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A novel reconstruction technique, called Wiener Filtered Reconstruction
Technique (WIRT), for sparse-data tomographic imaging is introduced in this
article. This six-step method applies a spatially-varying constrained least-squares
filter combined with a regularization method based on total variation. The WIRT
reconstruction is implemented in the frequency domain, where the information
based on measurements and regularization can be treated separately. The
algorithm applies regularization selectively in the frequency regions where the
frequency component values cannot be defined by the measurements. This leads
to computational benefits when compared to conventional iterative reconstruction methods such as algebraic reconstruction technique (ART). Both qualitative
and quantitative comparisons against state-of-the-art methods suggest that
WIRT is a promising reconstruction algorithm for sparse-data imaging regimes,
especially with higher noise levels.
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1. Introduction
Traditional computerized tomography (CT) is based on recording hundreds of X-ray
images around the patient during one scan and reconstructing a 3D representation of the
internal structures using filtered back-projection. While the image quality of modern CT
scanners is excellent, there are two major drawbacks in the abovementioned kind of
imaging. First, accurate mechanical movements are required, forcing the device to be
massive and expensive. Consequently, scanners are only available in big central hospitals,
which radically limits the treatment workflow. Second, the radiation dose is so high that
the use of CT imaging is justified only for seriously ill patients.
In recent years there has been an increasing interest in reducing the radiation dose in
CT imaging based on the selection of imaging parameters and protocols [1–4]. However,
much more dramatic dose reduction is achievable by not using a CT scanner at all, but
instead collecting a small number of projection images from different directions with a
low-cost X-ray device and computing a 3D reconstruction from such sparse data. As an
additional benefit, the workflow is streamlined since the lower device cost allows 3D
imaging at smaller clinics. This approach was pioneered by Webber [5–8].
*Corresponding author. Email: martti.kalke@gmail.com
This version has been corrected. Please see Erratum (http://dx.doi.org/10.1080/17415977.2013.820872).
ß 2012 Taylor & Francis
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The clinically most widespread example of sparse-data 3D X-ray imaging is the
volumetric tomography (VT) dental tomograph, which is based on limited-angle
projection data collected with a panoramic X-ray imaging device [9,10]. According to
Ludlow et al. [11], VT has the lowest radiation dose among its dense-data competitors:
Modality
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Head CT
CB Mercuray
NewTom 3G
VT device

Dose (mSv)
2100
558
59
13

In the above table we use the fact that the dose of the VT device is between one and two
panoramic 2D images, whose dose is known to be roughly 6.7 mSv [12,13].
There is a caveat in sparse-data 3D imaging, though. Since there are only few
projection images, the reconstruction problem is very sensitive to measurement noise and
other unidealities in the imaging chain. Filtered back-projection does not deliver
satisfactory results when applied to sparsely sampled data, so other algorithms are
called for. Nevertheless, reconstructions from sparse data cannot usually be expected to be
as good as from densely sampled CT data. Thus, the philosophy of sparse-data
tomography imaging is the following: keep the radiation dose low by collecting as few data
as possible while still enabling a good-enough reconstruction for the clinical purpose at
hand.
Let us discuss the sparse-data reconstruction problem. From a mathematical
perspective, a finite number of line integrals does not determine the volume uniquely
since the measurement operator has a nontrivial nullspace [14, Theorem 4.2]. However, the
‘ghosts’, or the objects invisible in the tomographic data, are well-understood [15–18]. For
dense data they are very high-frequency functions, but for sparse data this is not the case
and powerful regularization is needed for suppressing the ghosts.
The idea of regularization is to complement the sparse measurement data with a priori
information. The amount of a priori information needed in 2D sparse-data tomography
can be estimated quantitatively as follows. The celebrated Fourier–Slice theorem describes
how the measured X-ray data is equivalent to knowing certain frequency components of
the unknown attenuation coefficient [19,20]. Figure 1 shows that the fraction of measured
frequency components is below 10% from the total number of frequency components with
indicated resolutions if the angular difference exceeds 10 degrees in parallel-beam sparsedata imaging situations. Thus, in such cases over 90% of the spectrum is dominated by
information provided by regularization.
We present here a new method, called Wiener Filtered Reconstruction Technique
(WIRT), based on adaptive nonlinear regularization implemented in the frequency
domain. The basic idea of WIRT is to replace the regularization constant K in Equation
(2.1) by two computationally independent terms: a spatially-varying function called
confidence map and a parameter called regularization parameter. The first one is defined by
the point spread function (PSF) and noise, and latter by regularization.
Overall, The WIRT algorithm consists of six phases:
(1) Re-sample the sinogram,
(2) Generate the confidence map,
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Figure 1. The fraction of known frequency components shown as function of the angular difference
in uniformly sampled parallel-beam sparse projection data. We show the fractions at three different
resolutions (64  64, 128  128, and 256  256). It is clear from the plot that as the sampling becomes
sparser, the number of known Fourier components decreases sharply. The vertical axis has
logarithmic scale for clarity.

(3)
(4)
(5)
(6)

Make a primary reconstruction,
Define the frequency response,
Apply the degradation filter,
Optimize the regularization parameter.

The details of each step are given in Section 3. As demonstrated in Section 4, WIRT
delivers results that outperform those by state-of-the-art iterative reconstruction methods,
especially with higher noise levels.
Several different approaches have been suggested in the literature for regularizing
sparse-data tomographic problems. These include Tikhonov regularization [10], total
variation regularization [21–36], strict piecewise-constant attenuation assumption [37–42],
level set methods [43–48], modified algebraic reconstruction [49,50], deformable
models [51–55], variational methods [56,57], sparsity-promoting methods [58–64],
Bayesian methods [23,65–67] and multiresolution-sparsity methods [68–72] (see also
the books [73,74] for discrete tomography approaches). The approach closest to the
present one is [75] in the sense that they also use variable regularization in the frequency
domain. However, the nonlinear adaptation strategy which we apply is completely
different.
Our approach can be seen as an adaptive extension of the classical Wiener filter
[76–78], which is nowadays a standard technique in general image processing [79–81]. In
tomographic imaging, Wiener filtering typically aims at reducing noise in one of the two
ways: either removing noise from the projection images before the reconstruction [82], or
removing noise from the reconstructed volume [83,84] (see also [85]). Wiener filter has also
been successfully combined with other filters to improve the signal-to-noise relation in the
low-dose tomographic imaging [86], and combinations with wavelet transform are
promising as well [82,87,88]. We would also like to highlight the paper by Shim [89]
clarifying the relation between the singular value decomposition (SVD) and the Wiener
filter.
It should be noticed that the abovementioned Wiener filtering methods compensate
only the un-idealities of the imaging system, and therefore they do not automatically
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provide clinically superior image quality. For best visual results, those filters need to be
combined with other image processing operations.
The focus of this article is on affine and sparse-data 2D tomographic imaging. The
term imaging geometry means the spatial position of the X-ray source, detector and
volume corners on each projection image. We use the term affine imaging geometry,
meaning that all X-rays are parallel and orthogonal to the detector plane and the term
sparse imaging geometry meaning sparsely distributed projection images with relatively
large (10–20 degree) equiangular imaging angles all around the object, unless indicated
otherwise. Despite that the object is two-dimensional and projection data is onedimensional in this study, the term volume is used for the target object and projection image
for the projection data to harmonize terminology with tomographic literature. Also, the
terms voxel for unit element in the volume and pixel for unit element in the projection
image are used throughout this article.
Finally, local tomography problems are outside the scope of this study. Therefore, the
projection images and the imaging geometry is defined so that all attenuation takes place
in the volume.

2. Background
The WIRT method is closely related to classical Wiener filtering, so we give a short
introduction to the Wiener filter in Section 2.1. Also, the performance of WIRT will be
compared in Section 4 with those of the iterative reconstruction techniques called algebraic
reconstruction technique (ART) and simultaneous reconstruction technique (SIRT). We
provide an overview of ART and SIRT in Section 2.2.

2.1. Wiener filter
The purpose of an inverse filter is to compensate for the un-idealities and artefacts
generated by the imaging system. The simplest way to implement inverse filtering is to
divide the Fourier transform of the degraded image by the frequency response of a linear
system. This frequency response can be calculated from the Fourier transform of the point
spread function (PSF), which is basically the output of the linear system when the input is
a unit impulse. The true degradation function is often unknown and needs to be estimated.
Therefore, this kind of filtering operation is called blind deconvolution since it employs an
estimation of the frequency response, which is commonly based on observations,
mathematical models or experimentations. [81, Chapter 5.6]
There are three major flaws in applying inverse filter, as described above. First, since
the frequency response is in the denominator, small imperfections have a significant effect
on the results and therefore the filter is not stable against noise. Second, even if the
frequency response would be perfectly modelled, the inverse filter does not involve a noise
model. Third, the inverse filter assumes that the frequency response is defined everywhere
in the frequency domain, which is not the case, for example, in the limited-angle or sparseangle tomography.
A number of improvements have been introduced to improve the stability of the
inverse filter. One widely applied improvement is to include a regularization term in
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the filter. These regulated filters have a general form of
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H ½1 2 
,
F ½1 , 2  ¼ 

H ½1 , 2 2 þK

ð2:1Þ

where F is the filter, H is the degradation function and K is the regularization term in the
two-dimensional frequency domain. Two most common methods are the constrained least
squares filter and the minimum mean square error filter. The latter is better known as
Wiener filter, named after Norbert Wiener [81].
In the Wiener filter, the regularization factor K is calculated from the power spectra of
the undegraded image and noise. As discussed above, these factors are insufficiently
known in ill-posed systems, and therefore a constant value for the regularization
parameter K is more feasible estimation than a spatially-varying function K[1, 2]. In
ill-posed cases, the choice of K is typically based on estimating the signal-to-noise ratio
[81, Chapter 5.8].
In the constrained least-square filter, the regularization term K is defined by the
Laplacian operator, i.e. K[1, 2] ¼ P[1, 2], where P[1, 2] is the Laplacian operator in
the frequency domain. The drawback of this method is that the parameter  has to be
iteratively defined by an optimization process or case-by-case basis. The first approach is
usually time-consuming, and the second requires human interaction.

2.2. Algebraic reconstruction techniques
Most X-ray tomography reconstruction methods are based on the backprojection process,
where a projection image is projected back to the volume along the paths of the X-rays.
When the same process is repeated for each projection image, a low-frequency estimate of
the original volume is generated. There are two different state-of-the-art approaches for
the computed tomography reconstruction methods: filtered back-projection (FBP) and
ART [90, Chapters 11 and 13].
The FBP is based on the inverse Radon transform and it is the most widely used
reconstruction technique in medical CT scanners. However, it has been shown in several
studies that the FBP is not suitable for noisy or ill-posed situations like sparse-data
imaging. This is because the inverse Radon transform requires a high-pass filter to
compensate the blurring effect of the back-projection, which amplifies noise and other
un-idealities [19,65].
ART can be considered as a family of reconstructions based on the Kaczmarz iteration
method (see [20, Chapter 7], [19] and [90, Chapter 13]). The purpose of the ART is to solve
the linear equation defined by tomographic imaging set-up. This is done by defining a
volume x^ 2 RN that minimizes the L2-norm of the residual between the volume and
projection images based on the imaging geometry matrix G, i.e.
x^ ¼ argminkGx  mk22 ,

ð2:2Þ

x

where the vector m 2 RM consists of all the pixels in the projection images, x 2 RN is a
vector consisting of all the voxels in the volume and G 2 RMN is the geometry matrix.
This approach is less sensitive to noise and other un-idealities, since the exact solution
for the voxel values is not needed. Solving (2.2) will lead to the Moore–Penrose
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pseudoinversion
xy ¼ ðGT GÞ1 GT m:

ð2:3Þ

In practice, the size of the matrix G is too large for the calculations when real clinical
data is used. For example, if 400 projection images with a resolution of 680  680 pixels
are used to generate a volume of 512  512  450 voxels, the size of matrix G is then 118
million columns and 185 million rows. Therefore, instead of building the matrix G, ART
utilizes the Kaczmarz routine to iteratively find the volume x^ which minimizes (2.2). The
ART iteration step is defined as
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xðkþ1Þ ¼ xðkÞ  

hxðkÞ , gkþ1 i  mkþ1
gkþ1 ,
hgkþ1 , gkþ1 i

where k is the iteration round, gk is k:th row in the geometry matrix G and  is the
relaxation parameter. It can be shown that this algorithm convergences when 0 <  < 2 (see
[66, Chapter 2.4]).
One form of the ART is the SIRT. In this method, instead of updating the volume x^
after each residual calculation, the current guess is updated after calculating all residuals.
Then, the correction is based on the average residual of all measurements
xðkþ1Þ ¼ xðkÞ  

h
X
hxðkÞ , gi i  mi
i¼1

hgi , gi i

gi :

The SIRT method is more stable and generates smoother reconstruction than other
ART algorithms. Typically SIRT is used combined with another ART algorithms at the
beginning of the iteration process [20, Chapter 7].
Since ART and SIRT are both iterative methods, they are also very time-consuming
processes. While the FBP can be considered as a real time operation, the ART calculation
with similar data can take few minutes. Nowadays, ART algorithms can be easily
parallelized because of the fast development of the graphic processing units (GPUs) and
multi-core processors. Therefore, ART is more attractive than FBP in the future because
of its capability to handle noisy and ill-posed situations [26].

2.3. Regularization
Since ART does not include any regularization, the final solution of the iteration process
strongly depends on the noise in the projection images. The absence of the regularization
produces artefacts due to the reconstruction [23,65]. Lately, a number of methods have
been introduced for improving these stability and uniqueness issues (see references in
[66, Chapter 2.3]). The most known popular is the Tikhonov regularization defined by
argminðkGx  mk22 þ kxk22 Þ:

ð2:4Þ

x

Here kGx  mk is the data discrepancy term and kxk implements the regularization. The
regularization parameter  2 Rþ determines a trade-off between emphasizing measurements and a priori information. The bigger the regularization parameter we use, the more
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we emphasize the regularization and vice versa. Equation (2.4) has the unique solution
xy ¼ ðGT G þ IÞ1 GT m,
where I 2 RNN is an identity matrix.
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3. The WIRT method
We introduce a novel method, called WIRT, for sparse-data imaging, where images are
taken typically under 20 equiangular projection. We applied an adaptive and spatiallyvarying constrained least-square filter based on the known frequency response of the
imaging chain and the estimation of the noise model. In this section, we will introduce the
theoretical background of the six phases given in Section 1.

3.1. Re-sampling the sinogram
When reconstructing objects from sparse-angle or limited-angle data, we typically get an
reconstruction where the resolution depends on the imaging angle. This anisotropic
resolution is an undesired situation since it generates artefacts to the final reconstruction,
which can be observed as locally blurred edges or distortion of the object (as an example,
see the left image in Figure 10).
The purpose of this re-sampling phase is to gain an isotropic reconstruction, which
means that the reconstruction should have a resolution independent from the imaging
angle. To gain isotropic resolution in the final reconstruction, we balance the number of
samples in projection images and the total number of projection images in the sinogram.
This phase has two steps: first, new projection images will be generated by using linear
interpolation method. Second, projection images will be re-sampled to compensate the
truncation error generated in the interpolation process. Since the down-sampling step in
this phase blurs the image, we try to avoid too big sampling factor.
Sinogram is a representation of the Radon transform, where horizontal axis is the
imaging angle and vertical axis is the distance from the rotation centre. See Figures 8 and 9
for an example of a sinogram. In the sinogram, a single point in the volume makes a trace
of
f ð, s^Þ ¼ s^ cosðÞ,

ð3:1Þ

N
2

where s^  is a distance from the centre of the projection image to the point, N is the
number of samples in one projection image and  is the projection angle. In the sparse
equiangular imaging, geometry holds for every k ¼ 1, 2, 3, . . . , M, such that 0  k   and
D ¼ /(M  1), where M is the number of projection images.
The truncation error "() of the linear interpolation satisfies
2

 

ðÞ ¼  f ð, s^Þ  Pð1 , 2 Þ  ð2  1 Þ max f 00 ðÞ,
k kþ1
8

ð3:2Þ

where P(1, 2) is the linear interpolation between the sampling points 1 and 2
[91, Thorem 5.3.1]. From Equation (3.1) we see that f 00 ðÞ ¼ ^s cosðÞ, which gains its
maximum value when  ¼  and s^ ¼ N=2. The truncation error in the Equation (3.2) can be
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reduced to the form of



 ðDÞ2 N
NðDÞ2


:
cosðÞ ¼
max ðÞ ¼
8
16
2

ð3:3Þ
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Since the truncation error should be less than one pixel, we get an optimal value for the
projection image size No as
j

16 k
,
N
,
ð3:4Þ
No ¼ min
ðDÞ2
where the operator bc stands for downward rounding. If the down-sampling is needed
(N > 16/(D)2), a suitable low-pass filter should be applied prior to the down-sampling
process to avoid artefacts in the final reconstruction.
For the sufficient sampling rate, the number of projections should be M  N
2 where N
is the number of sampling points on each projection image [20, Chapter 5.1.1]. Moreover,
for the known interpolation factor a and the number of measured projection images M0,
the total number of projection images is M ¼ M0 þ aM0. The optimal interpolation factor
a in an equiangular case is then
m
l N
1 ,
ð3:5Þ
a¼
2M0
where de is the upward rounding operator. In the interpolation process, the linear
interpolation has been applied since it does not produce a piece-wise constant result like
the nearest neighbour interpolation and it generates less computational burden than
bi-cubic interpolation. Figures 8 and 9 represent the results and errors of the sinogram
interpolation.
To simplify the interpolation process, a temporal projection image can be generated by
reversing the pixel order in first projection image and defining one extra projection image
with an angle of  þ 1 where 1 is the angle of first projection image. This can be done
based on the fact that in affine imaging geometry mk(v, ) ¼ mk(v,  þ ) [20, Chapter 3.2].
After re-sampling, this projection image has to be removed.
For more involved ways to interpolate sinograms, see [92,93].

3.2. Confidence map
In this phase, we define a confidence map  2 R2N2N, where 0    1 for each complex
frequency component so that the maximum confidence level indicates the best-known
frequency components and zero indicates unknown frequency components based on the
projection image geometry.
Since we are estimating uncertainties in extremely ill-posed situation, also the absolute
definition of the confidence value is based on approximations and estimations rather than
exact knowledge. However, the relative value of the confidence map is more important for
reconstruction quality than the absolute value itself, since all confidence map values will be
scaled by regularization parameter in the Optimization phase.
For each projection image mk, the measured confidence levels #k can be defined by
the noise of the imaging chain (e.g. behaviour of the X-ray detector and the tube).
A practical approach to define the measured confidence levels is to radiate a homogeneous
object with fixed radiation X-ray spectra. Since the values of the pixels should be constant,
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Figure 2. Frequency domain parameters used in the confidence map calculations (left) and example
of a confidence map (right).

we can estimate the noise by comparing pixel values mik to the average value of
measurements mk as
!
PN
2
ðm

m
Þ
ik
k
:
#k ¼ exp  i¼1
N
The exponential function is applied for scaling the confidence map value so that
0 < #k  1 holds. Other models can be utilized depending on the available information
about the noise and characteristic behaviour of the imaging chain.
There are three regions in the confidence map (Figure 2). First, the low frequency disc,
where the frequency components are well-known, and partly over-sampled, because of
the finite quantization. In this area, the confidence value is the maximum of all
measured confidence level components. Second, the mid-frequency area, where reliability
varies as a function of distance from origin and from the nearest measured confidence
level component and therefore the confidence value varies as a function of location.
Third, the disc outside the Nyquist frequency N where the confidence level has a value
of zero.
The values in an unknown area is based on the distance from the nearest measured
confidence level component. This assumption can be justified because when rotating the
object the frequency components (specially in low-frequency area) do not change rapidly.
Therefore, we can assume that we have better estimation near the measured frequencies
and in the low-frequency region than in the high-frequency region far away from the
measured frequencies.
Since the confidence value is higher near the known measured frequencies and the
origin of frequency domain, the confidence value of  , where 1/(D) < k k < N, is based
on two factors: the distance from the origin and the distance from the nearest measured
confidence level component ~. Based on the Fourier slice theorem, the frequency
presentation of a single affine backprojection is a line that intersects the origin and has an
angle of  þ /2, where  is the projection angle [20, Chapter 3.2]. The confidence map is
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therefore defined as
8
maxf#k g
for k k41=D
>
>
<
Dk k  1
 ¼ ~ 
k  ~k for 1=D 5 k k 5 N
>
DN  1
>
:
0
for k k5N ,

ð3:6Þ

where
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2

mod
k  ~k ¼ 1  1 
  1 þ
, D 
D
2
and  is the angle of comparing to the 1-axis, D the angular difference between two
projection images and 1 is the angle of the first projection image.

3.3. The primary reconstruction
The purpose of the primary reconstruction is to transform all projection images to the
two-dimensional frequency domain by applying the Fourier slice theorem. That theorem
relates the one-dimensional frequency domain of a projection with the two-dimensional
frequency domain of the volume, and therefore can be considered as a backprojection
operator in the frequency domain. This process consists of two phases: the Fourier
transform of the projection image and embedding the frequency representations of the
projection images into the 2D frequency domain [20, Chapter 3.2].
First, the one-dimensional discrete Fourier transform (1D-DTF) is used to convert the
projection images into the frequency domain
bk ½, k  ¼
m

N
X

mk ½v, k ð1Þv1 expð2iv=NÞ,

ð3:7Þ

v¼1

bk ½, k  2 CN
where mk[v, k] is a projection image having projection angle of k. Similarly m
is the Fourier representation of the projection image, where  is the discrete frequency
defined inside the Nyquist limits (N/2    N/2). The term (1)v1 shifts the zero
frequency component to the middle of the vector [81, Chapter 4.6.3].
Second, a two-dimensional frequency domain ! 2 C2N1 2N2 is created and all frequency
components are set to zero as default. Here N1,2 are the number of samples in the
horizontal and vertical direction and they can be set as N1,2 ¼ N (double size comparing to
bk ½, k  is needed for zero padding [81, Chapter 4.7.2]). The element ![N1, N2] is the zero
m
frequency component and will be considered as the origin of the domain and the axis will
be defined as 1 and 2.
Finally, all the frequency representations defined in Equation (3.7) are summed into a
two-dimensional frequency domain !. Since the Fourier transform of the projection image
defines the values of the target object along a line subtending the angle k with the 1-axis,
summing operation can be specified as
!½1 , 2  ¼

M
X
k¼1

bk ½, k  ½ck ,
m

ð3:8Þ

Inverse Problems in Science and Engineering
where [ck] is a discrete unit impulse function defined as

1 for ck ¼ 0
½ck  ¼
0 otherwise.

11
1109

ð3:9Þ

In this case, a value of ck is set to zero inside the line, that has a projection angle k and
intersects the point [N1, N2] when  ¼ 0. That is,
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ck ¼ ð1  N1 Þ cos k þ ð2  N2 Þ sin k  :

ð3:10Þ

The ![1, 2] in Equation (3.8) is called the primary reconstruction, which is a twodimensional representation of the volume in the frequency domain based on all
backprojected (interpolated or measured) projection images. Since the shifting processes
were included in Equations (3.7) and (3.8), the frequency components in the primary
reconstruction corresponds to the confidence map.

3.4. The frequency response of the system
The frequency response [1, 2] describes the behaviour of a linear system in the frequency
domain. It can be determined as a Fourier transform of the PSF, also known as an impulse
response, which is the output of the system when the input is a unit impulse function
(see Equation (3.9)).
Since the projection image is a weighted sum of voxels along a line defined by the
projection angle and affine imaging geometry is applied, each projection image can also be
considered as a unit impulse function independently from the imaging angle, i.e.
mk ½v, k  ¼ ½v  N=2:

ð3:11Þ

By merging Equations (3.7), (3.8) and (3.11), we get
½1 , 2  ¼

M X
N
X

~

½ck  ½v  N=2ð1Þv1 e2iv=N ,

ð3:12Þ

k¼1 v¼1

where ~ ¼ 1 cos k þ 2 sin k . Based on fact that Equation (3.12) is non-zero only when
v ¼ N/2 and exp(i) ¼ 1, we can simplify that
½1 , 2  ¼

M
X

½ck ð1ÞN=21þ1 cos k þ2 sin k ,

ð3:13Þ

k¼1

which is the frequency response of the primary reconstruction in the frequency domain.
The frequency response consists of M lines which are perpendicular to the imaging angle,
intersects the origin and have a constant value of one.

3.5. Degradation filter
The purpose of this phase is to define a matrix operator W that reduces the blurring effect
generated by the sinogram interpolation and the primary reconstruction processes, and
therefore creates an improved reconstruction called ideal reconstruction. The relation
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between the primary reconstruction  and the ideal reconstruction  is then
 ¼ W,

ð3:14Þ

where  2 C4N1 N2 as column-wise re-arranged values of the primary reconstruction from
Equation (3.8) and therefore defined as
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 ¼ ½!ð1, 1Þ, !ð2, 1Þ, . . . , !ð2N1 , 1Þ, !ð1, 2Þ, !ð2, 2Þ, . . . , !ð2N1 , 2N2 ÞT :

ð3:15Þ

The vector  2 C4N1 N2 has similar dimensions and component order than .
The matrix W 2 C4N1 N2 4N1 N2 is determined from three parameters: the confidence map
defined by Equation (3.6), the frequency response defined by Equation (3.13), and the
regularization.
In well-posed situations we could define the degradation filter based on the inverse of
the frequency response since in the affine imaging geometry the PSF is constant and the
reconstruction can therefore be considered as a convolution process. Furthermore,
convolution is equivalent to element-wise multiplication in the Fourier domain by the
Fourier transform of the PSF, which is defined in (3.13).
However, since we have an ill-posed situation and the inverse of the frequency response
mentioned above does not exists or at least it is highly unstable, we define the filter W by
minimizing the regularized cost function. For that purpose, we introduce two cost
functions and bind them together with a regularization parameter.
First, we can simply define the residual between the ideal and primary reconstruction
based on the known frequency response, that is
FðdiscÞ :¼ kH  k2 ,

ð3:16Þ

where the frequency response matrix H is defined as
H ¼ d ð1, 1Þ, ð2, 1Þ, . . . , ð2N1 , 1Þ, ð1, 2Þ, ð2, 2Þ, . . . , ð2N1 , 2N1 Þc,

ð3:17Þ

where is specified by Equation (3.13).
Second, for regularization purposes, we introduce a spatially-varying Tikhonov
regularization in the frequency domain based on the confidence map  defined in (3.6).
Instead of applying regularization uniformly to all frequency components, we define a
diagonal matrix  2 R4N1 N2 , with diagonal values of (1   ) corresponding to frequencies
in the same way than in matrix H in (3.17). The Tikhonov regularization term then has
spatially-varying form of
FðregÞ ðÞ :¼ kk2 :

ð3:18Þ

The cost function can be written as the sum of norms (3.16) and (3.18)
FðÞ :¼ FðdiscÞ ðÞ þ FðregÞ ðÞ,
where  is the regularization parameter, which role will be discussed later on. The strategy
is to find the minimum point for the F when  is fixed. The ideal reconstruction is then
~ ¼ argminðFðÞÞ ¼ argminðkH  k2 þkk2 Þ:

2
2
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The gradient of F has a form of
r FðÞ ¼ 2H H  H  þ 2T ,
which equals to zero when
1

 ¼ ðH H þ T Þ H :

ð3:19Þ

Finally, the filter W in Equation (3.14) is defined as
1
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W ¼ ðH H þ T Þ H :

ð3:20Þ

As the function F is quadratic, it has a single extreme point, which is the global
minimum. Since both matrices H and  are diagonal matrices, we can also define
Equation (3.19) in element-wise format
½1 , 2 
½1 , 2  ¼ 
!½1 , 2 :

 ½1 , 2 2 þð1  ½1 , 2 Þ2

ð3:21Þ

This can be returned into spatial domain by implementing 2D inverse discrete fourier
transform (2D-IDTF), namely,
~ 1 , k2  ¼
x½k

1 1 N
2 1
X
1 NX
½1 , 2  expð2iðk1 1 =N1 þ k2 2 =N2 ÞÞ:
N1 N2  ¼0  ¼0
1

ð3:22Þ

2

Finally, the image is moved to the original position and the zero-padded area is removed
to gain the final solution for x.
 


N1
N2 
,
ð3:23Þ
, k2 þ
x½k1 , k2  ¼ x~ k1 þ
2
2 
where k1,2 ¼ [1, 2, 3, . . . , N1,2]. The absolute value operator is needed to eliminate the
imaginary part of the x caused by an inaccurate numerical calculation.

3.6. Optimize the regularization parameter
Choosing the right regularization parameter  is essential to the final reconstruction
quality; if the regularization parameter is too small, artefacts are created by the ill-posed
inversion of the frequency response. Moreover, if the regularization parameter is too big,
reconstruction will be blurred. See Figure 10 as an example of the regularization effect.
The regularization parameter in the Wiener filter was originally defined by the variance
of the additional noise estimation (see, e.g. [81, Chapter 5.7]). However, this approach
cannot be applied in the reconstruction model because of the complexity of the imaging
chain noise model. For example, the major part of the noise is attached to the detector as a
read-out noise and dark current. Moreover, the patient movement, mechanical tolerances
and unstable X-ray spectra generates artefacts, which cannot be modelled as a convolution
or additional independent Gaussian noise.
Therefore, we introduce a novel approach to define the regularization parameter,
which is based on the total variation cost function. The total variation is a suitable model
for objects with homogeneous regions and sharp edges, which are expected in the X-ray
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tomography reconstructions [23]. The cost functional of the total variation is defined as
ðÞ ¼

N2 1 X
1
1
1 1 X
X


1 NX
x½k1 þ j1 , k2 þ j2   x ½k1 , k2 ,
N1 N2 k ¼2 k ¼2 j ¼1 j ¼1
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1

2

1

ð3:24Þ

2

where x ¼ x is defined in (3.23) with 0 <  < 1 as the regularization parameter, and outof-bounds summation indices are taken care using periodic boundary conditions.
Since the function (3.21) is monotonic [81, Chapter 5.8], the optimal value for the
regularization parameter can be defined by using any robust optimization method. The
secant method was chosen for two reasons: the gradient of the cost function is not needed,
and both the absolute value and the relative change of the cost function can be calculated
with the same computational cost. The secant method is an approximation of the Newton–
Raphson method and it has a form of [91, Chapter 4.3]:
ðhþ1Þ ¼ ðhÞ  ððhÞ Þ

ðhÞ  ðh1Þ
,
ððhÞ Þ  ððh1Þ Þ

ð3:25Þ

where h is the iteration round.
The algorithm for defining the regularization parameter is the following:
(1) Set the initial value to the regularization parameter (0) ¼ 0.
(2) Execute Equation (3.21) to (3.24).
(3) If the exit criteria (relative or/and absolute) is met, terminate the iteration and
consider x as the final reconstruction.
(4) Define a new regularization parameter  based on Equation (3.25).
(5) Go back to step 2.
It should be noticed that the iteration process does not need the forward Fourier
transform; the volume is transferred to spatial domain only to calculate the cost function
value since the total variation does not have a representation in the frequency domain.

4. Results
We evaluated the reconstruction quality of the WIRT algorithm by comparing it against
current state-of-the-art methods, namely ART and SIRT. We coded the ART, SIRT and
WIRT algorithms using the Octave program version 3.2.3 with QtOctave interface version
0.8.2 and image processing toolbox on the Ubuntu 10.04 (lucid) distribution environment
including Linux version 2.6.32 and GNOME desktop version 2.30.2. The workstation for
coding and executing the reconstruction algorithms was a commercially available off-theshelf desktop PC with 2.40 GHz Dual Core Pentium processor and 8 GB of RAM.

4.1. Phantoms
In this study, two different synthetic phantoms (Figure 3) were used. In the first case, we
used a standard 128  128 resolution Shepp–Logan phantom, which simulates the inner
structures of human head. This phantom is well known in the image processing literature
and it was also included in the Octave image processing library. In the second case, we used a
CT-slice from the lower jaw, which was originally a region from full dose CT-slice of
dry scull phantom, meaning a real human jaw inside a plastic-filled head-shaped phantom.
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Figure 3. Phantoms used in the evaluation of the reconstructions. Shepp–Logan phantom (left), CT
slice from dental arc (right).

This dental arc phantom was chosen to evaluate the reconstruction quality in unisotropic
and high-frequency cases, which can be considered as a worst-case scenario for the
WIRT algorithm. The size of the volume was 60  60 mm corresponding the voxel size
of 0.5 mm. These phantoms were also used as a ground truth in the quantitative image
quality analysis.

4.2. Generation of the projection images
The projection images were calculated from the phantoms by using an in-built Octave
function Radon, which calculates the sum of the voxels across the line in the given
projection p
angle.
Before the projection calculation, the phantoms were re-sampled by the
ﬃﬃﬃ
factor of 2 to avoid the inverse crime [66, Chapter 12]. From both phantoms 18
projection images from 43 to 203 degrees with an interval of 10 degrees were calculated.
The starting angle was chosen randomly to avoid the over-optimistic reconstruction result
caused by direct row-wise or column-wise summation. The size of a single projection image
was 185 pixel to guarantee the coverage of whole phantom, which is also in a diagonal
direction. In both phantom cases we did two separate studies; noise free and with a 5%
Gaussian noise added to all pixels in the projection images.

4.3. Reconstructions
For each reconstruction method we set a maximum time of one minute to execute the
iteration to guarantee proper comparison. One minute time excluded image geometryrelated calculations, like creating geometry matrix G in Equation (2.3) or confidence map
 in Equation (3.6). However, all calculations which were related to projection image data
ware included to the execution time. The relaxation factors for ART and SIRT were 0.9
and 0.11, respectively.
In the WIRT algorithm, there was no need for downsampling because of the demand
of a uniform PSF according to Equation (3.4). The interpolation factor was then set to
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Figure 4. Comparisons of the Shepp–Logan phantom reconstructions. The ART reconstruction
(left), the SIRT reconstruction (middle) and the WIRT reconstruction (right). The reconstructions
on the upper row are without noise and lower reconstructions has 5% Gaussian noise added to
projection images.

11 based on Equation (3.5) (M0 ¼ 18, N ¼ 185) and linear interpolation was chosen over
cubic and nearest neighbour interpolation to optimize image quality and processing time.
In noisy cases, the effect of noise was compensated by reducing the measured confidence
level #k to 0.9 in Equation (3.6). Primary reconstruction was done as explained in Section
3.3 with projection image zero-padding size of 185 pixels.
The PSF was created by creating the unit impulse projection image to the primary
reconstruction process instead of directly applying Equation (3.13). The result of the
primary reconstruction was then considered as a PSF of this system and implemented in
the degradation filter (Equation (3.21)). The exit criteria was set to the magnitude of
the total variation under 0.01 defined by Equation (3.24), which was reached in all
cases under 10 iterations. The iteration time was 15 seconds in all cases. Results can be
seen on the Figures 4 and 5. Furthermore, the profiles from central line are shown
in Figures 6 and 7.

4.4. Error measurement
The error for the volume residual Rvol is defined as root mean square error between the
ground truth x~ and the reconstruction x [81, Chapter 5.8]

Rvol

vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u N1 N2
XX
kx~  xk
1 u
t
~ 1 , k2   x½k1 , k2 Þ2 :
¼
¼
ðx½k
N1 N2
N1 N2 k ¼1 k ¼1
1

2

ð4:1Þ
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Figure 5. Comparisons of the dental arc reconstructions. The ART reconstruction (left), the SIRT
reconstruction (middle) and the WIRT reconstruction (right). The reconstructions on the upper row
are without the noise and lower reconstructions has 5% Gaussian noise added to projection images.
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Figure 6. Profiles from 64th row of the Shepp–Logan reconstructions without noise. The profiles are
calculated from the upper row images in the Figure 4.

Similarly, the likelihood is defined based on the difference between the original
projection images m and the similar projections m~ calculated from the reconstruction
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
uM N
XX
km~  mk
1 u
t
¼
ð4:2Þ
Rlh ¼
ðm~ h ½k  mh ½kÞ2 :
MN
MN h¼1 k¼1
The results in table 1 indicate that WIRT is superior over the ART and SIRT when the
reconstruction result is directly compared against the ground truth, which can be seen
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Figure 7. Profiles from 64th row of the dental arc reconstructions without noise. The profiles are
calculated from the upper row images in the Figure 5.

Table 1. The root mean square error of the reconstruction described in Equations (4.1) and (4.2) in
the Shepp–Logan and dental arc cases with and without noise.
Noise free

Rvol
Rvol
Rlh
Rlh

Shepp–Logan
Dental arc
Shepp–Logan
Dental arc

5% Noise

ART

SIRT

WIRT

ART

SIRT

WIRT

917
426
1
3

1416
3056
57
231

472
321
10
5

992
2523
1
2

1422
8027
57
406

494
342
12
9

Note: All values are multiplied by 106.

from Figures 4 and 5 as well as in profiles in Figures 6 and 7. The difference is significant
specially in the noisy cases. However, when the likelihood errors are compared, the ART
reconstruction is slightly better than WIRT. This can be explained by the fact that the
principle of ART and SIRT algorithms do not implement any regularization. Therefore,
they minimize the likelihood while the WIRT is minimizing both likelihood and
regularization terms simultaneously.

5. Discussion
The fundamental difference between WIRT and the reference reconstruction techniques is
that WIRT optimizes the image quality based on a priori information. This can be seen by
comparing the residual values of the volume and likelihood in the Table 1. The data
discrepancy is roughly the same in all three methods (ART, SIRT and WIRT), but the
residual when comparing the reconstruction volumes itself is superior when using WIRT.
The same phenomenon can be seen in the Shepp–Logan profile, especially when
comparing SIRT against WIRT.
The reason for better reconstruction in the Shepp–Logan case than in the dental arc
case can be explained by dissimilarities in the shape of the phantoms, which can be seen
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Figure 8. Sinogram of the Shepp–Logan case. Measured sinogram (left), interpolated and full
measured sinogram (middle), and the difference between interpolated and full sinogram (right).
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Figure 9. Sinogram of the dental arc case. Measured sinogram (left), interpolated and full measured
sinogram (middle), and the difference between interpolated and full sinogram (right).

from the right-hand side of Figures 8 and 9. In the Shepp–Logan case, the magnitude of
the difference is half the dental arc case and the differences are located in the peripheral
region because of the smooth and round shape of the phantom. In contrast to the Shepp–
Logan phantom, the dental arc includes more sharp edges, parts of which are located in
the middle of the image. Since the sharp edges generate high-frequency components and
the truncation error is higher in high-frequency regions (as described in Section 3.2), the
subjective image quality of the dental arc reconstruction is worse than Shepp–Logan
phantom (Figure 10).
Using sparse-data imaging, instead of the full-scan CT imaging, decreases the patient
dose in several ways. The number of projection images can be significantly decreased
without scarifying the clinically needed image quality. Also, since the advanced
reconstruction methods are less sensitive to noise, tube current and exposure times, the
overall patient dose per projection image can also be decreased.
Lower patient dose can justify 3D imaging in the cases where it has not yet been
applied; for example in dental imaging, where some treatments are focusing on the
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Figure 10. A detail from Shepp–Logan reconstruction and the effect of the regularization.
Regularization parameters are from left to right 0, 50 and 2000. Unlike in other cases, the angular
difference is 20 degree to emphasize the phenomenon.

cosmetic improvements instead of diagnosing diseases or abnormalities. Furthermore,
the sparse-data imaging in X-ray tomography can be used for preview image, where an
un-detailed reconstruction is generated to verify the sufficient patient positioning before
the final scan or to optimize the imaging related parameters like X-ray voltage, current or
number of projection images for the final scan.
Comparing to the statistical inversion methods [23,65–67], the iteration phase in the
WIRT has three major benefits. First, since the regularization parameter is a scalar value,
the optimization is limited to one dimension, which is computationally more effective.
Second, the regularization term in Equation (3.21) vanishes for the known frequency
components and therefore there is no need to calculate the likelihood during this iterative
operation. Third, the gradient for total variation is irrelevant since the iteration algorithm
uses only the absolute value of the cost function.
As it can be seen from Equations (3.21) and (3.24), the operations during the iteration
process are element-wise operations. Since these operations have bijective relations, these
operations are easier to optimize for parallel calculations in the graphics processing unit or
multi-core processor environment. This is not possible in reconstructions in spatial
domain, since the relations between voxels and pixels are defined by imaging angles, which
relates multiple voxels to the single pixel and vice versa.
Most of the studies on implementing Wiener filters and their variations in tomographic
imaging (e.g. [83,84,86–88]) are focusing on image processing either before or after the
reconstruction. Moreover, these studies mainly concern the full-scan data, not sparseangle or limited-angle situations. However, there are also some studies on improving the
stability issues in limited-angle cases by implementing the Wiener filter, like articles from
Dhawan [94], Jaffe [95] or recently Zdunek et al. [96].
Nevertheless, unlike in our study, none of those do interpret the noise as a uncertainty
or optimize the regularization term. Instead of that, Dhawan implements the original
limited PSF and models the noise as constant white noise. Jaffe refined this method by
defining the Wiener filter from the observed data. Zdunek applied the Wiener filter to
improve th Focal Under-determined System Solver (FOCUSS) algorihm and its
variations, originally introduced by Gorodnitsky and Rao [97].
The WIRT algorithm described in this study has some limitations, which were
introduced to keep the focus on the essential parts of the algorithm routine. First of all, in
this article we have concentrated only on equiangular cases and not the random angular or
the limited-angle cases. Second, we have concentrated on affine imaging geometry instead

Downloaded by [University of Eastern Finland] at 07:04 07 October 2013

Inverse Problems in Science and Engineering

21
1119

of implementing sinogram modification routines for the fan-beam geometry [20, Chapter
3.5]. Third, we have implemented an optimization process in the spatial domain instead of
frequency domain. This slows down the iteration since we have to run IFFT routine on
each iteration round to calculate the cost function value.
Generalization of the WIRT by removing the limitations mentioned above can be
considered as a future improvement for the WIRT algorithm. Moreover, there are some
interesting results using regularization in the wavelet domain by Rantala et al. [68] with
interesting benefits, which gives a new viewpoint for implementing the WIRT algorithm in
the wavelet space instead of frequency domain.
Wiener filter has been proven to work with other tomographic imaging technologies,
like optical coherence tomography (OCT) [98] or electromagnetic geotomography [99].
Despite the fact that we have concentrated only on medical applications, there are other
applications like astronomical imaging and tree imaging where WIRT algorithm could
nicely fit in.

6. Conclusion
We have proposed a reconstruction method, called WIRT, for sparse-data tomographic
imaging situations with a modified constrained least-squares filter. The effectiveness of this
algorithm is based on the selective regularization in the frequency domain and
implementation of the total variation in the regularization process. We also coded this
method in the Octave language and presented the results which indicates that the WIRT
algorithm provides a significantly better reconstruction quality than ART or SIRT in the
sparse-data imaging scene, specially when noise is present. This can be seen specially in
reconstruction images from Figures 4 and 5. Moreover, profiles in Figures 6 and 7 verify
that the total variation and the selective regularization preserve the sharp edges better than
non-regulated reconstructions.
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