reconstructionf the
phantomchestas well as comparisongo reconstructiondy
the NOSERalgorithm.

Il. THE RECONSTRUCTION ALGORITHM

Nachmanrs uniquenessproof [37] for the 2-D inverse
conductvity problem outlines a direct procedurefor recon-
structingthe conductvity from knowledgeof the Dirichlet-to-
Neumannmap. It is necessaryo brie y outline the stepsof
the proofto x notationfor the remainderof the paper For a
morecompletedescriptiorof the method thereadeitis referred
to the original proof or to [43] or [35]. For an overview of
the D-bar methodappliedto inversescatteringproblems,the
readeris referredto [7]. A selectionof further referenceson
inversescatteringandthe D-bar methodinclude[8], [1], [10],
[41], [39], [9], [25], [38], [40].

The rst stepof the proof is to transformthe conductvity
equation(1) to the Schibdinger equationvia the changeof

variables and . Then

in 4
Under the assumptionthat nearthe boundaryof the
region , one can smoothly extend and to

the whole plane . Let the variable denotea point
, Which will also be identi ed with a point in
the complex plane by writing , where denotes

the complex number ~ . If , the function
satis es in  where isacomple
parameter . This motivatesthe use of the Fadde®

exponentially growing solutionssolutionsto the Schibdinger
equationin the plane[24]. Nachmanshaows that the Faddee

solutions are the unique solutionsto the Schibdinger
equation

©)
for potentials given by and
Note that is asymptoticto . Thatis, for large
orlarge , is approximatelyequalto in acertain

function space Next, de ne the functions by

The function  satis es an integral equation analogousto
the classicalLippmann-Schwingeequation,and applyingthe

operator— - —  — to thatequationyields the
equation

(6)
wherethe functions and arede ned by

)
Notethat Nachmarshows thatthe solutionof the

equation(6) satis esthe weakly singularFredholmintegral
equationof the secondkind

(8)
for all . This formulationis usedin the computations
of .

Taking the small
directly at eachpoint

limit of gives the conductvity
in  via the formula

9)

However, computationsof require knowledge of the
function , which is known as the scatteringtransformof

, andis not directly measurablén experimentsin the proof,
Nachmanshaws that is relatedto the voltage-to-current
datavia the following integral equationon the boundaryof

(10)

Here  denoteghe voltage-to-currentnapwhen contains
the conductvity distribution , denoteghe voltage-to-
currentmap when  containsa constantconductvity of
and denotesthe measureof arclengthon . Another
integral equationrelatesthe function on to the
differenceof the voltage-to-currenmaps and , butis
omitted heresinceit is not usedin this implementation.
We summarizethe main stepsof the algorithm:
1. Find the solution to (5) from the voltage-to-current
map  suchthat for large
2. Determinethe scatteringtransform from the voltage-to-
currentmap using equation(10).
3. Solve the D-barequation(6) for for , .
4. Reconstruct at eachpoint from the formula (9).
In this sectionwe relied on the assumptionthat
in a neighborhoodof the boundaryof . In practice,this
assumptionis necessarilyviolated by the presenceof the
electrode®n the boundaryof thetank. Althoughthealgorithm
outlinedin Nachmansé proof containsan initial stepin which
theconductvity is reconstructedn  andsmoothlyextended
to ontheboundaryof a slightly largerdomain  for which
a new Dirichlet-to-Neumanmmapis then calculatedwe omit
that step in this work. Instead,we compute .., the best
constantconductvity approximationto from the measured
data(seeappendixl), andscale by .. sothat

(11)

best



Since for constant, — . Thus,we
use the map as our data correspondmgto the scaled
conductvity . After reconstructing , we obtain from the
formula st - IN the following sectionswe will simply

usethe notation to representhe scaledconductvity from
(11) to avoid cumbersomenotation.

Our experimental chest phantom consists of a circular
tank with 32 equally spacedelectrodesSeeFigure 1 for an
illustration of the experimentalcon guration. In the following
we will designatehenumberof electrodedy andtheradius
of thetankby .Let denotethecircleof radiusland the
circle of radius . Let denotethe areaof an electrode.The
th electrodeis centeredat angle . (Here J)

THE EXPERIMENTAL CONFIGURATION

Fig. 1. The phantomchest.

In practice,a basisof current patternswas applied
on the electrodesand the resulting voltageson the elec-
trodes were measured.Although the algorithm requiresan
approximationto the voltage-to-currentdensity map , it
is desirableto apply currentsbecausehe currentdensity-to-
voltage map dampserrors and noise in the data, while the
voltage-to-currentdensity map ampli es sucherrors.In this
experiment, trigonometric current patternswere applied on
the electrodesTheseparticularcurrentpatternsmaximizethe
distinguishabilityas de ned in [26] on the electrodesfor a
homogeneoumedium,andwere choserfor their easeof use.
Notethatthe currentdensitypatternghatmaximizethe signal-
to-noiseratio for ary given conductvity distribution can be
determined,as they are the eigenfunctionsof the Dirichlet-
to-Neumanmmap [26]. Let denotethe th currentpattern
appliedwhere

12)
and is the current amplitude. Let denotethe volt-
age measuredn the th electrodecorrespondingo the th
current pattern and normalizedso that

. Let

and

the normalizedvoltages _

. Let
denotethe voltage-to-currentlensity operatorcor-
respondingto a (scaled) conductvity distribution in
a disk of radius . (Note that then denotesthe map
correspondingo a conductvity of 1 in a disk of radius1.)
denotethe currentdensity-to-wltageoperatorcorre-
spondingto a (scaled)conductvity distribution in adisk
of radius . (Note that
We model the currentdensity
the gap model so that

where

on the boundaryby

otherwise

where
the th electrodeand

is the currentappliedon the th electrode, denotes
is the areaof the th electrode.

We denotethe current-to-wltagematrix by . An entry
of is de ned by . Let bethe

matrix de ned by wherethe vectors
and of length arede nedin Section4 and s the
areaof anelectrode(All of theelectrodehave thesamearea.)
Then . Let . Thentheentriesof
are the elementsof the discretevoltage-to-currentmap.
Let , , and be de ned analogously The matrix
is the discretevoltage-to-currenmap that
will sene asthe approximatiorto in the algorithm. It
is usedexplicitly in theconstructiorof thescatteringransform
. Therelationshipbetween and isderivedin
SectionlV-B.

IV. NUMERICAL TECHNIQUES

In this sectionwe describethe numericaltechniquesisedto
reconstructhe conductvity  given by (11) using the D-bar
methodand experimentaldata.

A. Approximating on the boundary

The rst stepof the reconstructions to computethe expo-
nentially growing solution to equation(5) on the boundary
of . A Fredholmintegral equationfor computing on
from theDirichlet-to-Neumanmapis givenin [37]. While
this equationis theoreticallysolvable, the operatorwhich must
be invertedto solve the equationmay no longer be invertible
when there is noise in the Dirichlet-to-Neumannmap. The
regularizationof this operatoris a subjectof future research.
Instead we approximate on by its asymptoticbehaior
and set on . This approximationwas

rst introducedin [43] and was further studiedin [35]. The

effects of this approximationremainunknown.

B. Approximatingthe ScatteringTransform

In this section we derive the approximation ** to the
scatteringtransformfrom experimentaldatato the theoretical
scatteringtransform . Since the formula for given
in equation(10) is valid for the Dirichlet-to-Neumannmap
de ned on the boundaryof the unit disk, we must derive

denote the normalized currents an approximation ®* on a disk of radius usingthe matrix



approximationto correspondingo current-to-wltagedata Using Euler's formula

measuredn electrodes.
Substitutingthe approximation on into
equation(10) and denotingour approximationby °* gives

““ (13)
As in [43], we expand in a Fourier serieswith
to obtain
with
De ne theinner product by
Then, substitutingthe seriesfor into (13) gives
exp
(14)
Notethatequation(14) holdson the unit disk while our datais
measuredn a disk of radius . Since , equation Note that
(14) becomes ote tha
ep
Let
15
(15) and (18)

For functions of , , let
denotethe discreteinner productde ned by

&*p

Since , we have that

To approximatethe matrix

Applying the gap model for the currentdensity on the elec-
trodesgives an approximationin termsof the discreteinner
product:

where . Thus,

— — (16)

gives

(17)

Considerthe rst termin the sum(17). From (12),

(18)

. Thenfrom (15), (16),

, hotethat for ,




Since , the matrix is
approximatedy the diagonalmatrix
and
— and
otherwise

C. NumericalSolutionof the Equation

The solution to the D-bar equation(6) is found
by solving the integral equation(8) for all and

for each . It is showvn in [43] that for sufciently
smoothconductvities, ~ is boundedat and the
integrandin equation(8) approachegeroas . Thus,

theintegral over  canbe approximateddy an integral over
asquare on a uniform meshconsistingof square
elementschosenin sucha way that is not on a corner
of a meshelement.Thus, the meshis determinedoy  and

, and the length of a side of a meshelementis given by

. Note thatthe function is oscillatory

in both and , andthe grid shouldbe sufciently ne to
capturetheseoscillations.We solve (8) numerically using a
2-D adaptationof the methodof productintegrals presented
in [4]. The idea of the methodis to factor the integrand
into its smoothpartandits singularpart and approximatethe
smoothpart with a simple function, suchas an interpolatory
polynomial. The new integrandis then computedanalytically
wherepossible.Seethe referenceg435] or [36] for a detailed
descriptionof the implementation.

The methodresultsin a systemof the form

(19)

where and arematricesof size by . This type of
systemis known as -linear andcanbe solvedby equatingthe
realandimaginarypartsto obtaina linear systemof size
by in real variableswith two vectorsof unknavns
and . In this implementationthe systemwas solved using
LU decompositionwith partial pivoting and row exchanges,
so the computationabomplexity of the methodis .
The systemmust be solved for each . However, in
practice is discretizedinto = meshelementsthe conduc-
tivity is assumedo bea constant in the th meshelement,
andthe equationis solved for a specied in meshelement
. The solution of the system(19) resultsin a setof values

of ona -meshin . Recallthatthe conductvity is
given by

(20)
Thevalueof wasapproximatedn thisimplementation

usingbicubicinterpolationon the 16 valuesof nearest
in the -mesh.

This methodof solving equation(8) describedabove and
in further detail in [35] hasthe advantagethat certainfactors
in the matrix  areindependenbf , sothey needonly be
computecbnceandstored.Thus,thefactorsarecomputedand
thenthe systemis solved for each in parallel. Sincethese
computationsareindependentho communicatioris neededn

the parallelimplementation.

V. RECONSTRUCTIONS OF CHEST PHANTOMS

The algorithmwastestedon experimentaldatacollectedon
a phantomchestwhich consistedof agarheartand lungsin
a salinebathin a tank of radius15 cm with 32 electrodesof
size 1.6 cm high and 2.5 cm wide. The conductvity of the
salinewas 424 mS/m, the conductvity of the agarlungswas
240 mS/m, and the conductvity of the agar heartwas 750
mS/m.A photoof the con gurationis foundin Figure 1. The
datawas collectedusingthe ACT3 system[23] at Rensselaer
Polytechniclnstitute. ACT 3 is a 32-electrodesystemoperat-
ing at 28.8 kHz that applies currentsand measureghe real
andquadratureeomponent®f the voltageon all 32 electrodes
simultaneously
In this experimentthe trigonometriccurrent patternsgiven
in Sectionlll were appliedwith an amplitudeof .2 mA on
the 32 electrodesandthe resultingvoltagewasmeasuredThe
voltage-to-currentnap was constructedby the method
describedn Sectionll.
The numerical approximationto the scatteringtransform
was computedby the method in Section IV-B. The
approximate ** “blew up” exponentiallyfastas increased,
thatis, , dueto thefactthatthecompu-
ational °* is a polynomialapproximationto anin nite power
seriesandthereis noisein the coefcients. Theapproximation
was regularizedby truncating **  to 0 outsidea circle of
radius R in the -plane. This regularizationwas studiedin
[35] where noisy simulateddataalsoled to blow up in .
Also in [35] is a study of the effects of truncatingthe actual
scatteringtransform at radius  on the reconstructions,
and it is shovn that the reconstructionscorrespondingto
such truncationswill corverge, as , to the correct
conductvity, and several numericalexamplesare provided. In
this paper the truncationradius  was chosenby inspection
of the scatteringransformandthe reconstructedonductvity.
It was found that as  increased,oscillations appearedn
the reconstructecconductvity with an unacceptabldevel of
oscillation occuringwith . The resultsherecorrespond
to , which resultedin a reasonably at image for
the interior of the homogeneousank. We do not addresghe
guestionof how to choose withoutusingthis kind of a priori
informationin this work.
The reconstructe¢onductvity wasobtainedby solvingthe
equationby the methodof SectionlV-C on the rectangle
in the complex -plane with (hence
meshelementsof size .1795by .1795) and on the NOSER,
or “Joshuatree”, meshin the -variable.SeeFigure2 for an
illustration of the mesh.This meshcontains496 elementsthe
maximum number of degreesof freedomfor reconstructing
the conductvity from 31 current patternson 32 electrodes
( ). There are 32 elementson the outermostand
several adjacentlayers. All mesh elementshave the same
areaand can be speci ed by radial and angularsubdvisions.
The Joshuatree meshwas introducedin [19], to which the
readeris referredfor further discussionof the meshdesign.
The conductvity is chosento be constantin each mesh
elementwith  de ned to be the radial and angularcenter
of the th element. The reconstructionswere then plotted

&*p



Fig. 2. The 496-elementJoshuaree®mesh.

using the ACT3 display systemwhich includesa low-pass
Iter. Reconstructionsfrom the same data sets were also
computedusing the NOSERalgorithm[19]. NOSER,named
for Newton's One-StefError Reconstructqiis a linearization-
basedalgorithm which takes one step of Newton's Method,
using the constantconductvity ., as an initial guess.For
more detailson NOSER,seethe reference$19] or [46]. The
samevalue for ., was usedin the D-bar imagesasin the
NOSERimages.For the homogeneousank mS/m
andfor the phantomchest . mS/m.

Static reconstructionsof the phantom chestand the ho-
mogeneoudank using the D-bar and NOSER algorithmsare
found in Figure 3. Differenceimagesformed by subtracting
the reconstructecconductvities are also found in Figure 3.
In the staticimages,the reconstructectonductvity from the
D-bar methodhasa maximumvalue of 662 mS/m, found in
the heartregion. This constitutesa relative error of 12% for
the heartregion. The static NOSERimageshave a maximum
of 444 mS/m,foundin the heartregion, which correspondso
a relative error of 41%. The reconstructecconductvity from
the D-bar methodhasa minimum value of 185 mS/m,found
in the lung region, which correspondgo a relative error of
23%, comparedwith a relative error of 28% from NOSER
for the lung region. One seesfrom the static image of the
homogeneousank that the backgroundconductvity of 424
mS/mfor the salinewaswell-recoveredin the NOSERimages
(to within 3% relative error). As is typicalin NOSERiImages,
theelectrodesppearasa conductie ring aroundthe boundary
of the image. The D-bar image containsa much wider ring
of high conductvity near the boundary with a minimum
conductvity of 397 mS/min the interior, which is a relative
errorof 6.5%for the saline.The spatialresolutionof the static
reconstruction®f the phantomchestdiffer somavhat. The D-
barimagerecoversthe separatiorbetweenthe two agarlungs,
while the NOSERreconstructiordoesnot, but the overall size

and position of the lungs appearanore accuratein the static
NOSERiImage.Thereis alsodistortionof the agarheartin the

D-bar image.In termsof dynamicrange,the NOSER static
imageof the phantonmchesthasabout27% of the“truth” while

the dynamicrangeof the D-bar staticimageis about93% of

the“truth” where“truth” is takento bethe differencebetween
the agarconductvity of heart(750) andlungs (240) = 510.

Someatrtifactsin the D-bar imagesmay be a result of the
omissionof the implementationof the very rst stepof the
algorithm which requiresreconstructingthe conductvity on
the boundaryof the region, extendingthe conductvity outside
the region to a larger region with a conductvity of 1 on its
boundaryand forming a new Dirichlet-to-Neumanrmmap for
this new domain.This stepwasnot requiredin previouswork
sincethe datawas numerically simulated.Implementationof
this stepis expectedo improve theimagesandrequiresurther
researchChoosinga larger truncationradius  for ©® results
in a smallerconductve ring nearthe boundary but contains
oscillations of high and low conductvity in the interior.
Furtherimprovementanay comefrom a betterrepresentation
of the scatteringransform,which may be obtainedby solving
equation(10) for or usinganothetrtype of approximation,
suchasthe one developedin [35].

For the readercomparingthe imagesin this work to those
in [36], in which reconstruction®f a numerically simulated
phantom chest are published, we point out that only the
accurag of thesolutionof the D-barequatiorwasbeingtested
in [36], sincethe scatteringransformwascomputedrom the
de nition which assumeprior knowledgeof the conductvity
(see[36] for details).Furthermorethe numericallysimulated
chestconsistedof a smooth( ) conductvity distribution,
while the distribution in this work is discontinuousStudiesof
numericallysimulateddiscontinuougsonductvity distributions
with noise in the data are a subject of future work. The
practical value of the images presentedhere is that they
demonstratethat this kind of regularization of the D-bar
methodworks on experimentaldata and the reconstructions
are reasonablyaccuratein terms of conductvity value and
spatialinformation.

VI. CONCLUSIONS

In this paper the D-bar methodfor electricalimpedance
tomographyin the 2-D, cross-sectionajeometrywas further
developedand usedto reconstructagarheartand lung phan-
toms in a saline- lled tank. The locations of the phantom
heart and lungs were reasonablywell representedn both
the staticreconstructiongndthe differenceimages.However,
the reconstructiorof the homogeneousank exhibited a large
artifactneartheboundarydueto thepresencef theelectrodes.
The valuesof the reconstructedonductvity werewithin 23%
of the actual valuesof the phantomchest,and the dynamic
rangeof the reconstructedalueswas93% of the actualrange.
Theseresultswerecomparedo reconstructionpy the NOSER
algorithmon the samedata,which yieldedconductvity values
with a 41% relative error, and a dynamicrangeof only 27%
of its actual values. The results demonstratehat the D-bar
algorithm can be usedto obtain useful imageson measured
data,but further re nementsare neededo reduceartifacts.



Fig. 3. Toprow: Staticreconstructionsf the phantomchestusingthe D-bar
method(left) and NOSER (right). Secondrow: Static reconstruction®f the
homogeneougank usingthe D-bar method(left) andNOSER(right). Bottom
row: Differenceimagesusing D-bar (left) and NOSER (right).

APPENDIX |
COMPUTING

BEST

The bestconstantconductvity approximationto the mea-
suredvoltagedatacanbe computedaccordingto thefollowing
formula. Let denotethe resistvity (the reciprocal of the
conductvity.) Thenfor a homogeneousnedium, the voltage
onthe th electrodéromthe th currentpatternis proportional
to the voltagearising from a constantdistribution of one:

(21)

Let denotethe setof measuredroltagedataand
the calculatedvoltageon the electrodesTo nd thebestt to

the data,we must solve
(22)

The solution ., to this minimization problemis given by

best (23)
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