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SPARSE TOMOGRAPHY∗
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Abstract. A wavelet-based sparsity-promoting reconstruction method is studied in the context
of tomography with severely limited projection data. Such imaging problems are ill-posed inverse
problems, or very sensitive to measurement and modeling errors. The reconstruction method is based
on minimizing a sum of a data discrepancy term based on an 2 -norm and another term containing an
1 -norm of a wavelet coeﬃcient vector. Depending on the viewpoint, the method can be considered
1 (T2 ) prior,
(i) as ﬁnding the Bayesian maximum a posteriori (MAP) estimate using a Besov-space B11
or (ii) as deterministic regularization with a Besov-norm penalty. The minimization is performed
using a tailored primal-dual path following interior-point method, which is applicable to problems
larger in scale than commercially available general-purpose optimization package algorithms. The
choice of “regularization parameter” is done by a novel technique called the S-curve method, which
can be used to incorporate a priori information on the sparsity of the unknown target to the reconstruction process. Numerical results are presented, focusing on uniformly sampled sparse-angle data.
Both simulated and measured data are considered, and noise-robust and edge-preserving multiresolution reconstructions are achieved. In sparse-angle cases with simulated data the proposed method
oﬀers a signiﬁcant improvement in reconstruction quality (measured in relative square norm error)
over ﬁltered back-projection (FBP) and Tikhonov regularization.
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interior-point methods
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1. Introduction. The idea of tomographic imaging is to reveal the inner structure of an unknown body from a collection of X-ray projection images taken of the
body from diﬀerent directions. In this paper we concentrate on tomographic projection data collected from two-dimensional targets from a full angle of view but only
from a few directions. Such problems are very sensitive to measurement and modeling
errors.
The motivation for our study comes from medical X-ray imaging, where it is necessary to keep the radiation dose given to the patient as low as possible. Recently, dose
reduction of traditional computerized tomography (CT) through optimizing hardware
settings has been discussed [69, 45, 50, 79]. However, in our view it is more eﬀective
to reduce the dose by taking fewer images in the ﬁrst place; such an approach oﬀers
an over tenfold dose reduction in dental implant planning [11, 29, 53].
In medical imaging, the most interesting features are often the boundaries between diﬀerent tissues, and that kind of information can be sparsely represented
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using wavelets. Furthermore, in medical applications a priori sparsity level can be estimated from CT image atlases. One could, for example, take a collection of archived
CT images of diﬀerent individuals and compute the mean of the amounts of nonzero
wavelet coeﬃcients over the sample images.
We present a new sparsity-promoting reconstruction method for tomographic
imaging from projection data with sparse angular sampling. Our method achieves
noise-robustness by complementing the insuﬃcient measurement data by a priori
knowledge about the sparsity of the attenuation coeﬃcient in a wavelet basis. Furthermore, the a priori sparsity level, together with a novel S-curve method, allows us
to determine the “regularization parameter” of our algorithm. We demonstrate the
method on simulated data and on X-ray data measured from a biological specimen.
In tomography we want to recover the X-ray attenuation function f from indirect
projection measurements m modeled by
(1.1)

m = Kf + ,

where m ∈ Rk is the projection data vector, f ∈ Rn is a vector of pixel values of
the X-ray attenuation function, K ∈ Rk×n is a matrix that implements the transform
from the pixel values to the projection data, and  is the measurement noise taking
values in Rk . We do not assume any relationship between the numbers k and n: the
number k of measurements is determined by the measurement device and number of
projections, while n depends only on how ﬁnely we choose to discretize the unknown.
We build our inversion method in a discretization-invariant way: if k is kept ﬁxed and
n → ∞, there should be a well-deﬁned inﬁnite-dimensional model in the limit. That
allows us to express the same a priori information at diﬀerent discretizations, which
is in turn crucial in computational strategies involving a ﬁne and a coarse grid. See
[47, 53] for more details.
In Bayesian inversion, m and f are modeled as random variables, and a complete
solution to the inverse problem, the posterior distribution, is given by the Bayes’
formula
(1.2)

πpost (f |m) =

π(m|f )π(f )
.
π(m)

Here π(m|f ) is the likelihood function, which is a probability density model for the
measurement process, and π(f ) is the prior density, which is a probabilistic model for
the a priori information of the unknowns. Further, π(m) is the marginal density of
the measurement m and can be considered as a normalizing constant.
When the noise  is modeled by white noise with density  ∼ N (0, σ 2 ) and independent of f , the likelihood function is given by


1
(1.3)
π(m|f ) = π (m − Kf ) = C exp − 2 Kf − m22 ,
2σ
where C is a constant. Often, a single representative of the posterior distribution is
presented as the solution to the inverse problem. The most common estimates of the
posterior distribution are the conditional mean (CM) and the maximum a posteriori
(MAP) estimate. In this work we study the MAP estimate deﬁned by
(1.4)

πpost (f MAP | m) = maxn πpost (f | m),
f ∈R

f ≥ 0,

where the constraint comes from the nonnegativity prior on the X-ray attenuation
function f . For general references on Bayesian inversion, see [36, 66].

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

Downloaded 06/07/13 to 128.214.5.10. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

B646
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1 ), where α > 0 is a
We study the Besov space prior π(f ) = C exp(−αf B11
prior parameter controlling the marginal variances of the density, using discretizations
based on truncated wavelet bases. Besov space priors are known to be discretizationinvariant [47] and can produce edge-preserving MAP estimates [41]. While the total
variation prior can produce edge-preserving MAP estimates as well, it cannot be
used for discretization-invariant Bayesian inversion [48]. The estimates are known to
be sparse since they can be viewed as regularized reconstructions using Besov-norm
penalties, which are sparse [16, 10, 25, 26]. In this paper we present the ﬁrst tomographic reconstructions based on the use of Besov space priors and Haar wavelets,
and the results are edge-preserving. Moreover, we apply the sparsity-based parameter
choice rule for the selection of the prior parameter α introduced in [41]. Discretizationinvariance allows us to choose the parameter α at a coarser resolution and then compute the actual estimate at a ﬁner resolution using the same α.
The literature on reconstruction algorithms for sparse-angle data tomography is
already quite extensive. We review here only sparsity-promoting and wavelet-based
approaches. Total variation regularization has been used in [17, 57, 43, 61, 62, 44, 49,
63, 28, 65, 19, 5, 4, 33, 30, 67], level set methods in [76, 21, 58, 42, 75, 40], various
sparsity-promoting methods in [9, 8, 77, 78, 12, 32, 46], and multiresolution-sparsity
methods in [59, 54, 64, 73, 39, 23].
1
space prior and nonnegThe computation of the MAP estimate with Besov B11
ativity constraint is equivalent to the following optimization problem:
⎧
⎫
⎨ 1
⎬

2
(1.5)
f MAP = arg minn
Kf
−
m
|f,
ψ
|
, f ≥ 0,
2 + α
j

⎭
f ∈R ⎩ 2σ 2

j

where ψj is a wavelet basis and wj = f, ψj are the wavelet coeﬃcients. The objective functional in the minimization problem (1.5) with mixed 2 - and 1 -norms is
nondiﬀerentiable. In addition the minimization is constrained due to the nonnegativity requirement. However, we can reformulate (1.5) as a quadratic programming
(QP) problem with linear constraints:
(1.6)

min
x

1 T
x Qx + cT x + d ,
2

AI x ≥ bI ,

AE x = bE ,

where Q is a symmetric matrix and indices I and E denote the inequality and equality
constraints, respectively. The trick in moving from (1.5) to (1.6) is to write the wavelet
coeﬃcients of f ∈ Rn in the form w = w+ − w− , where w+ ≥ 0 and w− ≥ 0 are
the nonnegative and nonpositive parts of w, respectively. The new unknown is then
x = [f T (w+ )T (w− )T ]T ∈ R3n . See section 3 below for the full explanation.
Convex QP problems of the form (1.6) can be solved using standard convex optimization methods such as interior-point methods [74, 56]. For standard interior-point
methods there exists general-purpose solvers such as mosek or cvx. The standard
methods can handle only small and medium-scale problems, whereas problems arising from tomography imaging are often large-scale problems. However, specialized
interior-point method can handle large-scale problems [34]. Furthermore, [1] shows
that primal-dual interior-point methods are more eﬃcient for minimizing a sum of
norms or sum of absolute values than interior-point methods or other classical methods. Hence in this work we use a tailored primal-dual path following interior-point
method to solve the constrained minimization problem, similarly to [41, 14].
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Primal-dual interior-point methods can be applied to a wide range of inverse
problems arising from real applications. Johnson and Sofer used them to solve a
constrained MAP minimization problem in image reconstruction from emission tomography data [35], Fu et al. for deblurring problems [24], Nikolova et al. for image
restoration [55], and Kim et al. for sparse signal recovery problems in magnetic resonance imaging [38]. Borsic et al. derived a primal-dual interior-point framework for
EIT (electrical impedance tomography) imaging with total variation regularization
in [6]. Primal-dual path following interior-point methods were used to solve onedimensional deconvolution problems in [41]; a similar method was used to recover the
discontinuous reaction-diﬀusion coeﬃcients of a coupled parabolic system in [14].
Of course, there are other types of algorithms for compressed sensing and sparsity
promotion [31, 60, 27, 18, 3, 20] in addition to QP. Also, alternative large-scale optimization methods include, for example, [2]. However, we use the QP approach and a
primal-dual interior-point method because we have an implementation available and
because it allows a simple way to enforce the nonnegativity constraint.
This paper is organized as follows. In section 2 we deﬁne the two-dimensional
1
(T2 ) space prior. In section 3 we
periodic wavelets functions and construct the B11
give details of the reformulation of (1.5) into a constrained quadratic form and present
the primal-dual path following interior-point method tailored to the problem. Section 4 is devoted to an explanation of the S-curve method. Section 5 presents the
X-ray projection data sets used in the computations. The computational results are
presented in section 6. Section 7 discusses and concludes the results.
2. Wavelets and Besov space priors.
2.1. Periodic wavelets in dimension two. Following standard references [15,
52, 37, 13, 68] we construct two-dimensional periodic tensor-product wavelet functions
on a two-dimensional torus T2 .
Let φC and ψ C be compactly supported scaling and wavelet functions of an orthonormal multiresolution analysis in L2 (R). In particular, we will use the Haar
scaling and wavelet function. Following Daubechies [15, section 9.3] we construct
1-periodic wavelets on the one-dimensional torus (circle) T. Set
(2.1)

φper
j,k (x) =

(2.2)

per
(x)
ψj,k

=



2j φC (2j (x + ) − k),

∈Z



2j ψ C (2j (x + ) − k)

∈Z

and deﬁne the spaces
j
Vj = span{φper
j,k | k = 0, 1, . . . , 2 − 1},
per
Wj = span{ψj,k
| k = 0, 1, . . . , 2j − 1}.

Now for j ≤ 0 the spaces Vj contain only constant functions, and for j ≥ 0 they are
⊥
and we have ∪j≥0 Vj = L2 (T).
nested: V0 ⊂ V1 ⊂ V2 . . . . Furthermore, Wj = Vj ∩Vj−1
The two-dimensional periodic scaling functions and wavelets are obtained using
the tensor-product construction. The functions are parameterized by three indices:
the type index  = 1, 2, 3, the scale index j ≥ 0 as above, and a two-dimensional

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

B648
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location index k = (k1 , k2 ), where 0 ≤ k1 ≤ 2j − 1 and 0 ≤ k2 ≤ 2j − 1. Deﬁne
per
φj,k (x, y) = 2j φper
j,k1 (x) φj,k2 (y),
per
1
ψj,
(x, y) = 2j φper

j,k1 (x) ψj,k2 (y),
k
per
2
ψj,
(x, y) = 2j ψj,k
(x) φper

j,k2 (y),
1
k
per
per
3
(x, y) = 2j ψj,k
(x) ψj,k
(y),
ψj,

1
2
k

where we use the deﬁnitions (2.1) and (2.2). Now we can represent discrete images
by means of wavelet expansion
(2.3)

f (x, y) =

0 −1 2J0 −1
2J



k1 =0 k2 =0

cJ0k φJ0 ,k (x, y) +

J−1


j

j

3 2
−1 2
−1


j=J0 =1 k1 =0 k2 =0


wjk ψj,
(x, y),

k

where the coeﬃcients cJ0k and wjk are deﬁned by
cJ0k = f, φJ0k =
wjk = f, ψjk =

T2
T2

f (x, y)φjk (x, y)dxdy,

f (x, y)ψjk (x, y)dxdy.

The use of wavelets in computational inversion is attractive because fast algorithms
are available for computing the wavelet coeﬃcients cJ0k and wjk for discrete images.
s
2.2. Besov space priors. Let us now present the Besov spaces Bpq
(T2 ) with a
smoothness parameter s ∈ R and integrability exponents 1 ≤ p, q < ∞. Following [68]
we can characterize periodic Besov space functions using wavelets: if the functions
s
(T2 ) if and only if the
φC and ψ C are smooth enough, a function f belongs to Bpq
following expression is ﬁnite:

⎛
s (T2 ) = ⎝
f Bpq

0 −1 2J0 −1
2J



k1 =0 k2 =0

⎞ p1 ⎛
⎛
⎞ pq ⎞ 1q
j
j
2
2
∞
3
−1
−1
⎟
⎜  jq(s+1− p2 ) ⎝  
|cJ0k |p ⎠ +⎝
2
|wjk |p ⎠ ⎠ .
j=J0

=1 k1 =0 k2 =0

In this paper we focus on the above Besov space norm with p = 1 and q = 1 and
s = 1:
(2.4)

1 (T2 ) =
f B11

0 −1 2J0 −1
2J



k1 =0 k2 =0

j

|cJ0k | +

j

∞ 
3 2
−1 2
−1

j=J0 =1 k1 =0 k2 =0

|wjk |.

1
The inﬁnite-dimensional Besov B11
(T2 ) prior can be written formally as


formally
1 (T2 )
.
(2.5)
π(f ) = C exp −αf B11
1
Rigorously speaking, the inﬁnite-dimensional Besov B11
(T2 ) prior is the distribution,
s
2
in the space B11 (T ) with s < −1, of the random variable

(2.6)

F (x, y) =

0 −1 2J0 −1
2J



k1 =0 k2 =0

j

CJ0k φJ0 ,k (x, y) +

j

∞ 
3 2
−1 2
−1

j=J0 =1 k1 =0 k2 =0


Wjk ψj,
(x, y),

k
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where CJ0k and Wjk are independent, identically distributed real valued random
variables having the density function π(x) = ce−|x| , x ∈ R.
1
(T2 ) discretized as a
Consider now working with a periodic function f ∈ B11
N ×N
matrix also denoted by f ∈ R
. For simplicity, we renumber the matrix elements
using only one index and represent the image as vector f = [f1 , . . . , fn ]T ∈ Rn with
n = N 2 . We denote the direct and inverse wavelet transforms, respectively, by
w = B −1 f ∈ Rn ,

(2.7)

f = Bw ∈ Rn ,

that is, w = B −1 f are the ﬁrst n wavelet coeﬃcients of the function f when the
wavelets are ordered in a sequence and renumbered by an index ν ∈ Z+ . Then the
probability density function of the ﬁnite-dimensional version of (2.5) is


n

−1
(2.8)
π(f ) = C exp −α
|(B f )ν | ,
ν=1

where α > 0 is a parameter controlling the marginal variances of the prior distribution.
1
(T2 )
3. MAP estimation as quadratic programming. Using the Besov B11
prior leads to the following posterior distribution:


n

1
2
−1
(3.1)
πpost (f |m) = C exp − 2 Kf − m2 − α
|(B f )ν | , f ≥ 0,
2σ
ν=1

where σ > 0 is the standard deviation of the Gaussian measurement noise . The
computation of the MAP estimate for the posterior (3.1) amounts to the constrained
minimization of a nondiﬀerentiable functional:


n

1
MAP
2
−1
f
(3.2)
= arg min
Kf − m2 + α
|(B f )ν | ,
2σ 2
f ∈Rn
ν=1
fν ≥ 0 for 1 ≤ ν ≤ n.

The minimization of (3.2) can be reformulated into a form of a QP problem with
linear constraints. Denoting
B −1 f = w = w+ − w− ,
with wν± ≥ 0 for all 1 ≤ ν ≤ n, we can write (3.2) in the form
min

f,w + ,w −

1 T T
1
1
f K Kf − 2 f T K T m + α1T w+ + α1T w− + 2 mT m
2
2σ
σ
2σ
f ≥ 0, w+ ≥ 0, w− ≥ 0, B −1 f = w+ − w− .

Furthermore, denoting
⎤
⎡
⎡
f
x = ⎣ w+ ⎦ , Q = ⎣
w−

1
T
σ2 K K

0
0

0
0
0

⎤
0
0 ⎦,
0

⎡

⎤
− σ12 K T m
⎦,
α1
c=⎣
α1

d=

1
mT m,
2σ 2

the minimization problem takes the standard form

where A =

1 T
x Qx + cT x + d ,
2

−I I .

min

(3.3)


x∈R3n

B −1

Ax = b,

xν ≥ 0,
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3.1. A primal-dual interior-point algorithm. We consider the primal problem (3.3) where x ∈ Rnx and b ∈ Rny . Furthermore, Q is an nx × nx matrix and A is
an ny × nx matrix. We can eliminate the nonnegativity constraints xν ≥ 0 by placing
them in a barrier term, resulting in the barrier problem
(3.4)

minimize qμ (x) =

nx

1 T
x Qx + cT x + d − μ
log(xi )
2
i=1

such that Ax = b,
where the objective function qμ is the classical Fiacco–McCormick-type logarithmic
barrier function [22]. The Lagrangian function for the problem (3.4),
(3.5)

L(x, y; μ) =

nx

1 T
x Qx + cT x + d − μ
log(xi ) − y T (Ax − b),
2
i=1

yields the ﬁrst order optimality conditions, often referred to as the Karush–Kuhn–
Tucker (KKT) conditions
∇x L(x, y; μ) = Qx + c − μX −1 1 − AT y = 0,
∇y L(x, y; μ) = b − Ax = 0,
where X denotes a diagonal matrix with elements xi and 1 is a vector of all ones.
Denoting μX −1 1 =: z, the KKT conditions can be written as
(3.6)

AT y + z − Qx = c,
Ax = b,
XZ1 = μ1,

where Z denotes a diagonal matrix with elements zi and μ > 0 is the central path
parameter; X and Z are diagonal matrices with elements xi , zi , respectively. The
variable z is complementary to the nonnegative variable x, which implies that z ≥ 0.
The central path, parameterized by μ > 0, is a trajectory leading to the optimal solution of the QP problem. Note that at the optimal point μ ≡ 0 the barrier objective
function becomes equivalent with the primal objective function. When Q is positive
semideﬁnite these KKT conditions are both necessary and suﬃcient optimality conditions [56] for the QP problem (3.3), and the problem can be solved by ﬁnding a
solution to the system (3.6). Writing the KKT conditions in a form of a mapping
F : R2nx +ny → R2nx +ny ,
⎡
⎤
Qx − AT y − z + c
⎦ = 0,
Ax − b
(3.7)
F (x, y, z; μ) = ⎣
XZ1 − μ1
assuming that μ is ﬁxed, and applying Newton’s method we obtain
⎤
⎡
⎤⎡
⎤ ⎡
I
−Q AT
Δx
σ
⎣ A
⎦ ⎣ Δy ⎦ = ⎣ ρ ⎦ ,
0
0
(3.8)
−1
I
0 Z X
Δz
γz
where σ = Qx + c − AT y − z and ρ = b − Ax and γz = μX −1 1 − z + X −1 ΔXΔZ.
We can eliminate Δz from (3.8), resulting in the reduced KKT system
!
"
#
#
#
− Q + X −1 Z
AT
Δx
σ − X −1 Zγz
(3.9)
=
,
A
0
Δy
ρ
where Δz = X −1 Z (γz − Δx).
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The primal-dual path following interior-point algorithm we use to solve the QP
problem is based on Mehrotra’s predictor-corrector method [51] and it proceeds iteratively from an initial point (x0 , y 0 , z 0 ) through a sequence of points determined by
xk+1 = xk + βprimal Δx,
y k+1 = y k + βdual Δy,
z k+1 = z k + βdual Δz.
The algorithm proposed here uses diﬀerent step lengths for the primal and dual variables. The unequal step lengths βprimal and βdual are chosen as follows: ﬁrst, we
compute the largest feasible step lengths

 

xi
max
, 1 , i = 1, . . . , nx ,
βp = 0.95 × min min −
Δxi <0
Δxi


 
zi
βdmax = 0.95 × min min −
, 1 , i = 1, . . . , nx ,
Δzi <0
Δzi
and zik+1 strictly positive. Then we set βdual = βdmax
which keep the variables xk+1
i
and compute the βprimal by using a backtracking line search on interval [0, βpmax ]. The
central path parameter μ which is the measure of duality is computed using a similar
method ﬁrst proposed by Vanderbei and Shanno in 1999 [72]; thus μ is deﬁned by
(3.10)

3 T

x z
1−ξ
,2
μ = 0, 1 × min 0.05
,
ξ
nx

i xi zi
where ξ = min
.
z T x/nx
For general references to QP methods, in particular interior-point methods, see
[56, 7, 74, 71]. In the above we consider only equality constraints and nonnegativity
constraints. Other types of constraints, including general inequalities, can be handled
similarly [56, 7, 74].

4. Sparsity-based parameter selection: The S-curve method. Assume
that we have a priori an estimate S$ for the number of nonzero wavelet coeﬃcients
(B −1 f )ν of the unknown function f .
Given an estimate S$ for the number of nonzero wavelet coeﬃcients, we select the
prior parameter α using a modiﬁcation of the method we proposed in [41]. Denote
&
%
(4.1)
S(α) = # ν : 1 ≤ ν ≤ n, |(B −1 f MAP (α))ν | > κ ,
where #E denotes the number of elements in the set E. Theoretically we consider
κ = 0, but in practical computations κ is set to a small but positive value.
In [41] estimates with 500 diﬀerent values of α were computed to obtain pairs
{α(h) , S(α(h) )}, and then the value was selected as
α = arg min{|S$ − S(α(h) )|}.
h

With respect to the computational burden, the approach has computational complexity similar to that of the classical L-curve method, which also involves computation
of hundreds of estimates with diﬀerent values of α. Computing so many estimates
is time consuming and can become a computational bottleneck in large dimensional
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problems such as X-ray tomography. Thus, to decrease the computational complexity,
we modify the approach in [41] as follows.
First, instead of computing {α(h) , S(α(h) )} with a large number of α(h) ’s, we
decrease the number of samples and compute S(α(h) ) only for a small number of
values and interpolate the data {α(h) , S(α(h) )} to get the S-curve S(α). Thus, we
take a collection of the prior parameters α ranging on the interval [0, ∞] such that
0 < α(1) < α(2) < · · · < α(M) < ∞
and compute the corresponding estimates f MAP (α(1) ), . . . , f MAP (α(M) ). The ﬁrst
value α(1) is taken to be so small that almost all of the wavelet coeﬃcients of f MAP (α(1) )
are nonzero. The last value α(M) is taken so large that almost all of the wavelet coefﬁcients of f MAP (α(M) ) are zero; see [41, Appendix A] for a proof that this is possible.
Then we compute the numbers of (essentially) nonzero wavelet coeﬃcients of each
of the computed MAP estimates and ﬁt a smooth interpolation curve to the data
{α(h) , S(α(h) )}. The interpolated sparsity curve is then used to ﬁnd the value of α
$
for which S(α) = S.
Second, in the selection of α we employ the discretization-invariance of the MAP
1
estimate with the B11
prior. By [47, 41] the solution of (1.5) converges to a welldeﬁned asymptotical estimate as discretization is reﬁned. This implies that we may
use, in the computations for selecting the value of α, a coarser discretization than is
used in the computation of the ﬁnal MAP estimate.
5. Measurement data. In this work we consider two test cases: (i) simulated
projection data from the Shepp–Logan phantom, and (ii) experimental sparse-angle
projection data from a walnut. As a reference method for the MAP estimates with the
Besov space prior we compute the ﬁltered back-projection (FBP) reconstructions. In
both cases we study the performance of the MAP and FBP estimates as the number
of projection directions is decreased. In addition, reconstruction using the Tikhonov
regularization, i.e.,


1
2
2
Kf
−
m
+
αf

f ≥ 0,
(5.1)
f Tik = minn
2
2 ,
f ∈R
2σ 2
is computed from the simulated measurement data such that the regularization parameter α is selected using the Morozov discrepancy principle.
5.1. Simulated data. The simulated measurement data was computed using
the modiﬁed Shepp–Logan phantom. Gaussian measurement noise  ∼ N (0, σ 2 I)
with a standard deviation of 1% of the maximum of the computed noise-free data
was added to the projection data. A more dense grid was used in the generation of
the noise-free data than was used in any of the reconstructions, thus avoiding inverse
crime. With the simulated data we consider ﬁve data sets consisting of 148, 74, 37,
19, and 13 projections with uniform angular sampling from angular spanning of 180◦ .
5.2. Tomographic projection data. The X-ray tomography data of the walnut were acquired with the custom-built μCT device nanotom 180 supplied by Phoenix
and X-ray Systems and Services GmbH (Wunstorf, Germany). The measurement
setup is depicted in Figure 5.1, and the chosen geometry resulted in a magniﬁcation
with a resolution of 18.33 μm/pixel. The X-ray detector is a 12-bit CMOS (complementary metal oxide semiconductor) ﬂat panel detector with 2304 × 2284 pixels of 50
μm size (Hamamatsu Photonics, Japan). A set of 90 projection images was acquired
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Fig. 5.1. Left: Experimental setup for collecting tomographic X-ray data of a walnut. The
detector plane is on the left and the X-ray source on the right in the picture. The walnut is attached
to a computer-controlled rotator platform. Right: Two examples of the resulting projection images.

over a 180-degree rotation with a uniform angular step of 2 degrees between projections. Each projection image was composed of an average of six 750 ms exposures.
The X-ray tube acceleration voltage was 80 kV and tube current 200 μA, and the full
polychromatic beam was used for image acquisition. For this work we chose only the
projections corresponding to the middle cross-section of the walnut, thus resulting
in a two-dimensional reconstruction task. From the measured data we picked four
subsets consisting of 90, 45, 30, and 15 projections with uniform angular sampling
from a total opening angle of 180 degrees.
5.3. Photographic data. We wish to use the S-curve method of section 4 to
determine the prior parameter α for two-dimensional tomographic reconstructions
from the projection data measured from a walnut (see section 5.2). For this we need
an a priori estimate of the sparsity of the cross-section of the walnut in the appropriate
wavelet basis. We simulate the use of an anatomical atlas for the selection of α by
taking photographs of dissected walnuts.
We carefully sawed three walnuts in half. The exposed cross-sections were illuminated using three LED ﬂashlights placed at 120-degree angles. The beams of
the ﬂashlights were roughly aligned with the plane of the cross-section, maximizing
the contrast between shadows and illuminated parts of the surface. The cross-sections
were photographed with a Canon 5D Mark II digital single lens reﬂex camera featuring
a 21.1-megapixel full-frame CMOS sensor. The lens was a Canon EF 100mm/f2.8
USM macro optimized for close-up photography. See Figure 6.1 for the resulting
images.
The walnut used as the target in the X-ray experiment in section 5.2 was not
included in the set of three walnuts used for estimating the sparsity.
6. Results. We solve the minimization problems (3.4) and (5.1) by using the
primal-dual path following interior-point method of section 3.1.
In the examples the prior parameter choice is carried out using 128 × 128 resolution, and ﬁnal MAP estimates with the selected α are computed on a 256 × 256
grid. The number M of interpolation points {α(h) , S(α(h) )} is set to M = 20. The
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Fig. 6.1. Photographs of three walnuts split in half.

regularization parameters α in (5.1) are computed using the Morozov discrepancy
principle.
Notice that in real-life applications we would measure the sparse-angle projection
data only, and thus the value of α has to be chosen using the data at hand. Thus, we
compute a separate value of α for each data set.
6.1. Simulated data. We compute the a priori sparsity level S$ using the target
phantom sampled at n = 128×128 resolution and κ = 10−6 ; this resulted in S$ = 1622.
This value is then used to compute the value of α (using 128 × 128 discretization).
This situation corresponds to the ideal case that the sparsity level of the true unknown
is exactly known.
Figure 6.2 shows the sparsity-based choice of α applied to each data set with
diﬀerent numbers of projections. The left column shows the smooth interpolated
curve obtained by interpolation using the 20 points of data (α(h) , S(α(h) )) and the
right column shows the MAP estimate with the selected α.
The left column of Figure 6.3 shows the FBP reconstructions, the middle column the MAP estimates with the selected parameters, and the right column the
Tikhonov regularized reconstructions with the Morozov discrepancy principle. We
also computed the relative errors of the FBP, Tikhonov, and MAP reconstructions
with respect to the true target image ftrue :
δR =

ftrue − fR 
.
ftrue 

The estimation errors are presented in Table 6.1.
We also applied the L-curve method to the simulated data set consisting of 37
projections (third row in Figure 6.2). The MAP estimates were computed using
128 × 128 discretization and 400 values of α ranging on interval [10−4 , 107 ]. The
results are shown in Figure 6.4. The left column shows the L-curve plot and the
right column shows the resulting MAP estimate with the selected α. The reconstructions when α is selected using the L-curve method, S-curve method, and Morozov
discrepancy principle are presented in Figure 6.5 for the simulated data consisting of
37 projections.
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12000

148 angles
α = 32.64
S = 1622
12000

74 angles
α = 23.77
S = 1622
10000

37 angles
α = 15.24
S = 1622
10000

19 angles
α = 8.61

S = 1622
10000

13 angles
α = 5.18
S = 1622

10−4

107

Fig. 6.2. Sparsity-based choice of the prior parameter. Left: The numbers of nonzero wavelet
coeﬃcients in MAP estimates computed with 20 values of α ranging in the interval [10−4 , 107 ]
(denoted by ◦) and plot of the interpolation curve used to determine the value of α. Right: Reconstructions (n = 128 × 128) using the selected α. The selected values for α and the numbers of equally
distributed projection angles are denoted on the right.
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148 angles
α = 32.64
αM = 0.059

74 angles
α = 23.77
αM = 0.026

37 angles
α = 15.24
αM = 0.009

19 angles
α = 8.61
αM = 0.014

13 angles
α = 5.18
αM = 0.018

Fig. 6.3. Sparse-angle tomography reconstructions of the Shepp–Logan phantom. Reconstruc1 prior (middle column), and Tikhonov
tions using FBP (left column), MAP estimates using B11
reconstructions (right column). The numbers of projections and α’s are indicated on the right. α
denotes the prior parameter selected using the S-curve method and αM denotes the values of regularization parameters selected using Morozov’s discrepancy principle. The reconstruction resolution
is 256 × 256.
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Table 6.1
Relative errors and computational times of MAP, FBP, and Tikhonov reconstructions. Relative
errors are computed with respect to the original Shepp–Logan phantom at resolution 256 × 256.

δMAP
tMAP
δFBP
tFBP
δTik
tTik

148
0.10
102 min
0.14
0.12 sec
0.10
157 sec

74
0.12
87 min
0.16
0.04 sec
0.12
75 sec

37
0.12
110 min
0.27
0.02 sec
0.13
42 sec

19
0.13
127 min
0.51
0.01 sec
0.23
26 sec

13
0.17
146 min
0.78
0.01 sec
0.29
23 sec

MAP estimate with α = 33022

105

1
f B11

10−15
101

Kf − m

103

Fig. 6.4. L-curve method applied to data set with 37 projections. Left: The L-curve plot
computed using 400 values of α ranging on interval [10−4 , 107 ]. Right: MAP estimate (resolution
128 × 128) with the selected α = 330022.

Fig. 6.5. L-curve method, S-curve method, and Morozov discrepancy principle applied to data
set with 37 projections. Reconstructions with selected α’s from left to right are MAP estimate with
α selected using the L-curve method αL = 33022, MAP estimate with α selected using the S-curve
method α = 15.24, and Tikhonov reconstruction with the α selected using the Morozov discrepancy
principle αM = 6.68, respectively. The reconstruction resolution is 128 × 128.

6.2. Experimental data. We estimate the sparsity level S$ from photographs
of three diﬀerent walnuts that were split in half. The photographs of the split walnuts
are shown in Figure 6.1. Each of the photographs was resized to 128 × 128, and the
number of nonzero wavelet coeﬃcients was computed from each image using threshold
κ = 10−6 . The sparsity level estimate S$ was then computed as a mean over the three
samples, leading to the estimate S$ = 5936. Figure 6.6 shows the sparsity-based
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12000

90 angles
S = 5936

α = 0.024

12000

45 angles
S = 5936

α = 0.011

14000

30 angles
S = 5936

α = 0.019

16000

15 angles
α = 0.015

S = 5936

10−6

107

Fig. 6.6. Sparsity-based choice of α. Left: The numbers of nonzero wavelet coeﬃcients in
MAP estimates computed with 20 values of α ranging in the interval [10−4 , 107 ] (denoted by ◦) and
plot of the interpolation curve used to determine the value of α. Right: MAP estimates (resolution
128 × 128) using the selected values of α. The numbers of projection angles are denoted on the right.
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90 angles

α = 0.024

45 angles

α = 0.011

30 angles

α = 0.019

15 angles

α = 0.015

Fig. 6.7. Sparse angle tomography reconstructions of the walnut data. Reconstructions using
1 prior (right column). The reconstructions are
FBP (left column) and MAP estimates with B11
computed at resolution 256 × 256.

$ The left column shows the smooth interpolated
selection of α using the estimated S.
curve obtained by interpolation using the 20 points of data (α(h) , S(α(h) )), and the
right column shows the MAP estimate with the selected α. Figure 6.7 shows the FBP
(top row) and ﬁnal MAP estimates (bottom row) computed at 256 × 256 resolution.
7. Discussion. We investigate the performance of Bayesian MAP estimates
1
space prior and Haar wavelet functions by computing twowith the Besov B11
dimensional reconstructions from sparse-angle X-ray projection data. As a reference
method we compute FBP reconstructions. Both methods are applied to sparse-angle
data sets in order to study how these methods perform when the number of projection
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angles is progressively reduced.
In [41] we proposed a novel method for selecting the prior parameter α based on
a priori knowledge about the number of nonzero wavelet coeﬃcients. In this work we
modify the method in order to make it computationally less complex, and we call the
result the S-curve method. Instead of evaluating sparsity curve S(α) using a large
number of values of α, we use smooth interpolation using a small number of data
points to estimate the sparsity curve S(α). Further decrease in the computational
cost is obtained by utilizing the discretization-invariance of the MAP estimate with
1
prior by carrying out the selection of α using a coarser resolution than is used
the B11
in the ﬁnal MAP estimates.
1
prior perform robustly
The results show that the MAP estimates with the B11
when the number of projections is decreased. The relative errors of the reconstructions
with respect to the true target in the simulated test case are smaller for the MAP
estimates than they are for the FBP reconstructions, and also the increment in the
estimation error is much smaller for MAP than FBP when the number of projection
images decreases. Whereas with relatively densely sampled data the relative errors
with the MAP estimates and Tikhonov regularization are the same, the errors in the
MAP estimates are smaller than in the Tikhonov reconstructions when the number
of projections is decreased. However, the price of this beneﬁt is paid in increased
computation time, as is seen in Table 6.1.
We compared the sparsity-based parameter selection method to the L-curve
method. It turned out that the L-curve method fails with the X-ray projection data;
the L-shape in the curve is barely recognizable and the selected α results in a reconstruction with inferior quality; see Figure 6.4. The results of applying the L-curve
method to the tomographic data are shown only for one sparse-angle data set; however, the results with the L-curve method for the other data sets were similar. Note
that whereas the L-curve ﬁnds the trade-oﬀ between the mismatch and the primal
norm of the regularizer, the S-curve identiﬁes a target sparsity level in the MAP estimate. For an alternative approach to ﬁnding the trade-oﬀ between the least-squares
ﬁt and the ·1 norm of the solution, see [70], where a basis pursuit denoising problem
is solved by sampling the Pareto-curve.
The proposed S-curve method was also tested within the following case study.
Let’s assume that we determine S$ with images from healthy subjects, but the projection data is not tumor-free. What would happen? Would S$ turn out to be too
low to detect a tumor in the actual subject? We suspect the following. Wavelets
are mostly needed near edges in the image. A tumor will contribute somewhat more
edges in the image, but usually we wouldn’t expect the amount of edges to double
compared to a tumor-free situation. Rather, we have in any case a lot of boundaries
between inner organs, and the presence of the tumor will probably result in a small
proportion of extra edges. If there are not enough wavelets for all parts of the edges,
the available wavelets probably will be distributed at edges all around the image domain representing all edges somewhat erroneously. Thus also the tumor will be as
visible as all the other structures. Figure 7.1 presents a numerical illustration of such
a situation; here the selection of α was carried out using the sparsity estimate S$ from
the original “healthy” Shepp–Logan phantom that was used in Figure 6.2.
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148 angles
αS = 32.64
αM = 0.0586

74 angles
αS = 23.77
αM = 0.0255

37 angles
αS = 15.24
αM = 0.0092

19 angles
αS = 8.61
αM = 0.0140

13 angles
αS = 5.18
αM = 0.0176

Fig. 7.1. Sparse-angle tomography reconstructions of the Shepp–Logan phantom with tumor.
1 prior (middle column), and
Reconstructions using FBP (left column), MAP estimates using B11
reconstructions using Tikhonov’s regularization (right column). The number of projections and the
values of the parameters α are indicated on the right. αS denotes the prior parameter selected using
the S-curve method, and αM denotes the values of regularization parameters selected using Morozov’s
discrepancy principle.
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The question of choosing the mother wavelet is curious. We used Haar wavelets
above because they provided us with edge-preserving reconstructions. Smoother
wavelets would be needed for ensuring that the multiresolution analysis really gives
1
space (see Triebel’s book [68]). Further studies are needed
a basis for the Besov B11
for a better understanding of the consequences of the mother wavelet choice.
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[14] M. Cristofol, P. Gaitan, K. Niinimäki, and O. Poisson, Inverse problem for a coupled
parabolic system with discontinuous conductivities: One-dimensional case, Inverse Probl.
Imaging, 7 (2013), pp. 159–182.
[15] I. Daubechies, Ten Lectures on Wavelets, CBMS-NSF Reg. Conf. Ser. Appl. Math 61, SIAM,
Philadelphia, 1992.
[16] I. Daubechies, M. Defrise, and C. De Mol, An iterative thresholding algorithm for linear
inverse problems with a sparsity constraint, Comm. Pure Appl. Math., 57 (2004), pp. 1413–
1457.
[17] A. H. Delaney and Y. Bresler, Globally convergent edge-preserving regularized reconstruction: An application to limited-angle tomography, IEEE Trans. Image Process., 7 (1998),
pp. 204–221.
[18] D. L. Donoho, A. Maleki, and A. Montanari, Message-passing algorithms for compressed
sensing, Proc. Nat. Acad. Sci. USA, 106 (2009), pp. 18914–18919.
[19] X. Duan, L. Zhang, Y. Xing, Z. Chen, and J. Cheng, Few-view projection reconstruction
with an iterative reconstruction-reprojection algorithm and TV constraint, IEEE Trans.
Nuclear Sci., 56 (2009), pp. 1377–1382.
[20] M. F. Duarte and R. G. Baraniuk, Kronecker compressive sensing, IEEE Trans. Image
Process., 21 (2012), pp. 494–504.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

Downloaded 06/07/13 to 128.214.5.10. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

SPARSE TOMOGRAPHY

B663

[21] H. Feng, W. Karl, and D. Castanon, A curve evolution approach to object-based tomographic
reconstruction, IEEE Trans. Image Process., 12 (2003), pp. 44–57.
[22] A. V. Fiacco and G. P. McCormick, Nonlinear Programming: Sequential Unconstrained
Minimization Techniques, John Wiley and Sons, New York, 1968.
[23] J. Frikel, Sparse Regularization in Limited Angle Tomography, preprint, arXiv:1109.0385
[math.NA], 2011.
[24] H. Fu, M. K. Ng, M. Nikolova, and J. L. Barlow, Eﬃcient minimization methods of mixed
l2-l1 and l1-l1 norms for image restoration, SIAM J. Sci. Comput., 27 (2006), pp. 1881–
1902.
[25] M. Grasmair, M. Haltmeier, and O. Scherzer, Sparse regularization with lq penalty term,
Inverse Problems, 24 (2008), 055020.
[26] M. Grasmair, M. Haltmeier, and O. Scherzer, Necessary and suﬃcient conditions
for linear convergence of l1 -regularization, Comm. Pure Appl. Math., 64 (2011),
pp. 161–182.
[27] L. He and L. Carin, Exploiting structure in wavelet-based Bayesian compressive sensing, IEEE
Trans. Signal Process., 57 (2009), pp. 3488–3497.
[28] G. T. Herman and R. Davidi, Image reconstruction from a small number of projections,
Inverse Problems, 24 (2008), 045011.
[29] N. Hyvönen, M. Kalke, M. Lassas, H. Setälä, and S. Siltanen, Three-dimensional dental
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